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PREFACE. 

When this work was first announced as preparing for publication, 
a near relative of the Authpr was to have been associated with 
him in its execution ; but oircunistances having occurred which 
withdrew that gentleman from mathematical pursuits, the only 
portions of the Work composed hy him, are — ^the Definitions, the 
explanatory parts of Addition and Subtraction, and the Note at 
the end, containing a defence of the principle on which the Defini- 
tions are founded; and controverting the views of Dr. Peacock, 
and other eminent mathematicians, respecting the supposed dis- 
tinction between arithmetical and symbolical Algebra. 

Great pains have been taken to express the Definitions and 
Rules in the most simple and accurate manner, so that their 
meaning should be at once apparent, and that the student should, 
from the first, be accustomed to the most rigid mathematical 
exactness. As the theory of every operation is fiilly given, and 
a copious collection of examples subjoined to each Rule, this 
Treatise combines more theory and practice than any hitherto 
published: and it has therefore been necessary, in order that the 
Work might sell at a moderate price, to omit several subjects 
usually embraced in books on Algebra. It was the Author's 
intention to treat these subjects separately ^n a supplementary 
volume: but want of leisure has hitherto prevented him from 
executing this part of his plan. 



IV PREFACE. 

The intelligent teacher will perceive that it is of great impor- 
tance to introduce Equations, and questions producing Equations, 
at an early period of the student's progress. The examples of 
Simple Equations are so arranged, that a few of them may be 
used after the student is acquainted with Addition and Sub- 
traction ; a few more after he has learned Division ; — the rest will 
require a knowledge of Fractions and Surds. In a regular treatise, 
it is necessary to bring together all that relates to the same sub- 
ject, in whatever order the subjects themselves may be taken up; 
but, in the practice of teaching, it is not desirable to adhere strictly 
to this arrangement. 

Many important improvements have been introduced into this 
edition. The chapter on the theory of numbers has been omitted, 
and that on the solution of simultaneous Equations considerably 
shortened, in order to make room for several new subjects, such 
as Detached Coefficients, Imaginary Quantities, Filing of Balls, 
&c. The chapters on Proportion and Progression, Indeterminate 
Coefficients, and Logarithms, have been much enlarged, and a 
great many other alterations introduced throughout the Work, 
which cannot be particularly specified, but which, with those 
already mentioned, will, it is confidently hoped, render it more 
acceptable to students of mathematics, and fully adapt it to the 
present advanced state of analytical science. 

The Author cannot conclude without stating, that he is indebted 
for advice and assistance on various subjects contained in this 
Work to the gentleman already mentioned, and to his friend and 
former pupil, Mr. E. T. R. Moncrieff; of Trinity College, Dublin. 

HiaH School ov GiAsaow, Sxpt. 26, 1846. 
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TEEATISE 



ELEMENTS OF ALGEBRA. 



CHAPTER I.— FIRST PRINCIPLES. 



DEFINITIONS. 

Abticle 1 • Def. I. The sign + (read plus) indicates 
that the quantity* before which it stands is to be added 
to something going before : thus, 8 + 6 means that 6 is to 
be added to 8. 

When the sign + is prefixed to a quantity standing 
alone, or at the beginning of a series, it indicates that 
there are circumstances which require that quantity to be 
added, if there were any quantity going before to which 
it could be joined : thus, +7 indicates that there are cir- 
cumstances which require 7 to be added, were there any 
thing to which the addition could be made. 
7) 2. II. The sign — (retidminus) indicates that the quantity 
to which it is prefixed is to be subtracted from something 
going before : thus, 8 — 6 means that 6istobe taken from 8. 

When the sign — is prefixed to a quantity standing 
alone, or at the beginning of a series, it indicates that 

• Writers on Algebra generally confine the word number to those 
numerical expressions m which the Arabic figures alone occur ; while 
they apply the term quantity to any symbol representing a niunber 
whether consistingof figures, or of letters, or ofboth combined : thus, 
5, 19, are called numbers while 5, 19, 4a, may all be called quan- 
tities, — See Note A at the end of the Volume, 
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there are circumstances which require that quantity to be 
subtracted, if there were any quantity going before it : 
thus, — 9 signifies that there are circumstances which 
require 9 to be subtracted, if there were any quantity 
from which it could be taken. 

3. III. A quantity which has the sign + is called a 
positive quantity ; and one which has the sign — is called 
a negative quantity. Quantities to which no sign is pre- 
fixed are understood to be positive. 

4. IV. The mark =: placed between two expressions 
indicates that they are equal : thus, 12+8—20, indicates 
that the sum of 12 and 8 is equal to 20 ; and 15 — 2^Q 
means that the difference of 15 and 9 is equal to 6; and 
19 — 20= — 1 indicates that if it be required to take away 
20 from 19, the thing is manifestly impossible, and that 
after we have taken away as much as possible, namely 19, 
there will still remain a unit to be subtracted, without 
any thing from which it can be taken. Also, 04*^=^ 
shows that some number, which we caH a, when increased 
by the addition of some other number, which we call h, 
becomes equal to a third number, which we denote by e. 

5. Scholium i. The example 19 — 20= — 1, will help 
the learner to conceive how a negative quantity may come 
to stand alone, that is, unconnected with any thing from 
which it can be taken. It will also show, that, in such a 
case, the sign — demands that the quantity before which 
it is placed be subtracted from 0;* that is to say, 
— 1=0 — 1. And since a — 1, or in general a — b, must 

♦For when, of the 20 to be subtracted, we have taken away a^ 
much as possible, namely 19, the + 19 will be reduced to 0, and the 
— 20to— 1. 
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be less than a, it has been said that — 1 or — b, that is^ 
— 1 or — b, must be less than 0. This mode of speak- 
ing would be unintelligible and absurd, if used absolutely^ 
but, in the relative sense in which it is always used in 
Algebra, it is perfectly rational and correct. Suppose the 
question asked, " How far is Paris north of London ?" 
we may reply, ** Paris is 2^ degrees south of London :" 
but we have not given a direct answer to the question. 
We have, first, rectified the mistake on which the question 
was founded, by showing that it ought to have been "How 
far is Paris south of London?" and, secondly, we have 
given the answer to this corrected question. If we were 
compelled to answer in exact accordance with the original 
question " How far is Paris north of London ?" we should 
say, 2^ degrees less than nothing, that is, — 2^ degrees. 
This does not mean that there exists, or can exist, any 
portion of space less than nothing, (for that would be a 
contradiction) ; but that the northing of Paris from Lon- 
don is less than : in other words, that not only is Paris 
nothing to the north of London, but its situation is even 
less northerly than those words would imply. Therefore 
the answer, "Paris is — 2^ degrees to the north of Lon- 
don," does not merely express the absolute difference of 
latitude between the two places ; but indicates, besides, 
that their true relative position is the very contrary of 
that which was supposed in the question. The question 
implies a supposition that the relation of the two places 
is such, that in order to find the latitude of Paris some- 
thing must be. added to the latitude of London: the 
answer exhibits this quantity to be added as less than 
nothing, which indicates the real relation of the two places 
to b^ such, that to find the latitude of Paris something 
must be subtracted from the latitude of London. In 
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like manner, if it be asked " How much is Edinburgh 
south of London ?*' the direct answer will be, — 4J de- 
grees ; that is to say, the question supposes the relation 
of the two places to be such, that in order to find the lati- 
tude of Edinburgh something must be subtracted from 
that of London: the answer exhibits this quantity to be sub' 
traded as less than nothing, which indicates the real 
relation of the two places to be such, that to find the lati- 
tude of Edinburgh something must be added to that of 
London. 

6. Schoh II. Hence, to add a negative quantity is the 
same as to subtract that quantity considered absolutely : for 
to speak of — a being added to x, is to represent x as 
increased by a quantity, which is less than by the quan- 
tity a. This does not mean that any quantity absolutely 
less than can exist, but merely that the increase received 
by X is less than : in other words, this mode of expres- 
sion shows that such a relation had been supposed to exist 
between some two things concerned in the question, as 
would have required a to be added ; whereas the real rela- 
tion has turned out to be such as requires a to be sub- 
tracted. Also, to subtract a negative quantity is the same 
as to add that quantity considered absolutely. For, to 
speak of — a being subtracted from ^ is to represent x 
as diminished by a quantity, which is less than by the 
quantity a: and this indicates that such a relation had been 
supposed to exist between some two things concerned in 
the question as would have required a to be subtracted ; 
whereas the real relation has turned out to be one which 
requires a to be added. 

7. Schol. III. When there is a series of quantities con- 
nected by the signs +, — , it is of no consequence in 
what order they are taken: thus, 7+8 — 3+5 — 9, and 



DEFINITIONS, O 

8-— 3+5— 9+7, and — 3+8+5 — 9+7, all give the same 
result, namely 8. 

8. V. The mark X or a dot (.) placed between two quan- 
tities indicates that one of them is to be multiplied by the 
other : thus, 5X7, or 5.7, means that 5 and 7 are to be 
multiplied together ; and a Xd^, or a.^, that the numbers 
denoted by a and «, whatever they may be, are to be mul- 
tiplied together. But when the numbers are not both ex* 
pressed by the common Arabic figures, it is more usual to 
indicate their multiplication by writing them close toge-* 
ther, like the letters of a word : thus, 6x and hy are more 
usually written than 5Xa^ or 5.«, and hxy or h.y. 

9. VI. When three or more quantities are connected to* 
gether by the mark of multiplication, the expression indi- 
cates that the first is to be multiplied by the second, their 
product by the third, that product again by the fourth, 
and so on : this is called continual multiplication : thus, 
8x6x3, or 8. 6.3, signifies that 8 is to be multiplied 
by 6, and that the product 48 is then to be multiplied 
by 3, giving for the final product 144. In like manner, 
4X7X6X2=280, and 3X3X3X3X3X3=729. Also, 
aX^X^, or abc, indicates that a is to be multiplied by b, 
and that their product is to be again multiplied by c. 

10. VII. The quantities by whose multiplication a pro- 
duct is obtained are called its factors : thus 5 and 7 are 
the factors of 35 ; thus also, the factors of 30 are 6 and5, 
or 10 and 3, or 6, 3, and 2 ; and the product abx may be 
considered as formed by the three factors, a, and b, and <r, 
or by the two, ab and s, 

11. Schol, The order in which the factors are taken 
does not affect the product: thus, 5x3x7, 7X3x5, 
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5X7X3, &c. all give the same result : also, 4abx, Amb, 
4bax, b4xa, &c. are all of the same value.'*^ But it is 
customary to place those factors first which are expressed 
in figures, and next those which are denoted by letters, 
arranging them in the order of the alphabet. 

12. VIII. When a quantity is considered as the product 
of two factors, any one of these is called the coefficient of 
the other : thus, in the product 5ax, 5 is the coefficient 
of (74?, and 5 a is the coefficient of x. The name coeffi" 
cient, however, is most frequently given to a factor ex- 
pressed in common Arabic figures, the other factor being 
a letter or letters : such for the sake of distinction, are 
sometimes called numeral coefficients. And since a may 
be considered as the product of 1 and a, ab as the pro- 
duct of 1 and ab, &c. it is plain that 1 must be understood 
as the coefficient of any quantity expressed by letters 
alone, whenever it is necessary to speak of such a quan- 
tity as having a numeral coefficient ; that is to say, 
a= la, ab, = lab, &c. 

13. IX. The mark -f- placed between two quantities 
indicates that the former is to be divided by the latter. 
Division is also indicated by placing the dividend directly 
over the divisor, and separating them by a line : thus, to 
show that 48 is to be divided by six, we may write either 

48 -7-6, or -—• : also, either of the expressions a -r-b or - 

denotes that a is to be divided by b. 

* Obvious as this proposition may appear, the most ingenious 
mathematicians have not been able to devise a proof of it sufficiently 
strict and scientific, and at the same time sufficiently simple to be 
of any use to the beginner. — See Note to Art, 36. 
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14. X. A power of a quantity is the product of two or 
more factors, each equal to that quantity. The powers 
are distinguished from one another hy the numher of fac- 
tors they contain : that ia, when there are two factors, the 
product is called the second power ^ when three, the third 
power; when four, the fourth power; and so on. The 
quantity itself from which the powers are formed, is often, 
for the sake of uniformity, called the first power; the 
second power is also called the square, and the third power 
the cube:* thus. 

The 1st power of 3 is 3 ; 

..2d 3 .. 3X3=9; 

.. 3d 3.. 3X3X3=27; 

.. 4th 3.. 3X3X3X3=81; 

.. 5th ...... 3.* 3X3X3X3X3=243; &c. 

In like manner, the 10th power of 5=5x5X5x5x5 
X5X5X5X5X5 =9765625 : also, xxs is the third 
power of X, yyyyy the fifth power of y, bbbbbbb the se- 
venth power of b, and aaaaaaaa the eighth power of a. 
These examples show that the powers of a letter will 
be expressed by writing that letter as often as there are 
units in the number by which the power is distinguished; 
that is, twice for the second power, three times for the 
third power, &c. But as this method would be very in- 
convenient for the higher powers, it has been agreed not 
to write the letter more than once, but to place over it 

* The application of the terms sgtiare and cube to algebraic quan- 
tities is very improper : it has arisen from the manner in which- 
geometrical magnitudes are expressed in numbers ; for whatever 
number expresses the linear units in a given straight line, the second 
power of that number will express the nimiber of corresponding 
superficial units in the area of the square of that line, and its third 
power the number of solid units in the cube of that line. 
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and towards the right hand a number indicatmg how often 
it ought to be written; that ia, how oiten it is to be used 
as a iuctor. Thus, instead of writing m» for the third 
power of X, we write a^, where the number 3 indieatea 
that we are to understand « as written three times; or, 
which is the same thing, that we are to conceiye of a pro- 
duct formed by three factors, each equal to 4?, A number 
thus employed to indicate how many factors a power €(»• 
tains is called the indew or exponent of the power. Ac- 
cordingly. 

The 1st power of a is a^a^, and its indejL is 1 ; 

.. 2d a..aa=ia^, 2; 

.. 3d a..a(ia = a^ 3; 

. . 4th a. . aaaazsa^, 4; 

.. 5th a., aaaaaz^a^, 5;&c. 

Indices are chiefly used with letters, but sometimes also 
with common numbers: thus, 3* =81, 4* =64. 

The process of finding any power of a quantity is called 
involution ; and the quantity is said tohe raised to that power. 

15. XI. A root of a quantity is some other quantity of 
which the given quantity is a power : thus, 8' = 64, there- 
fore 8 is a root of 64; 4' = 64, therefore 4 is also a root 
of 64 ; 2® = 64, therefore 2 is another root of 64, 

The different roots of a quantity are distinguished by 
numbers, indicating the power to which each root must 
be raised, in order to become equal to the given quantity; 
that is, the root of which the given quantity is the second 
power is called the second root, that of which it is the 
third power is caUed the third root, that of which it is the 
fourth power is called the fourth root, &c. Thus in the 
above example, the second root of 64 is 8, thethirdroot4. 
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and the sixth root 2. In like manner, the fourth root of 
81 is 3, the fifth root of 1024 is 4, ^cc. 

The process of finding any root of a quantity is called wo- 
lutum ; and the quantity is said to have that root extracted^ 

The second root is also called the square root, and the 
third the cube root (Art. 14), 

16. XII. The mark V prefixed to a quantity indicates 
that a root of that quantity is to be extracted : tliis mark 
is called the radical sign. The number by which the root 
is distinguished is written over the radical sign to the left, 
and is called the index of the root : thus, v^25 means the 
second root of 25 ; ^^27, the third root of 27. In using 
the radical sign to denote the second root, the index 2 is 
usually omitted : thus, for the second root of 25, we may 
either write ^25, or ^25, The roots of any number, a, 
will be expressed as follows : 

The 2d root of a is^^a, or /^ a ; 

• • 3d ••..•• (Z*<'\/(Z; 

• • 4th •••••• a • • t\/ a ; 

.. oth a ..^a; &c. 

1 7. XIII. Whatever number of factors aquantity contains 
besides its coefficient, of so many dimensions it is said to 
be : thus, be, lax, Zx^, are quantities of two dimensions, 
because each of them contains two factors in addition to 
its coefficient. In like manner, xyz, 5ax^, are quantities 
of three dimensions ; ary^, I2a^x^, are quantities of four 
dimensions, and so on. On the same principle, a, 15a:, 
are quantities of one dimension. 

Instead of "one dimension," "two dimensions," &c.the 
terms first order or degree, second order or degree, &c. 
are often used : thus, 7ax is said to be of the second or- 
der or second degree; 5ax^, of the third order or third 
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degree, &c. Sometimes a letter is considered as belonging 
to the coefficient, and then it is not reckoned in estima- 
ting the dimensions or degree of the quantity : thus, in the 
example 6ax^, if we consider 6a as the coefficient, the 
quantity will be of two dimensions only. 

18. XIY. An expression which does not consist of parts 
connected by either of the signs + or —, is called a ample 
otmonouomial quantity: thus, 7 and x are simple quantitiesb 
In like manner, 6 X 3 X 4 is a simple quantity: also» I2as, 

and — • 

X 

19. XV. An expression which consists of two or more 

simple quantities connected by the signs +* — p ^^ called 

a compound quantity and the simple quantities of which it 

is composed are called its terms : thus, 6 + S +4 is a 

compound quantity, and its terms are 6, 3, and 4 : also, 

bx 
12 + a — 3P, and 3y + I2bc > are compound quantities; 

the terms of the former being 12, a, and x, and those 

bx 
of the latter, 3y, 125c, and — • 

y 

20. XVI. A compound quantity consisting of two terms 
id called a binomial, A binomial whose second term is 
negative is sometimes called a re^u^a/ quantity. A quan- 
tity consisting of more tenns than two is called a multi- 
nomial or polynomial quantity. The names trinomial and 
quadrinomial are sometimes giyen to quantities consisting 
of three and four terms 

21. XVII. A parenthesis enclosing an expression is 
called a vinculum, and denotes that the sign or index on 
the outside of it afiects the result of all the operations indi- 
cated by the several signs and indices within it. Thus, 
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18 — (5+7)meaiiBthat 7 is first to be added to 5, and then 
the sum taken from 18, which leaves 6 ; without the tin- 
culum, 18 — 5+ 7 would mean that 5 is to be taken from 
18, and 7 added to the remainder, which would give 20 : 
also, 16— (15— 9)= 10, but 16 — 16—9 =r— 8. In like 
manner, (12+6) X7, or 7 (12+5) = 119, but 12+5x7 
= 47. And (10+3)^=169, but 10 + 3^=19; and 
V(25 + ll)=r6, but ^26 + 11 = 16. Also, (xyy 
would mean that or is to be multiplied by y, and the 
second power of the product taken ; whereas xy^ would 
mean that the second power of y was to be taken, and x 
multiplied by it; or, supposing a: =5 and y= 3, (6x3)' 
= 226, but 5X32 = 46. 

The learner must carefully observe, that in all such 
cases the sign on the outside of the vinculum affects no 
one of the terms within the vinculum, each of which has, 
besides, a sign of its own; that is, in the expressions 
18 — (6+7), and 16— (16— 9), the terms 6 and 15 are 
understood to have the sign + (Art. 3). 

A bar drawn over the quantities is also used as a vin- 
culum : the bar is sometimes placed vertically : thus, 

dd 

a + 6 — cXd, and + b , mean the same as (a+b — c) X d, 
— c 

Brackets [ ], and the brace { }, are used instead of the 

parenthesis when we have occasion to place one vinculum 

outside of another; as, i(a+b) x+(a — b) x]'. 

22. XVIII. Like quantities are those in which the parts 
expressed by letters are the same : thus, 64ay, 6ay, and 
— 19fly, are like quantities. But Toy, and 7d^y, are unlike; 
because the factor a occurs twice in the latter, and only once 
in the former, for (Art. 14) 7a*y ::^1aay. In the same man- 
ner, 17a*a?, and 5xa^, are like quantities (Art. 1 l)j but 4a^x, 
and 6a^x, are unlike. 
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28. Schoh When two or more like quantities ftre con- 
nected by the signs +, — , they may be incorporated into 
one term, by performing on their coefficients the operations 
indicated by their signs, and to the result subjoining the 
common letter: thus, +5x+3x+7xz=:l6x: for the first 
term contains five times x to be added, the next contains 
three times or to be added, and the next contains seven 
times X to be added, making in all fifteen times x to be 
added, that is to say, +15a?. In like manner, — 5a? — Sx — 
7xzz — 15a:; for, in this case, the ores are all to be sub- 
tracted. Also,6ah+7ab—5ab—Sab+4ab=:+9ab: for 6a* 
with 7ab added will make, as above, +\Sab; and 5ab sub- 
tracted will leave +Bab; Sab further subtracted will leave 
+5ab; Q.nd4ab added to this will give +9ab. In like 
manner, 5ax^+2ax^—8ax^ — 4ax^+Zax^= — 2ax^; and 
lOoy — 12a:y+ary= — jpy. Since (Art. 7) it is iiidiflferent 
in what order the terms are taken, we may first unite all 
the positive quantities into one term, and all the negative 
into another, and then subtract the latter from the former : 
th\xs,oajc^+2aa;^—Saaf^—4ax^+daa:^=zlOaa;^—l2aa!^z=— 
2ax^. 

24. XIX. The mark > or <, placed between two quan- 
tities, denotes that the one to which the opening of the lines 
is turned is greater than the other. Hence a > & means 
that a is greater than b-, and x <y, that x is less than y. 

25. XX. When it is not known which of two quantities 
is the greater, the mark or* placed between them indicates 
that the less is to be subtracted from the greater : thus, 
0^^ y indicates that if, of the two quantities, x be the grea- 
ter, y is to be subtracted from x ; but if y be the greater, 
^ is to be subtracted from y ; that is, the expression x^^y 
is equivalent to x — y when^ > y, and to y — x when x<y. 
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PRAXIS ON THB DEFINITIONS. 

26. The conversion of literal into numerical expres- 
sions will be found a useful exercise on the meaning of 
the symbols and operations of Algebra. The letters are 
supposed to denote particular numbers, which are substi- 
tuted for the letters, and the same operations performed 
upon them that are performed upon the letters. 

Thus, let it be required to find what the expression 

abc 

a+b*+ac — abw+'-^ 2««y 

oaa: 

will be in numbers, when 

flz=4, h = 5, c=3, (f:;=2, 4r=l, and y = 0. 

Substituting the numbers for the letters, the expression 

becomes 

4x5x3 
4+5x5+4x3— 4x5Xl + g^^^^ — 2X4X1X0; 

or, performing the multiplications^ 

4+25+12— 20+^5 _0; 

by contracting, this is reduced to 

41—20+6, or 27, 
which is the value of the expression on the above suppo- 
sition respecting the letters. 

BXBRCISBS. 

1. What is a+b — c, when a =5, 6=4, andc = 6? 

Ans. 3. 

2. What is the same expression, when a = 7, 5 =: 2, 
c = 8? Ans, I. 

3. Wh«l:iB the same expression, when a =: 10, 5 = 6, 
c = 12? "^'' Ans. 4. 

c 
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4. What is the same expression, when a =: 9, & = 4, 
c=13? Ans.O. 

5. What is the same expression, when a r= 8, 5 = 3, 
c=12? An8,—l. 

6. What is the same expression, when a =: 1, 5 = 2, 
c = 6} Ana.— 3. 

7. What is da — 2c+b, when a, b, and c, are succes- 
sively, 4, 5, 6; 3, 2, 4 ; 8, 6, 15 ; and 1, 9, 7 ? 

Ans. 5 ; 3 ; ; and — 2. 

8. If a, b, c, are 4, 5, 6 ; and 5, 7, 6, what is a(c — b) ? 

^iw . 4 and — 5 

9. If a=7, 5=2, what is fl+5 ? Ans. 9. 

10. What is dfr, on the same supposition ? Ans. 14. 

11. If a=7, 6=2, «=9, what is o+ft+or? 

^ff«. 18. 

12. What is abx, on the same supposition? 

Ans. 126. 

13. If a = 1, 6= 2, or =. 5, what is aba? ? 

^iw. 10. 

14. Find the dijBference between aba;, and a+b+jp, 
when a=4, 5= J, ;r=3 ; and when a=5, 5=7, ^=12? 

^n^* 1^, and 396. 

15. What must a and 6 be in whole numbers, in order 
that ab may be 6, ? Ans. 3, and 2, or 6 and I. 

16. What is a;^+2a;i/+y^, when ;r=4, y=6 ? 

^»5. 100. 

17. What is 4?' — 24ry+y', when ;f=4, y=6 .^ 

itfn«. 4. 

18. What is «(n-— 1) (n— 2) (« — 3), when»=4; and 
when »= 10 ? -^in*. 24, and 5040 . 

19. Whatis* (« — a) (s — b) (s — c),when«=^(a+6+c), 
and a=4, 5=7, c=9 ; and again, when a=12, 5=8, c=6 ? 

^ns. 180 and 455 . 
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20. Find tbe difibrence between «^ and 2a, when 
a is 5 ? Ans. 15. 

21. Find the difference between a^ imd 3«, when 
a is 5, and when a is 10 ? Am. 110, 970. 

22. What is abc+2c—^d+2e/, when a=zl, 6 = 2, 
0=3, il=4, e=5,/=0 ? Ah8. 

23. What is a^+b^ — c^ — d+e+4abcdef, on the same 
auppositiofi ? ^i». 9. 

(>^(2 — ff 

24. What is 5a6+ ' " ■ ■ ■ —26/' — 2^, on the same sup- 

2a 

position ? Ans. 1 . 

25. What is V66c+-^(M) -)-ii6+3» on the same sup- 
position? Ans. 13. 

26. What is Vi'^e+b+c) — ^*c+2— 2rf, on the 
same supposition ? Ans, — 5. 

27. If a=6, 6=z5, c=4, ami, y=:0, what is 2a2— 5ft— 

be 

8a+y2? ^n«. — 6. 

44? 

abc:c abcxv 

28. What is ^*®+5y*+ -r 7-5-^— 2^, on the same 

' 3c4? 5y* 

supposition? Ans. 1. 

29. What is 3 Vc+2a V(2fl+6— ^), on the same 
supposition? ^n^. 54. 

30. What IS -— i —-7^ — —, on the same 

3a— c 2a+c 

supposition ? Ans. \. 

31. What is [(a+6);r+(a— ft) 4?]* on the same sup- 
position? Ans. 144. 

32. What is «(»— 1) . (»— -2) . (»— 3) . (n— 4), if n be 
1 • 2, 3, 4, 5, and 6, successively ? 

Ans. 0,0,0,0.120,720. 

33. What must a and k be, so that (a+^)^ may be 100 ? 

Ans, Any two numbers whoss sum is 10, 
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34. What number must x be equal to, in order that uhx 
may become ah ? Ans. 1. 

35. Find the difference between 44^— 4 and 4jr-r4, 
when ^ = 3 ; and also when ;r = 10 ? 

Am. 5, and 26. 

36. What is 3flur+5a^, if or be taken equal to a P 

AnB. 8a^. 

37. What is 3abx—Sbl^+4a^—2a^x, when b and x 
become each equal to a P Ana. 2a^. 

38. What is 4xy—Sbd+5x^+2b^—Sy^, when y = or, 
and d=b ? Ans. Sx^—b^. 

3^ — 5 2x — 4 

39. What does the expression X'\ — -— =12 — 

2 3 

become when x=5 ? Ans, lOzzlO. 

8 7 

40. What does ^Jx = become when 4?= 1 6 ? 

X i^x — 2 . 

Ana. 3i=3j. 

41. If ar= , what is x, when m=^, Ji=f ? 

vii — n 

Ans. 9. 

3 3 

42. If y=T-7- — ["z » what is y, when J is put for x ? 

Ans. y=8. 

43. Let «=- — a/-; » and ^.=i, y=i ; what is « P 

y 1— -y 4^5 

-Ai5. 0. 

8\/;r 1 

44. Ify=(-— 2) ( -), what is y, when ^=25; 

JP— o 

and when ^=49 ? Ans. ^ in both cases. 

46. If y=5V(62+3^)— iV(95f— 5ar), what is y, when 

.r=6i? ^jw. 41. 

46. Find what x^+2xy+y^ is in numbers, when x=z6, 
yz=3 ; when ar=10, y=3, ; and when xziz^, y=2 ? 

47. What is x*— 2xy+y*, when*=7, y=13 ? 



what will V* (s — a) {s — b) (s — c) then be ? 

53. Find the diflFerence between 6abc — 2ab, and 
Sabc-T-^ab, when a, b, c, are 3, 5, and 6 respectively ? 

54. Find the diflference between each pair of the 
following expressions ; (9+3) X 8 and 9+3x8; \/(49 + 
15), and ^49+ 15 ; (8+4)2 ^nd 8+42 ? 

55. Find the difference between each pair of the fol- 
lowing expressions, a being 6, and bS;(a+by and a^ + b^; 
a+bsnd V(a^+^)'» (a+ b)^ ^.nd a+b^; Via^ + b^) and 
^/d^+^^b^ ; 6{a+b) and 5a+b. 

66, It will appear hereafter, that, whatever values a and 
ei2_^ a3+63 

6 may have, r= » . ,0 ;• Illustrate the truth of 

^ a — b a^+o^ — ab 

this by taking any numbers at pleasure for a and b. 
Thus, let a=4, 6=2 ; then 

and 

a'+6» 64+8 _72_ 
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: 48. When o=3, what is the difference between a* ! 

i and 4a ? I 

iu 49. Find the difference between a^ and 5a, when a=3, 1 

and between a^ and 2a, if a be successively J, J, 1, 2, 3, j 

and 4. ' 

50. What is a*+2a6+6*, when «=!, 6=2; and when 
i fl=l,6=i? 

51. If a=6, 6=5, c=4, jp=1, y=0, what are the ex- 

^ 2a+3c 46c 

: P^"^^^^^^6HF4"y+ V(2(ic+c2) ' ^^ V(2a2-V4c2)+6.y 

+ v'(^^— <?) +^ ? 

52. Let « be as in Ex. 19, and a=15, 6=14, c=13. 



a^+l^—ab 16+4—8 12 
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Again, let aiz6, 6=3 ; then 

a—b " "T^""^' 



and 



o'+ft' _ 125+27 152 



(|24.^_a6"25+y— 15"" 19 
and the two expressions will be always found equal, 
whatever numbers are taken for a and b. 

The following expressions will also be shown to be true 
hereafter : illustrate their truth in the same manner. 

57. (a+b) (a+b)=a^+2ab+b^. 

58. {a;+y) {x^--y)=3^—y^ . 

59. (» — m) (a — m)=»2 — nm-^-m^. 

60. {a+b)+(a—b)=z2a. 

61. {a+b)— [a—b) =26. 

62. (d;— 4)(^+7)=^2+3^— 28. 

63. A person is asked, "How much is it past 12 
o'clock ?" He looks at his watch, and observes that it 
wants 5 minutes of 12 ; how must he give a direct answer 
to the question ? 

64. How much is a merchant worth when his debts 
amount to £3,000, and his entire property is only £2,500 P 

65. If a quantity of goods cost £750, and be sold for 
£730, how much has the merchant gained ? 

66. How far is the Cape of Good Hope north of the 
equator? 
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AXIOMS. 

27. Ax. I. If equals be added to equals, the sums 
are equal ; but if equals be added to unequals, the sums 
are unequal : thus, if ar:^, then a+b =:a;+b, or if azsst 
and b=y, then o+fc^+y; but if a>ar, then a+^> 
jF+6 ; and if a<;r, then a+^'<^+^' 

28. II. If equals be subtracted from equals, the differ- 
ences are equal ; but if equals be subtracted from unequals, 
or unequals from equals, the differences are unequal: thus, 
if a=ar, then a — b=a; — 6; or if a=a: and 6=y, then 
a — hzza: — y: but if a>4r, then a — 6>;r — b; and if 
a<^, then a — b<,a: — b, &c. 

29. Corollary i. From Ax. I. it follows, that if equals 
be multiplied by equals, the products are equal ; but if 
equals be multiplied by unequals, the products are un- 
equal : for multiplication is nothing else than a number of 
successive additions. 

30. Cor, II. Hence, if equals be divided by equals, the 
quotients are equal : for, by the nature of division, each 
dividend is a product, of which the divisor and the quo- 
tient are the factors ; and since the divisors are equal, the 
remaining factors, the quotients, must be equal, else 
('Cor. I.) the products, the dividends, could not be equal. 
For a similar reason, if equals be divided by unequals, or 
unequals by equals; the quotients are unequal. 

31. Cor. III. Again, equal quantities raised to the 
same power are equal, and equal quantities raised to 
different powers are unequal : thus, ifa=jF, then a*=A*"; 
but if a>a;, then a" >a7"; and if a<^, then a'^Kx*; for 
involution is only a succession of multiplications. Also, 
the same roots of equal quantities are equal; for if it were 
otherwise, the given quantities, being obtained by raising 
those roots to the same power, could not be equal. 
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CHAP. II.— FUNDAMENTAL OPERATIONS. 



ADDITION. 



Abt. 32. Connect the several quantities to be 
added by their respectiye signs, incorporating like 
quantities. (Art. 23). 

First, Let the quantity to be added be simple. If it l»e 
required to add a to a:; this, from the nature of algebraic 
notation, can only be done by placing the sign -|- between 
them, which gives 

for the sum. And if it be required to add — a to ^ ; this 
is done (Art. 6) by writing 
a; — a. 

Secondly, Let the quantity to be added be compound. 
It is plain that to add a compound quantity is the same as 
to add its separate terms ; that is^ 

and 

.!?+(« — 6)=^+a+( — b); that is, (Art. 6) a: -{-a — b. 

Thirdly, Let some of the quantities to be added be like. 
Thus, to ^+3a add y+da: this would be done by writing 
:r+3a+y+5a, which (Art. 7 and 23) is the same as 
^+y+Sa, 

It is often convenient to place the quantities to be added 

over one another : thus the last example may be written 

as under. 

a;+Sa 

y+6a 

7+y+Sa 
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EZBRCISBS 


s. 


1. Ax^y^-^xy 




2. 4fl— 2df+56 


6ax+x^y^ 




— 3ar+2fl— 2y 


Ixhf-^-^xy 




2b—6a+7x 


—2ax'-6x^y^ 


•Sax 


—4a+2x^eb 


1x^y^—2xy'\ 


— 3a+26+4^— 2y 


3. 2a^— 362y 




4. 4a+2^ 


3fl^— 262y 




— 3fl — 3^ 


ax--h^y 




a+7x 


bax—Al^y 




2a — ix 


ax — l^y 




— 5fl+jr 


Uax—Ub^y 




3a— 6x 




2a— Sx 


6. a+b 


6. 


4^(a+6)— 1— 3^^ 


b—e 




4A/x+2x(a+b)—7 


€—d 




8—4/x—6x(a+b) 


rf— e 




3x(a+b)—6Vx—6 


6— c 






fl+36— 2e 


4x{a+b)—6Vx—6 


7. 


ax+by+6x^ 
bx-^y+2x^ 






-Sx^ — dx+dy 




ax-\'hx—dx+hy+dy—^y-\'4x^ 


or, 

{a+lh-d)x+{b+dS)y+4x^* 
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• This answer, in connexion with Art. 23, shows that to nrtil- 
tiply the sxim of any number of quantities by another quantity is 
the same as to multiply those quantities separately, and then to 
add the products. 
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ADDmosr. 



—Sa—4b+6c 
2b—Ac+eey 
7c — 8rf— 9cy 
Zb—a—Zd 



9. a+b-^ 
a—b+2c 
—3a+2b-^3c 
2a—b+2c 



10. 3a+34r2— ^» 
-^a— ^+126' 

_4a,-4^2_20fi5 



11. — 12ajF— 56 



12. — 8+a 13. 9—6^ 

4 3^+^2 

14. Add together a; + a — c, Sb + 2d, — a + 4a;, 
— 3^-f-5a. 

15. Add together (a+ b) j^jf—d4/{a!^—y^)—mnp, 
2ax + 8m«p + 3 (a + 6) y'a;, ;? — 3rf V (^'— 2^^) + 26^. 
— 5m»p+3p — ^2(0+6)^^. 

16. Add together 3v'4?—v'(fl+6), —2*/x+^(a'\^h), 
V^— SVCa+ft), V^+2-v/(a+6). 

17. Add together 3a -v/jr— 2 .^y--5 +a^, a^+11 
— aV^+3^y, —2aa^—4^y-\-4ax, —8 +20^^ — 3a^ 
+2>^y, m-v/:r— 6^+6+4a^2 

18. Add together a and 5. 

19 a+6 and a — b, 

20 a; and 4?^. 

21 n and v^». 

22 7a and —8a. 

23 1 and —2. 

24 a and — a. 

25 3rf and 4c. 

26 So; and — 3y. 

27 -v/^r and —2-^^. 
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28. Add together — a^and— a. 

29 a^^ and aa^. 

30 \a — \h and Ja+^ft. 

ai a+6anda — 2h. 

32. x+p — y and j^— jr. 

33 6+7^ and — 3^+4:^. 

34. . . . : a*+a^ and x^ — ax. 

36 I +-v/^ and 1 — f^x. 

36 — lU' and —6x^. 

37 2a+ J and ^a^—h. 

38 u* and a'. 

39 6' and 36. 

40 Qar+6*^x — Jy and — ^*^x-\'^y 

—2a*. 

41 6a and — 1 la ; also — 5a and 1 la. 

42 6axy and lax. 

43 —9 and 5, 

44 2^(a+6) and 3<a+6). 

45. * — 19 — X and ^. 

46 x-^-a and — a ; also a — 1 and I . 

47 — («+^)y and 2(a+d;)y. 

48 6x+^b — a and a — 26. 

49 46*— 1 +2^^ and — 36*+5— 3-v/;r. 

50 3a*"— 6"+3^, 2a'"— 36«— ^, and 

a"'+46"— A*. 
51 3a2— 5a+ 1, 7a^+2a—4, and 13— 

a* — 4a. 
52 a+6 — e, a+c — b, and c+b — a. 

53 i(^+y) ^^^ i(^— y)' 

54 6axy and — 4a;ay. 

55 2a"+I and 3a*+i. 

56 a+b+c — d, a+b+d — c, a+c+d 

— b, and b+c+d — a- 
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8UBTBACTI0N. 

33. Change the signs of the subtrahend, and incor- 
porate like quantities. (Art. 23). 

First Let the quantity to be subtracted be a simple 

quantity. 

From jt 

subtract a. 

This can only be done by writing a? — a; that is to say, 

jp — {+a)=s — a. 

Again, from je 

subtract — a 

This (Art. 6) is the same as to add a, which is done by 

writing ^+tf ; that is, 

^ — ( — a)=zx-\'a 

Secondly, Let the quantity to be subtracted be a com- 
pound quantity. It is plain that to subtract the compound 
quantity is the same as to subtract its terms in succession; 
that is, 

a: — (a+ft)=^P — a — ^ • 
and 

-(flH-6)=jp— fl— (— 6) ; that is, (Art. 6) a;—a+b* 



* The same may be shown otherwise, as follows: 
First, from x 
subtract a-f*^* 
If a be taken away, giving x — a, too little has been taken away 
by the quantity b; therefore b must fiirther be taken away, which 
gives x—c — b. 

Secondly, from x 

subtract a—i. 
If a be taken away, giving x — a, too much has been taken away 
by the quantity b; therefore the remainder x—4i is too small by b: 
henoe b must be added, which gives x—a+b. 
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BXAMPLBB. 

1. From 7a«— 4flx+ll take— 3a«+2a4r + 5. 

Here, changing the signs of the 7a^— 4<Mr-t- 1 1 

subtrahend, or conceiving them — 3a^+2aap+ 5 

changed, and incorporating the like .^ « g Tg~ 
terms, we have 10a* — 6ajff'\'6, for 
the difference required. 

2. From 5a — 6s subtract 2a — Sx. Here the required 
difference is 5a — &r— (2a — 8*) = 5a— &r — 2a+d« = 3a 
— 3jr=:3(a— nj) 

BZBBCISES. 
1. —6^ 2. b—c+d+S 

— lU— 5 19-62+c+rf 



3. 2aV(^+y) -5a>^+ 1 1 
10--5aV(«*+y)— 8a2;r 

7av'(^+y)+3a«^l 

4. a:e^+ba+ca:y — <f 5. 4aar*y 

ejT* — fx+gxy — h 3axy 



x^(a — e)+4r(^+/)+^y(^ — ^) — ^+^ 4aa!^y — 3ajpy 

6. —7a 7. |WMr 8. ^''^ 

3a pm 4^x 



— 10a pmx — ftn ^^x — ^x 

In the above general examples, Ihe lower line, or subtrahend, 
contains only two terms,* yet it exemplifies all- the variety of signs 
that can occur in any compound quantity. The upper line, <Mr 
minuend, is no less general; because, whatever number of terms 
it containied, they woiild be all set down unchanged in the difference, 
the change being made on the subtrahend only. 

D 
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SUBTRACTION. 




9. 


—9a 


10. —9a 


11. 9a 




4a 


—4a 


—Aa 


12. 


9a 


13. a+^ 


14. «i--3 




4a 


a— A 


a+i^ 


15. 


b 


16. a 


17. —a 




c 


— a 


-a 


18. 


x^ 


19. ab 


20. 17 




x^ 


a 


5— a— 3^ 


21. 


2(^+y)-3(m-ii) ' 22. 


a^^ax+x^ 




^+y -4(m-ii) 


jp^+a^ — a^ 



23. b{x+yy 24. — a^2_(^_„)^(a+^) 

- ^(^y)* 3^2_(3^+2«)V(a+^) 

AN8WEB8. 

Hb. 1— (1— fl) a. 

26. 1— (1+a) —a 

27. 1— (— 1— fl) 2+a 

28. — 1— (1— «) ..' a— 2 

29. — (1 — a) a — 1 

30. — (l+a) —\—a 

31. l+a— (l+a) 

32. 1— <^-.(l— I,) 

33. 1— a— (l+a) —2a 

34. —(1— a)— (l+a) —2 
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AHaWBRB. 

35. a— 1— (— 1— a) 2a 

36. 1+a— (a— 1) 2 

37. a— *— (a+6) —2b 

38. «+*—(«— 6) 2A 

39. ^(fl+ft)^^(a— ft) ft 

40. ar— 7— (2^5— a?) — 2(*+ 1) 

41. a—{b—c+af)+{b—a—2b) a+2ft+c 

42. a — {a— (a — c— x).} x 

43. ar2+24!y+y«— .[jr«+iry--y8— (2ay— a:2— y2)]. 

44. 2a^(a? — y) — bxy — a^{a: — y) — ftay. 

45. c(a+a?) — (a+.c) («+«). -<4jw. — a («+«) 

46. (a+ft) (*+y)-l<a— ft) (*+y). -4jw. 2ft(*+y). 

47. 4a— Va?— <3a+2V*). 

48. a+ft_[ft+(a— ft)] 

50. 4a2— 3ft+7j^(6j?+2ft2— 4ft+2a2+a).. 

51. fl+ft_(2a— 3ft)— (5a+7ft)— (— 13a+2ft). 

52. 1— Va^— (V ar+l) . 

53. I_[l— (1— 1-.;f)] 

54. From 4;r take 4. 



55. 
56. 
57. 
58. 
59. 
60. 
61. 
62 
63. 
64. 



3-v/^ 2^4?. 



2 



a' 

—ft. 

3aft 3a. 

2* ar2. 

1 2. 

4a 6a. 

4a '-Sa. 

— 6a. 

6a. 
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SUBTRACTION* 



66. 

66. 
67.. 
68. 
69. 
70. 
71. 
72. 
.73. 
74. 
75. 
76. 
77. 
78. 
79. 
80. 
81. 
82. 
83. 
S4. 
85. 



-^.r ... 
— fa;...... 

f' 

11 

1+a.^. 



7 

—11 



. 6. 

. JiT. 

.-ix. 

. ix. 

. 14. 
. a+l. 
• fl— 1. 

.—8. 

. 6. 



^a+2fl3+a« ^«— 2iiA+a« 

Vx(a — 1) a — 1. 

^x 4/x. 

19— X — dP. 

a— 1+6 — 1. 

s+a. a. 

m—\ 1. 

5a— 3 —3. 



From Ex. 39, 38, and 13, and Ex. 53, 35, 30 ,and 19 of Addition, 
in connexion with Ex. 60, and 61 of the PraxiB, it follows, that if 
the sum and difference of two unequal quantities be giren, the 
greater will be found by adding half the mm to half the difference^ 
and the less, by taking ha\f the difference from half the, sun^ Thus 
if 86 and 28 be respectiTely the sum and difference of two numbers, 
the numbers are 57 and 29 ; and if the half sum, and half difference 
of two numbers be 32 and 14, the numbers are 46 and 18« - 
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MULTIPLIOATIpir. 

34. Prop. I. Kthe signs of the factors are the same, 
the product is positive; and if the signs of the factors 
are different, the product is negative. 

First, Let it be required to multiply + a 

+ a by + ft. This denotes that + a is + a 

to be repeated as often as there are units + a 

in b ; that is, that + ^ is to be added -|- a 

b times. Now the sum of any number of + a 

positive quantities is positive (Art. 23) ; + &c. as far 

therefore the simi is '{'ba: hence as ft times. 

(+fl)X ( + ft)= + ftfl,or + aft(Art.lI), ^ 



Secondly, Let it be required to mul- 
tiply — a by + ft. This denotes that 
— a is to be added as often as there 
are units in ft ; and since the sum of 
any number of negative quantities is ne- 
gative (Art. 23,) this sum will be nega- 
tive ; that is to say, it will be — ba : hence 
(— a)X(+ft)=— fta. 

Thirdly, Let it be required to mul- 
tiply + a by — ft. This denotes that 
+ a is to be repeated negatively* as 
often as there .are units in ft (the ne- 
gative repetition being indicated by the 
sign of ft;^ in other words, a is to be 
subtracted ft times (Art. 6,) or a is to 



+ ba 

— a 
— a 
— a 
— a 
— a 

— &c. to 
ft times. 
—ba 

+ a 
+ « 
+ « 

+ &c. to 
ft times. 



be added ft times, and the sum sub — (+fta)= — ba. 
tracted : hence ( + a) X ( — ft) = — ba. 

* That i8» added less than times. This means that circum- 



4^ 



/. 



V- 
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Fourthly, Let it be required to mul- —a 

tiply — a by — b. This denotes that — a 

— a is to be repeated negatively b times; — a 

that is, — a is to be subtracted b times ; — a 

or, in other words, — a is to be added — &c. to 

b times, and the sum subtracted : but b times. 



(Art. 23) the sum is — ba : and this sum — ( — ba)zz + Ba 
being subtracted will be + ba : hence 
{—a)X{—b)=z+ba* 

stances had been supposed to exist which would have required as 
many additions of a as there are units in 6 ; whereas the real cir- 
cumstances have turned out to be such as to require the same niun- 
ber of subtractions. 

* This proposition may be demonstrated as follows after the 
method of multiplying compound quantities has been learned. 

Let it be required to multiply a — b by c — d. 
Here a — b is first to be multiplied by c; the product of +a by 
+c is +ac9 as shown abore ; and the product of 6 by c is 6c. But 
since a is greater than a— 6 by b, the product ac is too great by be ; 
he must therefore be subtracted: hence the product is •\-ae — be. 

Again, a — h is to be multiplied by ^-d; but without regarding 
the sign of d, multiply a — h by d, and the prdduct is ad — hdy as 
before. Now, since e is greater than c — d by d, in multiplying 
by c, a multiplier too great by d has been used: hence the product 
of a — b by c is greater than the true product by the product of 
a — b by d; the product of a — b by rf, or ad—bd, must therefore 
be taken from that of a— 5 by c, or ac — be : this gives 

ac — be — (-^ad — hd)=^ac — be — ad-\-bd. 
The process will, then, stand thus : 
a— 6 

ac — he 
—ad + bd 
ac — be — ad -f bd. 
This proof may be more briefly given. To multiply a — b by 
c— rf, put a — b=p, then the product is p (e — d)=j)e-^pd: or, put- 
ting foTp its equal, 

(a^b) f c— </; = (a-^b) c—(a--b) d 
= ac — 6c — (ad — bd) 
= ac — 6c — ad-^-bd. 
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35. II. Powers of the same quantity are multiplied 
by adding thdr indices. 

For (Art. 14) a> X a* = oa X ffoa =:aaaaa rza^zz a^+a, 
and a^ X a^ = aaaaaaa X oaaa = aaaaaaaaaaa = a^ ^ = 
a^** : and, in general, if «* be multiplied by a*", the pro-* 
duct must contain as many factors, each equal to a, as 
are contained in a" and a*" together ; that is, the number 
of such factors must be n+m, and therefore the product 
must be a**"* 

36. Case I. — When both multiplier and multipli- 
cand are simple quantities. To the product of the 
numerical coeffidents annex theproductof the letters."^ 

The following niunericskl illustratioii wiU make this proposition 
stiU more evident. Let it be required to multiply 14—8 by 12 — 5. 
^This is obviously the same as to multiply 6 by 7 ; the product is 
therefore 42 : but for the sake of illustration, let us proceed as in 
the foregoing general example. The product of 14 and 12 is 168, 
which is too great by 12 times 8, or 96 : hence the true product is 
168—96 or 72, which is more 14—8 

simply formed ; for 14—8=6, 12—5 

and 6X12=72. Agam, the 168—96=72 

product of 14—8 by 5, is subtract 70-^40 =80 

70-40, or 6 X 5 = 30. But 168—96—70+40=72—30=42 
since the first multiplier, 12, is too great by the second, 5, the first 
product, 72, is too great by the second, 30 ; 30 must therefore be 
subtracted, and 72—30=42, the same as was at first obtamed by 
following the simple and natural process. 

The steps of the process may be more briefly put down thus : 
(14-8) (12-5) = (14-8) 12— (14-8) 5 

= 168— 96-(70l.-40) 

= 168^96—70+40 

= 72-80=42. 

* The following method of establishing the proposition that ** the 
order of the factors does not affect the product," is given by 
liegendre, '* Th^rie des Nombres,"p. 1 ; it is one of the demon- 
strations adverted to in the note to Art. 11. 
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BXAMPLBS. 

1. Multiply 5 & by 3 a. 

Here (Art, 8) the product is o be X 9 a, or 6Bc 

(Art, 11) 5x3x{cxa: that is, 15 Bca, or ^a 

(same Art,} 1 5 abc. 1 o akc 

2. 2jry 3. 4a» 4. Sa^^r' 

6a6 — 3a* 2a^*y 



12a% 


— 12a6 


\Oa^x^y 


— 2Vd? 


6. — 7a^ 


7. 2aVy 


— 3V^ 


Zhc 


5aVy 



5. 



6 or — 21 abcx lOa^y 

37. Case II. — ?PAew ^A^ multiplier is simple ^ and 
the multiplicand compound. Multiply the several 
terms of the campouud quantity by the simple multi- 
plier, and connect the products by their proper dgns. 

This rule depends upon the principle in the note to p. 21 • 

Let there be a rectangular figure whose adjacent sides ar^ ^yide^ 
into any number, a and b, of equal parts; then, if parallels be 
drawn from the points of division, the figure will he divided into 
rows of equal squares. Beckoning in one way, there will be a rows, 
each containing b squares, and the whole number will ther^ore be 
ab. But if we reckon in the other way, there will be b rows, each 
containing a squares, and the whole number will be ba. Now, 
the uTunber of squares is always the same ; therefore, ah=:ha. 

Of this danonstration he observes, that it appears to him "a-la- 
fois claire, generate, et exacte ; cependant si on lui reproche d'etre 
fondee sur des notions d'etendueetrang^res 41a science des nombres, 
void comment on pourray suppleer :" and he proceeds to give another 
demonstration foimded on the assumption that, aXl=lXa» to 
which, however, it may be objected that this is inadmissible as 
an axiom, and requires proof nearly as much as that ab=ba. 
Various other proofs have been given ; but they are equally unsatis- 
factory. No systematic proof, however, could render more obvious* 
the truth of a proposition, so simple, and so nearly self-evident. 
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BXAMFLB8. 



1. 3a+4B—6x 2. 2a3+4aa*«— 3«»y 

2y —Sa^a: 



6ay+8i5y— 124ry — 611^4? — 12aV+9o^^2jfy 

3. 2a+34fVy— Vy 4, a—^ae—l 

2V'y aVd? 



4aVy+ft»y — ^2y a*v^«^ — ax — a^je 

38. Case III. — When both multiplier and mvl- 
tiplicand are compound quantities. Multiply erery 
term of the multiplicand by each tenn of the multi- 
plier, and add the several products thus obtained. 

For from the note in p. 21, and from Art. 11. it appears, 
that to multiply any quantity by* the sum of any number of 
quantities, is the same as to multiply by those quantities 
separately, and then to add the products. 

When different powers of the same quantity are given, 
the terms should be arranged according to the indices of 
those powers, in order that, in the partial products, like 
terms, when such occur, may be, as much as possible^ 
under like terms. 

Examples. 

1 Multiply a+^ by a+h, 
a+h 
a+h 



Multiply a+6 by a a^'\-ab 
^. a+*by* aA+*» 

Add the partial products a^-\-2ah+l^ 
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2. Multiply 5ar4—4jr8+3ara—3d?+l by Sor^— 2a^— 1. 
6x*—4a:^ +3^—3^+ 1 
3^2— 2*— 1 



Mmti0yeK3itermby8jri I6x^ — 12jr^+9^* — 94?^+3a?* 

by-2» —\0x^+Sjt*~ex^+ea;^—2x 

by-i —5a^+4xS^Sx^+Saf—l 



Add the partial products I5x^ — 22x^ + 12ar* — l\a;^+6x^+x — 1 

8. Required the product of S^+2a^x — a^x^ and x^ 
— a^+2o'ar*. 

Here the terms bein^ arranged according to the descend- 
ing powers of a, and ascending powers of x, the process is 
as follows :-r- 

3a^+2o*j^— a«ar5 
2a'j?« — ax^+x^ 



— 3a6^4— 2a^4?5+a3^7 
da^x^+2a^x^ 


5_a«*8 


6a^x^ +4a'^x^—Sa^x^—a^x^ 

4. 5— 2V3 
4+3>v/3 


5. b+x 

b-'X 


20— 8V3 
15^3—18 


}^+bx 
— bx — x^ 



2+7V3 ^— x^ 

a«_2a»-2^2 +3a''"-* JP* — 4a*-6;p6 

fl2_3^2 

— 3aV2 + 6a«-2;r*— 9a— *^6 + ! 2a- 64^8 

a«+2_^a«^2^9a— 2^4_13a— 4^6^ 12fl— 6jf8 
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16fliOc4_i2fl7^c*+8aM 

+Sanc*'-^a^b^c*+4anc^ 

— 4a»c5+3a«5c»— 2c« 



8. What will {a+h)jc become when a+c is put for je. 
Here (a+5)4r becomes {a+B) (a+c), or a^+ab+ac-irbc, 

9. What will 4r* become when s is changed into a:+h. 
Here 4?« becomes {a:+hy or (^r+A) (4?+A) that is x^+ 
2sh+h\* 

39. ScH0L» The literal parts in the Actors of a required 
product, are often so related, that the law according to 
which the'tenns of the product will succeed one another 
is manifest, without actual multiplication. Tlius in Bx. 
2, last Art., the indices of or in each factor decrease hy a 

* Since, by the nature of the process, the products of all bino- 
mial &ctors iriU be formed as in Ess. 1 and 9, we maj conclude, in 
general, that, the square of a bihoMial is equal to the squares of its 
terms and twice their product. The same will hold when thiB terms 
are not both positive, for (— «— 6)a=a"+2a6+5« = (a+6)«, and 
(a^-6)« or (6— a)"=24it__2a6+6«. The two forms may be com- 
bined in one expression by meaas of the double sign ; thus : 
(adb6)>=a'=t:2o6+6«. By applying this formula we may often 
dispense with actual multiplication ; thus we have directly, (9a -f 
26)«==9a«+12a6+4&« ; (5-y«)«=Si5— lOyHy* ; 89>=(804-9)»a= 
30«-|.2x30.9+9«=900-f.540+81 . We may square a trinomial in 

the same manner, by taking two terms as one; thus (a-f 6)+c 
=(<i+&)«+2(a+6)c-f.ca=a«+2oft+*«+2«c+26c-f.c> :— and the 
same principle maybe extended to quadrinomials — See 'Euc. 11., 4, 
and Exs. 57, 59, Art. 26. 

Again, from Ex. 5 we see that the product of the sum and 
difference of two quantities is equal to the difference of their squares ; 
and conversely, that the difference of the squares of two quantities 
is equal to the product of the sum and difference of those quantities. 
Thus for the product of (4<i+3ar)X(4a--3j:) we have directly, 
without multiplication, 16a»— 9x« ; and the factors of 25a* — I6b* 
are 5a*+^^ and 5a*.^46s. g^e Ex. 58, Art. 26. 
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unit from term to term, and the same takes place in the 
product: also in Exs. 3 and 6, the indices of a diminish, 
and those of x increase, from term to term in the factors and 
product. The same is shown by Ex. 1, while Ex. 7 does 
not present a like symmetry, either in the factors or product. 
A little consideration will show that in general the pro- 
ducts will follow the law of the factors. In such cases, 
then, the literal part of the product will be known at dnce, 
and multiplication will be necessary merely to determine 
the coefficients. This is done by writing out in order the 
several coefficients, detached from the letters, with their 
respective signs, and operating upon them according to the 
Rule of Art. 38, the tjrpe, or form, of the process being 
precisely the same as if they were connected with the 
several letters. To the result so obtained the several 
powers are then subjoined. It is manifest, that if in 
adding the partial products, zero is obtained as the co- 
efficient in any term, the continuity in the powers is 
interrupted, and that term will be wanting from the com- 
plete product. It is also plain, that if, in either factor, 
the powers do not succeed one another in regular order, 
one or more powers being wanting, zero must be put for 
the coefficient of such terms, in writing out ^e detached 
coefficients. This being premised, multiplication by the 
method of detached coefficients, will present no difficulty. 

BXAMFLBS. 

1. Required the work of Ex. 2, last Art. by this method. 
5 _4 +3 _3 +1 

3—2—1 



15 _12 -1-9 —9 +3 
—10 -1-8 —6 +6 —2 

—5 -1-4 —3 +3 —1 

15 —22 -J. 12 —11 +6 + 1—1 
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Now the liberal part of the first term being ar* X^'=^*, 
and the powers forming a descending series, we have for 
the complete product, 

15^«— 22^+12^*— 11^+6jf2+^—1 

2. Required the product as in Ex. 3, last Art., by this 
method. 

In this Ex. the third term, namely a^^, is wanting to 
complete the regular succession of powers in the first 
factor, and the second term, namely a^a^, in the second 
factor, and therefore in 3+2 ±0 — 1 
writing out the detached 2 dbO — 1 +1 
coefi&cients, zero must be 6 +4 dbO — 2 
put for the coefficients of dbO —3 —2 ±0 +1 

these terms; the work will 3 +2 zinO — 1 

then be as on the margin. 6 +4 — 3 — 1 +2 + 1 — 1 
The double sign db is prefixed to the coefficient 0, since 
it is doubtful what sign the wanting term would have 
had. Now the literal part of the first term being a^ X Q^^^ 
=a®jF^, and the terms being arranged according to the 
descending powers of a, and ascending powers of x, the 
rest of the literal part is easily supplied; the complete 
product then is 

6a»^+4aV--3a6^*— aV+2a*^«+a'^^— a'^®. 

3. Required the product as in Ex. 6, by this method. 
Here the indices of a in either 1 — 2 +3 —4 

factor diminish, ^hile those of 1 — 3 

X increase, by 2 from term to 1 — 2 +3 — 4 
term; and the same will hold in — 3 -|-6 — 9 +12 

the product; the work therefore 1 — 6 +9 — 13 +12 
wOl proceed as on the margin. To the coefficients thus 
found the letters may then be annexed, as in the answer 
to Ex. 6. The question might also be worked by putting 
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for the coefficients of the intermediate terms, those, 
namely, in which the given powers would have the indices 
odd. 

4. Find the product of 2fl*4f— 2a*' — 3jr* and 3a* — 2a jr 

Here, in the first factor the term containing the second 
powers does not occur ; and is 2 ±0 — 2 — 3 
put for its coefficient. In the 3 — 2 -{■S 
result is found as the coeffic- 6 ±0 — 6 — 9 
ient of the third and'fifth terms; — 4 db:0 +4 +6 

these therefore are wanting and +6 d=0 — 6 — 9 

the literal part of the first term 6 — 4 dbO —5 ±0 —9 
being aV iC a^^^a^s, the complete product will be 
6a»dr— 4o*ar3 — da^x* — 9x« ; 
the spaces being left to indicate the terms that are wanting. 
Many of the exercises that follow will afford practice 
on this method. It possesses considerable advantages over 
the common method when the terms contain two letters 
only ; if there are more than two it may still be employed 
to some extent, but less conveniently. 

BXBBCISES. 

1. Multiply a by 6. 

2 or by lip. 

3 a* by a*. 

4 a* by ^. 

6 7s hj 8sy. 

6 abchjdef, 

7 7 by b. 

8 Sot by 5jr*. 

9 2a3 by 5a'. 

10 aby— 1. 

11 —11 by— a. 
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12. Multiply nm by pq. 

13 4^ by ^a. 

14 J^^byfa^. 

15 a* by c". 

16. ...... 4^-1 by 35-*^ 

17 —2^3 by —4**. 

18 6— iby^. 

19 axy by — aa. 

20 a— 2|,ya"+i. 

21 ^"by^. 

22 —4c by I2rf. 

23 a«4?"byaV. 

24 Va by itself. 

25 8V5by4V5. 

26 Ja by ^a. 

27 2V*byV*. 

28 4V^ by 5^0?. 

29 JflVbyiaV. 

30 4flbyia. 

31 2Va^by4^. 

32 a«4?V by «^*^-^y- 

33 4^— 26+3^2 by 2^. 

34 — 7a2+4o64r— 3rf+8 by 3al 

35 a+bjf+edyhj ah, 

36 7« — 4cMr+2% by — 4a^jr. 

37 4<Mr— 26«y+7arf--5y by 3a^. 

38 4^ar— 3jr'y+5^ar by 2ay. 

39 2y^— 3^y+12aaf— 3 by ^xy. 

40 y — Zx+^az by my, 

41 6Vz— ay«rf4r2y« by — ^j. 

42 a+* by «+^. 

43 a+6byc+rf. 

44 3 — t; by 3 — v. 
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45. Multiply 6-1-^ by 6 — a. 

46 4— a by 5+6. 

47 r— 3by2»^-4. 

48. .-. «.— 4by»+4. 

49 4a— J by 4a— J. 

50 m+n by m+p. 

61 a+^ by fl — x. - 

52 n — ^ by n — p. 

53 «— J by «+i. 

54 ^— ibyia— 1. 

56 36+2y by 36+2y. 

56 5^«— 3y3 by 5;r2— 3y». 

57 a^+bhja^+b. 

58 J?+yi)y^+y. 

59 4?+3 by ^+5. 

60 jp — 4byjr— 11. 

61 a?+7bya^--4. 

62 jr+9by^— 10. 

63 a«+6*bya— 6. 

64 a"+6" by a"+6". 

66 1— >v/2byl+^2. 

66 6rf2+ lOo^ — 4^2 by 4a— 2^. 

67 a-'+a-^-ijr-f.a^^^^+a'^^bya+jr. 

68 a-— 26« by 2a"'— 36*. 

69 0:2+4^+8 by ar^— 4^+8. 

Ans. 4r*+64. 

70 a'+aH+ab^+b^hja—L 

Ana. a* — b*. 

71 4ra+2ary+y*byjf+y. 

72 a2+a4+a« by a5»—U ^«*. a»-^«. 

V3 l+2^+3^»+4^+5jf* by 1— 2;r+*2 

Ans, 1— 6x«+54r6 
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74. Find the eontinued product of x — 1, 4f+2, ^+3, 
and jp— 4. Am. jH— 15*2-_i04r+24. 

75. Find the continued product of x — 5, *+6, *— 7, 
jp+8. i^jw. ^^+2^— 85a?*— 86jr+1680. 

76. Multiply o+^+^> — a4-^+^» a — ^+^, and a+6 — c 
continually together. 

Ans. --a*_6<_c*+2(a2ft2+fla^2+52c2.) 

77. Multiply a<— 2a'6+166*— 8a5'+4a2ft2 by a+26. 

^iw. a«+326*. 

78. Multiply 5a6+3ac — 46c by 7fl6— 18ac+26c. 
>|jw. 35a2A2_69a2^^_18a^(?_^4aaca+78fl6c2— 862c2. 

79. Multiply 9+2^10 by 9—2^10. Ans. 41. 

80. Multiply 2aV— 3aV+4fl«^6_^a6^8byfl^2+2a2ar' 
— So'^*. 

^«5. 2a*if*+fl«^«— 8a6^+12a^4?io— 22a8^"+ 15a»^i^ 

81. Multiply 2.ir'y'+3d7«— SjfV by 7^y— ^^y +2i?*y. 
^jw. 21^'y«— 3^V+20aH^y6— 37^6y6^9^7y*— lo^sys. 

82. Multiply Ic^x—Za^a^^'iaafi by 3a2ar2-j-aar»_^4. 

-4iw. 21«V— 2a*x* — 4flV+5a2;r«— 2fl^«. 

83. Multiply2jr'+4ar2+8*+16by 3a^— 6. 

84. Multiply 4^— 29«+4^*+21 by 2;r— 3. 

85. Required the product of a*;r'+2aV+a^ and a^^ 
— 4a*4r*+a2^. 

86. Multiply 4t;H5v»— 3v6 by v— 3v2+2t;' 

87. Multiply v'— 3i;2+4 by t;'+3t;— 4. 

88. Multiply 5a'— 3fl6a— 26' by 3a*+2a«6a— 5a6^ 
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40. Prop. I. When the divisor and dividend have 
the same sign, the quotient is positive; when they 
have different signs, the quotient is negative. 

For, by the nature of division, the quotient must be 
such, that when multiplied by the divisor, it shall repro- 
duce the dividend ; therefore. 

First, If +ab be divided by +a, the quotient must 
be +b, ia order that the product +ab may be repro- 
duced (Art. 34.) 

Secondly, If — ab be divided by +a, the quotient must 
be — b, in order that the product — ab may be reproduced. 

Thirdly, If +ab be divided by — a, the quotient must be 
— b, in order that the product +a6 may be reproduced. 

Fourthly, If — ab be divided by — a, the quotiei^t must 
be +6, in order that the product — ab may be reproduced. 

41. II. A power of a quantity is divided by any 
power of the same quantity, by subtracting the index 
of the divisor from the index of the dividend. 

For (Art. 14, 40) a^-r^^=aaaaa-^aa=^aa:=a^=a^^^ ; 
and a^^-r-o^ = aaaaaaaaaaa -5- aaaaaaa = aaflfl=fl*=a^ ^"^ ; 
and, in general, if a* be divided by a*", the number of fac- 
tors, each equal to a, in the quotient, will be found by sub- 
tracting the number of such factors in a*" from the number 
of such factors in a" ; that is, the number of factors will 
be n — m, therefore the quotient is a""^. 

42. Case I. — When both divisor and dividend are 
simple quantities. Take for the quotient such a quan-> 
tity as, multiplied by the divisor, will reproduce the 
dividend. 
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EZAMFLBS. 

1. Divide SOftory by 5 jr. 

Here 20bxy being a product, and one of 6x)20hxy{4hy 
its factors 5ar, the other, by the nature 2Qhxy 

of division, must be 46y. The quotient, 

therefore, consists of the quotient of the 
numerical coefficients, with those letters 
annexed which are not common to the 
divisor and dividend* 

2. Divide \2a^bn?x^ by — Sa^wx*. 

3. Divide — Oi^^* by — ^ab^x^. 

Here — 4 is contained 2^ '-4:ah^x^)—9lfix\2\^, or 
times in — 9, and al^x^ — ^b^x^ 



hx 9bx 
IT 



hx 



in l^x^ is contained — ?V?^a 

a — 963^* __9bx 

times, the common fac- 4ab^x^ "icT' 

tors being expunged. 

4. Divide Qhx^f by 2abdx^. 

3i/* Kiu^~tt- \ffi 2bx^ v^ 

2abdx^)6bxY('^,OT—f^=z ' X r— := 3^ 

ad 2abdx^ ad 2bx^ ad 

6. Divide a by ^a, • 

Here, as in other cases, the quotient must be ^a)a{\^a 
such as to produce a when multiplied by V^ ; ^ 

it must therefore be v^a. 

6. Divide jf* by ^r**"^ . 
7. Divide Sb^x^y by 7abx^y. Ans. . 



44 DiTESioir. 

S. DiTidc — 12«*6» by — 4ii«P. Am. 3o— ». 

9. Dnride 18.j^* by — 9.I— . A». — 2*-^^ 

10. DiTide — Jf** by —jT. Ams. or-. 

43. Case. IL — fFkem the dknsar is simple, and 
the dividend eampound* Divide eyeiy tenn of the 
dividend by llie diTiaar, and connect l^e quotients by 
th^ proper signs. 

EXAMPLES. 

1. Divide Vlab'^o—Z^hcx^ — \ahc^ — \hc by 46c. 

46c) I2«62c--326car2— 4a%— 46c 
Zah — 8a-* — ay — 1. 

2. Divide 40*6— 126+1 6iur— 4^:2— 14«»62 by —4a. 

— .4a)4a26— 1 26+ 16a^— 4;r>— 14a36« 

— a6+ 3--4ar+~+3ia26». 

3. Divide a«— fl**i^+at2^2_a«t3^^a«+4^4 by ««. 

a«)a«— a"*^^+a«*2;p2_«a«t3^^^«t44.4 

1 —ax +a2x2 — aV -^-a^x'^ 

4. Divide — 16«V+9«V— 12«2;r2+3n2;r« by —Zn^x'^, 
— 3»22r2)— 15nV+9n»^»— 12«2>r2+3«2^« 

5«2;r— 3njP» + 4 —x'. 

44. Case III. — When both divisor and dividend 
are compound quantities. (1) Place the quantities in 
one line, as in division in Arithmetic ; (2) airange, if 
possible, both divisor and dividend according to the 
powers of some letter common to both, so that its 
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highest power may stand &st, its next highest power 
second, and so on ; (3) divide the first term of the 
dividend by the first term of the divisor ; the quantity 
found is the first term of the quotient ; (4) multiply 
this term into the divisor, and, (5) subtract the pro- 
duct fix)m the dividend ; (6) consider the remainder, 
if there be any, as a new dividend, and proceed as 
before; and (7) if a remainder do not disappear, indi- 
cate its division by the divisor, and annex the result 
to the quotient. 

EXAMPLES. 

1. Divide 2<uF+a:^+a^ by a+jc. 

Arranging the terms according a+ar)o2+2a^+^^(«+^ 
to the powers of a, (Art. ^8,) a^+aa; 

and dividing a^ by a, we find a aa;-\-a:^ 

for the first term of the quotient; ax+w^ 

(4) multiplying the divisor by 

this term a, we have a^+ajf, which being subtracted (5) 
from the dividend, leaves the remainder aa^+j^^ for the 
new dividend. Again, dividing (6) the first term as of 
this remainder by the first term a of the divisor, we have 
jc for the second term of the quotient, the sign being + 
because a and aor have the same sign ; multipl3ring again, 
we have as+^p'^ to subtract, which leaves no remainder : 
the complete quotient is therefore a+x. 

By this process, the dividend or given product, is ana- 
lysed into several partial products, and as the whole divi- 
dend is made up of these, the divisor is obviously contained 
in the whole as often as it is contained in all the parts ; 
these products are subtracted from the dividend in suc- 
cession, first, the product of the divisor a+x by a, the 
first term of the quotient, and then the product of the 
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divisor a-|-^ ^7 ^» tbe second term of the quotient ; so 
that, in all, we take from the dividend the product of a + or 
by a+^« without leaving any remainder : since therefore 
the quotient and divisor reproduce the dividend without 
remainder, this quotient is complete, and the operation is 
finished. If there be a remainder, the quotient is incom- 
plete; and if the remainder do not disappear, on continuing 
the process, the quotient is interminable, and there is no 
series of terms which, multiplied by the divisor, can 
reproduce the dividend.* (See Chap. III. last Art,) 

2. Divide x^-^a^ by a?+a. 
Here the divisor x^-^aHx+a 

is put to the right x^+cuxi^ a^ — ax^-^-a^x — a'H 

of the dividend and — ax^+a^ 
the quotient below — aa? — a^x^ 
it, in order to save a^x^+a"^ 

room.t Thena?'*-7-ar a^x^+a^x 

=ra?' the first term — a^^r+a'* 

of the quotient, and — a^x — o"* 

* We might have arranged the terms according to the powers of 
X, thus af+a)ar8+2Lrfl+o8, 

and the operation would give x-\-a for quotient. 

If this mode of arranging the terms he disregarded, we shall 
sometimes find the complete quotient after a greater numher of 
operations than are necessary: in most cases, however, the quotient 
will he interminahle. The following arrangement of the terms 
of the last example will make this more plain : 
Here one operation more fl-f-a?)2aa:+fl>+ar«(2r+a — * or a-f^ 
than was necessary is gone 2ax-\-2xi 

through, in consequence of a* — ^a;* 

the arrangement, and; the g«+ag 

quotientisreducihletoa-f-or — ojr--*« 

{See Chap. ni. last Art,) ~^a:-^» 



t By this arrangement, moreover, the multiplication necessary 
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this being snbtracted, gives — cwr'+a* for a new dividend. 
Again, — aa^-r-JiP^ — f^» the second term of the quotient; 
this is multiplied into the divisor, and so the work pro- 
ceeds till the remainder 2a^ is found, lliis term does not 
contain ^and the work terminates. — {See Chap. III., latt 
Jrt.) The remainder 2a^ with the divisor Bubecribed is 
then annexed to the quotient. In verifying the work by 
multiplying the divisor by the quotient, this remainder is 
added with the partial products. These are given on the 
margin; the quotient being x^-\-ax^ 
the multiplier ; if the divisor — aa^ — a^x^ 
were made multiplier the a^x'^-\-a^x 

terms would be the same, — a^x — a* 

but the work would occupy 2q^ 

only two lines : by both ope- x^+a^ 

rations, these several terms, together with the remainder, 

are seen to make up the -^2a^ 

given product or dividend, x^ — aa^-^a^x^ — a?x 

which is in this case inca- ax^ — a^x^-\-a^x — a^ 

pable of exact analysis into x^^a^ 

partial products. 

The chance of error in this process, from neglecting to 
change the signs of the partial products before adding 
them, may be considerably lessened, by setting down each 
term of the quotient, as it occurs, with the contrary sign 
to that which it ought to have, as, in multiplying, the 

in finding the partial products is more readily performed, as the 
factors are brought close together; it is the mode of placing the 
quantities, both in Arithmetic and Algebra, adopted by French 
authors? the only English work in which, so far as we know, it is 
introduced, is the excellent treatise on Algebra by Professor 
Thomson of Glasgow. 
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signs of the partial products will be thus at once changed, 
and the subtractions converted into additions.* 

The work will then be as follows ; at the conclusion of 
the operation, the signs of the quotient must be again 
changed, to obtain the correct answer. 

^*+a* \ a:+a 

— X^ + 04?^ — a^^ + a' qnottent with contauy aigxis 



I — fl^-f-a* J^ — ax^'\-a^JP — a' correct quotient 



+a3^'\'a^jp^ 



— a^x+a* 

3. Divide 6a'd^— 17a*472+80aV— 25<i«**+l2a72^ by 

6o»x— 17a<:r«+30o6a:8— 25a«;r<+12a7xB fJa^x—Sa^x^+Aa^x^ 
6g»jr— 9a*x^+l2a^x9 3a— 4a«;r+3a^x8 

— 8a<:F8+18a6;r3— 25a«ar< 

Sa^xi+l2a^ai^-^l6a^x* 

6a*ar3__ 9a6;c4+12a7a:» 


Let this Ex. be also worked by the method explained 
in Ex. 2. 

4. Divide a;*—4x'—34a;^ + 76x+l05 by 4?— 7. 

This question, as well as all others belonging to this 
third case, may be briefly worked as follows: — ^The first 

* The same object will be attained by changing the signs of the 
terms of the divisor. If this be done, it must be remembered, that 
in performing the successiye divisions hy the first term of the 
dirisor, it must be taken with its original sign, as otherwise the 
signs of the quotient would be rerersed. 
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term only of the remainders being required in order 
to determine the successive terms of the quotient, we 
may, to find these, perform mentally the additions into 
which the subtractions are converted by the method used 
in Ex. 2, and set down the partial products only. 

—3a!^+2\x^ that is 

+ 15^—105 

First terms of remainders, 3x^, — 13a?2^ — 15^;. 

Here, the first term of the first remainder is 3^' ; then 3dr* 
^;r=3^2 ; putting this in the quotient with its sign 
changed, and multiplying we have the second partial pro- 
duct, — 3^+2l4r2. Adding now Slor^ to —3Aa;^, and 
dividing mentally, we have 13jr for the next term of the 
quotient, and 13^^ — 9 lor for the third product. Again, 
performing mentally the addition of the terms containing ^, 
and then the division, and multiplying, we find I5x — JOS 
for the fourth product. The sum of these partial products, 
and the given product, or dividend, is of course zero. The 
work is thus seen to occupy half the space that it would 
take up by the ordinary method. To aid the memory, the 
first terms of the sums (remainders by the uncontracted 
process) might be set down thus, (3^?^, — 130?^, — I6x), in 
the blank space to the right or left of the partial products, 
or in any other place, apart. 

5. Divide \+aa;+bx^+cx^+dx* &c. by 1 — or. 
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l—x \+il+a+b+c)a:^ &c. 



{l+a)a;+ba;^ 

(l+a+b)a;^—(\+a+b)a:^ 
il+a+b+c)ai^+da;^ 

(\+a+b+c+d)a;^~+ex^, &c. 
This quotient might be arranged as under : 

4:^+, &c. 



1+1 

a 


a 
b 


a 
b 


a 
b 






c 


c 

d 



45. When the given quantities are such, that the literal 
part of the terms of the quotient can be supplied by in- 
spection, (Art. 89) the method of " detached coefficients*' 
may be advantageously employed in division. Thus, iising 
the contracted mode of division given in Ex. 4** the work 
of Ex. 3 will be as follows ; 

6 —17 +30 —25 +121 2 —3 +4 [<<» 

— 6 + 9 — 12 . — 3 +4 — 3 quotient with contPaiy 

+ 8 — 12 +16 3 — 4 +3c5orrectcjuottent 

—6 + 9 —12 

Remainders, — 8, +6. 

• The ordinary uncontracted process, may howerer be employed. 
Ex. 3 worked in this way will be as imder, 

6 —17 +30 —25 +12| 2 —8 +4 
6 — 9 +12 3 —4 +3 

— 8 +18 —25 

— 8 +12 —16 

6 — 9 +12 

6 — 9+12 
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Here the process is conducted as already explained in 
Ex. 4 ; the literal part of the first term being a« and the 
order of the terms known, the literal part of the quotient 
is easily supplied. The first terms of the remainders, — 8, 
and +6, are set down in a separate place. 

1. Divide 6aV— 19a6^+48aV_44a8^94.33a»;pii + 
20a*V' by 2a2a?— 3aV+5fl*^. 

6 —19 +48 —44 +33 +20 1 2 —3 +5 
—6 + 9 —15 —3 +5 —9 —4 

+ 10 —15 +25 3 —5 +9 +4 

—18 +27 —45 

— 8 +12 —20 



Hence the literal part of the first term being a^a^, the 
complete quotient is 3a'a?^— 5a*a?*+9o^a:®+4a^a:®. 

2. Divide l5a^+a^+3aH^+ea^*+4Q^b^+il(^^b^+ 
13a»M— 10a5«— ^ by 9a^ +2atb^2b^ . 

Here, putting zero for the wanting term both in the 
dividend and divisor, the work will proceed as underneath. 

15 + 1 ±0 + 3+6+4 +11 +13 —10 — l [3+2zb 0— 2 
—15 —10 ±0 +10 —5 +3 —2 —3 

+ 9 +6=b — 6 +2—4—3 

—6—4 =±=0 +4 or 

— 9—6 ±0 +6 5 —3 +2 +3 

+6 +4 ±0 —4 —2 +4 +3 

—12 —8 ±0 +8 

—9 --6 =b0 +6 

=fcO dbOdbO =fcOdbO±OdbO +3 —2+5 

Now as the literal part of the first term of the quotient 
is a^, there will be in all seven terms, six containing the 
powers of a, and one independent of a ; the three last 
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coefficients are therefore those of a remainder. In fact, 
the process must terminate at the term whose coefficient 
is 3, as it contains a^, a power of a lower than that in 
the first term of the divisor. The complete quotient is 
therefore 

and the remainder, Sd^b'^ — 2a6®+5^®.* 

EXERCISES. 

1. Divide bchyc. 

2 x^hjx. 

3 — a; by itself. 

4 20a^y by 6xy. 

5 — X by X. 

6 15a^ by 3a?. 

7 126« by 46*. 

8 l5(fb^chj6aH. 

9 /^x by j^x. 

10 a^ by a^. 

11 Sxhj 2x. 

12. .. 62n|,y^n 

13 a" by a. 

14 o^n by — a'«. 

15 24a^l^hj8aH^. 

16 l2abcdefhY 4acf. 

17 x'hjx\ 

• The abbreyiated method of division exemplified in the text, is 
taken, with but slight changes, fi^om the excellent " Course of 
Mathematics" by Professor S. H. Christie, of Woolwich, recwitly 
published. It is very neat and simple, and renders division by 
detached coefficients much more easily performed than by Homer's 
method, upon which it is an improvement for many purposes, as 
in finding the greatest common measure, one of the most important 
applications of division. 
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18. Divide y^ab^x^yzhy 9¥x»z. 

19 — flby — 1. 

20 —^OaTjry^ by — SjiTy^, 

21 _lby— 1. 

22 Iby— L 

23 6a»*i by 5a*-*. 

24 2byV2. 

25 a— 'bya**^ 

26 12a"jr«y2by 4a Vy. 

27 Sahj^Sa. 

28 twice the cube of a by half its square. 

29 —Idb^a^y by Zb^a^. 

30 12iMr> by 46x. 

31. ...... 4* by 36. 

32 ;rby4ar. 

33 ntnhjnp. 

34 a^hyar-\ 

35 ar-^hja^. 

36 abc by ad. 

37 8arby4i/jp 

38 ft^bya'. 

39 —.16a by —86. 

40 12a by — 46. 

41 a^bya». 

42 a' by a?*. 

43 36>v/y by 2a^y. 

44 6by<r. 

45 b^xy^p^q^ by 5p^x. 

46 Smpx by 2miy. 

47 36aiWar»y* by 9a^b^x^y 

48 _3a56by— 3a56. 

49 —1 by a. 

50 _aby— 6. 
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61. Divide nb^y+Uy^—iebhj 4b. 

52 Sabe+ I2aba:—9a^ by Sab. 

53 —9ab^a^y+ 1262^:3^2+ \5aH^a:^y-—3t^a^ 

d?*y5 by — Sb^x^y. 

54 ab+b^hy2b. 

66 a2— 2tf + 7—3^—1 by — 1 . 

56 ft^-+fty-*i+63/-+2+j2^-+5+ &c. by y\ 

61 —3a+7^— 10^^+2^—1 by — 1. 

58 1n^x^—%xy^—\2ba;y^+\Smnx by 4njp. 

59 5a2^V— 10a?«y*— 20a5^"y5by54r5y5.* 

60 a2_2fl5+52 by a—b. 

61 a2 — ^2 by ^ — ^^ 

62 ^2^3^_28by^ — 4. 

63 4r2+2^y+y2 by ^+y. 

64 m2— 36bym+6. 

Q5 64— jp2 by 8—^. 

QQ «2^2np+;>2 by n+p. 

67 fl—1 by >/«+!. 

68 ^r'— 9^2^270?— 27 by ^—3. 

69 a"+i +a6-— fl"^— 6-+1 by a"+6". 

70 a"*i +2a".r+2a»-i;r2+2a»-«a:5, &c. by 

a+a:. 
71 l_5^+10^2__iQj,5+5^4_-p5 by 1 — 

2a:+^2, 
72 4;r5 +4^2—2907+21 by 2a?— 3. 

• Such examples as the following come mider the Second Case, 
though the divisor has a compound form ; for every term is divi- 
sible by the compound fiictor : 

36(a +ar)\ 3fl6(fl+j:)3— 66(a+^)'+3&(g+g) 
a(a+a:)»— 2(a+x)+l 

6a(a+6)»-^(a+6)--Sx . 
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73. Divide ^i^-lOO by V^?— 10. 

74 1— «2byl— «. 

75 4?^— a^ by a: — a. 

Ans. a:^+ax^+a^a:+a^. 
76 x^ — a^ by x+a, 

Ans. x^ — ax^^a^x — a'. 
77. Divide ^—1 by ^'— I. 

78 x^+fl* by ^— a. 

2a 

^5. dr5+a^2+a2^+a5^ 

X — c. 

79 6a?^ — 86 by 34?— 6. 

^««. 2^5+4^2+8^+16. 

80 aP — x^ by a — x. 

Am, a«+a*^+a5ir2+o2d?5+aa?*+a;5. 

81 »s— p^byji—p. 

-4«5. »^+«'|>+«V+«P'+P*- 
82 n^+p^ by »+j>. 

^««. »*— «';?+« V"-"''i''+l'*- 

83. Divide ^»+a» by ^+fl. 

^iw. ^— fl^7+a2^6— a34?5+«*ar*— «Sx'+a®^2_a7-p+a8. 

84. Divide ^ — 1 by x — 1. 

Ans. :r5+^*+;r'+4?2+ar+l. 

85. Divide a"+6" by a +6. 

^5. a»-i— ^•»-26+o'^552— a"-*&^ &c. 

86. Divide 12a2+26a5— 36ac+18a(f— 1 06^+29 6c— 
6W— 21c2+9cd by 6fl— 26+3c. Ans, 2a+5J— 7c+3rf. 

87. Divide8a«^+6aV— 15flV+a94rby4aV— 3aV 
_a*^. Ans. 2aV+3a*4?— fl5^ 

88. Divide 6^5_-p4y_i3-pSy2+i04?y— 2d?y4 by 2^» 
— 3x2y+a;y2, J«5. 3jr2+4^— 2y2. 

89. Divide 4a;r'+51fl2;r2+10a*— 48a'd^-.15^* by 4o4r 
— 5a*+3^2 ^«5. _2a2+8a^p— 5^2. 
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90. Divide 21^y2 + 26xy + 6847*— 4()y*— se^r^— 
1 84?*y by 5y«— ^a?^— 6ay . Ans. —Sf+4anf^—3s^y+7a:^. 

9 1 . Divide 4?— 5^+7^— 5*^— 6^»+28jp» » by l—2x^ 
— ^or*. Atts. X — 3;r'+5dr« — Ix^. 

92. Divide 12a»6— 6«+2a^+8a*62— Oa^i*— ISaVby 

afts— 26« 
3a^+2(id — A*. 

93. Divide a»— 4a»2r2+5aV— 5^+14ajr8— 20o2*^— 
10a^^+19a'^ by a*+5jp4+2a'«^— 4a;i?'— Sfl^^a. 

^4jw. a6—2a*^+3aV— 302^^3+20^4— ^.* 



MISCELLANEOUS SXBBCI8BS. 

1. What is the sum of the sum and difference of t^vo 
quantities ? 

2. What is the difference of the sum and difference of 
two quantities ? 

3. If the less of two quantities is x, and the difference 
12> what is the greater ? 

4. If y be the greater of two quantities and d the dif- 
ference, what is the less ? 

5. What is the difference between the square of the 
sum, and the sum of the squares, of two quantities ? 

6. Find the difference between the square of the sum 
and the square of the difference of two quantities ? 

7. If jp be contained q times in a with a remainder r, 
what is the expression for a ? 

* From a comparison of Exercises, 75 to 85, and Kxample 2, it 
will appear that the difference of two equal powers is always 
divisible by the difference of the roots ; that the difference of two 
equal powers is divisible by the sum of the roots, when the index 
is an even number ; and the sxun of two equal powers divisiUe by 
the sum of the roots, when the index is odd ; but that in other 
cases there will be a remainder, after the division. 
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8. What does p^+q^ want of being a complete square ? 

9. What must be added to a;^+l2jc to make a com- 
plete square ? 

10. ^ persons have £a to pay, what is the share of 
each? 

11. Express the two numbers whose digits are x and y, 
and or, y and z. 

12. What are the factors of a^—b^, of 4«2— 64, and 
of 81a4— I00ar2 ? 

13. A person paid a shillings for a: articles, what is the 
price of each ? 

14. Find the squares of 6a — 4d?, 2h — 5y' and Jo — 8, 
without actual multiplication. 

15. What does 9 — 6x want of being a complete square ? 

16. If *=JCa+6+c), what will 2* — 2a be; and also 
2s— 2b, and 2s— 2c ? 

17. If a man can do a piece of work in 12 days, how 
much of it will he do in 5, in 7, and in x days ? 

18. What are the factors of a^—{b—cy, and of 
(5+c)2— a2p 

19. The sum of two numbers is 56 and their diflference 
34, what are the numbers ? 

20. The half sum and half difference of two numbers 
are 18 and 12; find the numbers. 

21. What will 4ajr' become when x+h is put for a: ? 

22. What does (a+^) (a — x) become when a+b is 
substituted for x ? 

23. If a — b be substituted for x in the expression 
ax — bx, what will that expression become ? 

24. If a?+^ he substituted for x, in the expression 
X*, what will the first term of the difference between x* 
and(jr+A)*be? 
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Art. 46. Djef. I. When a less quantity is contained a 
certain number of times exactly in a greater* the greater 
is called a multiple of the less, and the less is said to be a 
part, measure, or sub-multiple of the greater. Thus, 5 is a 
measure or sub-multiple of ah, and ab a multiple of a, and 
also of b : also, 36 is a multiple of 9, and 9 a part, 
measure, or sub-multiple of 86 ; but 9 is not a measure 
of 40. 

47. II. When a quantity is a measure of several others, 
i tis called their common measure : thus« 9 is a common 
measure of 63, 54, and 72, as it is contained a certain 
number of times exactly in each of them; also a+x is a 
common measure of a^ — x^ and a^-j-2a^-j-4r^. 

48. III. When a quantity is a multiple of several others, 
it is called their common multiple : thus, 56 is a common 
multiple of 4, 7, 8, 14, and 28 ; also I2a^b^jey is a common 
multiple of 6a^^, 4b, Zax, and 2by. 

49. IV. An even number is one which can be divided 
into two equal integral parts ; and an odd number, one, 
which cannot be so divided. 

* In Algebra, the X^snn fraction is not applied, as in Arithmetic, 
to denote merely the quotient of a le$R quantity by a greater ^ but 
the division of any quantity by another, whether greater than it 
or not, when the division is indicated only, not performed % the 
dividend and divisor are called the numerator and denominator, as 
in Arithmetic, and when spoken of together, they are called the 
terms of the fraction, 
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50. Corollary. Hence, if n represent any number 
whatever, even or odd, 2» will be always even, as it is 
divisible by 2. Hence, also, a number greater or less than 
2» by unity, will be odd: thus, if «s±7, 2«+l=15, and 
2ii— 1=13, both odd; if «=18, 2«±1=37 or 35, both 
odd, &c. ; so that all odd numbers may be represented by 
the expression 2itdbL This is generally expressed by 
sa3ring that even numbers are of the form 2n, and odd 
numbers of the form 2itzl= 1 • Even and odd numbers may, 
however, be represented by other expressions besides 
these ; for, if it and n' be any two numbers, 2(n=i=Ji') will 
be even ; but 2{n±=n')-±i\ will odd. Thus, if n =9, 
and n^^^, 2(ii=fcn')=30 or 6, even, and 2(n±n')±l=31 
or 29, 7 or 5, all odd. So also 2(2»»0. 2(ii=fcn'd=l), 
2{«a'=i=a=bn'), are even forms, or of the form 2»,- and 
2(«=fc«'±l)=t:l, 2(2«»'=fc«)=bl, &c. are odd forms, or of 
the form 2itdbl. 

51. V. A prime number is one which is not composed 
of any integral factors ; and a composite number, one 
which is composed of two or more such factors. 

52. Cor, Hence, a prime number cannot be divided by 
any numbers but itself and unity. Hence, also, no even 
number but 2 is prime.* 

* Those factors of composite numbers which are themselves 
composite, can alwajs be resolved into; the same prime numbers. 
Thus, the factors of 30 are 5 and 6, and 3 and 10 ; now 6=3x2, 
therefore 30=5X3X2, the factors being all prime. Also, 10= 
5X2, therefore 30==3X&X2, the same prime factors as before. 
In like manner, the factors of 24 are 4 and 6, 3 and 8, 2 and 12, 
but all these can be resolved into the same prime factors, 2, 2, 2, 3. 
Thus, also, 360=2X180, 180=2x90, 90=2x45, 45=8x15, 
15=3X5, therefore 360=2X2X2X3X3X5; and whatever com- 
posite factors of 360 are taken, they can be always resolved into 
these same prime numbers. 
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53. VI. Cotnmeruurable quantities are those which have 
a common measure greater than unity ; and tncommenM- 
rahle quantities, or quantities prime to each others are those 
which have no common measure greater than unity. Thus, 
6 and 8, 4ax and Qax^, are commensurahle ; while 5 and 
6, 7 and % ax and by, ^Z and V^* ^ &i^d f^b, are incom- 
mensurahle» or prime to one another. 



54. Lemma I. If a quantity measure another, it 
will measure any multiple of it. 

For if a^ihc, then tna^mbc ; or if & be contained c times 
in a, it will be contained mc times ia ma, 

55. II. If a quantity measure each of two others, 
it will also measure their sum and diflPerence, or the 
sum and differenc of any multiples of them. 

Let p divide a and b, and let the quotients be q and q' 

then -'=q, -=^; therefore, by the nature of division, a^ipq 
p p 

and &=p^, whence (Art. 27, 28,) a±zb=:pqzi=pqf, or aztib 

^p(qz±zq); or (Art. 30), dividing the equals by p, 

P 
^iqz^q[. Now, since by hypothesis a and b are divisible 

by p, and q and ^ are the quotients, q and ^ are whole 

numbers, therefore their sum and difference are also whole 

numbers ; that is, qdi=^^ is an integer, and consequently 

adtzb is divisible by p. 

Again, let ma and nb represent any multiples of a and h; 

then, since a^pq, and b=.pqf, ma=mpq, and nbz^np^ .hence 

maztznb={mqdt:nq^)p, 

maztinb . , 

and =mqz±znq^ ; 
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but m, n, q, and 5', being integers, the quotient rnqdan^ 
is also an integer, and maztinh is therefore divisible by jp.* 

6^. Cor, It follows, from this proposition, that if a 
number divide the whole of another number and a part 
of it, it will also divide the other part ; and that if a 
number consist of several parts, each of which has a 
common divisor, p, then will the whole number composed 
of these parts be divisible by p. 

57. in. The greatest common measure of two 
quantities, A and B, is the greatest common measure 
of Aa and BJ, a and b being integer multipliers, 
prime to one another, and such that there is no measure 
common to a and B, or to i and A. 

For if d be the greatest common measure of A and B, 

A B 

^o that— ==p and -— =:^, or A=pd and B:=:qd, p and a can 

Aa 

have no common measure. We have similarly — =ap 

and —=^9 or Aa=zapd and Bb=bqd, and ap and bq can 

have no common measure ; no new factor is introduced, 
and those common to A and B are common also to Aa and 
Bb, and the same is obviously true of A and Bb, or Aa and 
B, for this is only supposing either of the multipliers to 
be unity. Again, conversely, on the same supposition, 
the G. C. M. of Aa and Bb is also the G. C. M. of A and B. 

„ .^ Aa ^ B6 , , A B 

For if •-r=«i' «»d -^=*?. then— =/? and —=r^, and since 

• Thus, if a and b be 54 and 42, th-en 6, which is a divisor of 
both, divides also 54zt42, or 96 and 12, the quotients being 16 
and 2, both integers. And if m and n be 4 and 5, we hav« 
21fct210 „^_^„^ 426 6 
-T — =36=ti35, or— =71, and -=1» integers as before. 

V O O 
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ap and hq have no common measure, it follows, that j» and 
q also have no common measure ; and the G. C. M. of Aa 
and B6 is also the G. C. M. of A and B."*" 

58. Pros. I. To find the greatest common measure 
of tioo algebraic qiuzntities. First, If the divisor 
sought be simple, to the greatest common measure of 
the numerical coefficients annex the letters common 
to all the quantities. 

Thus, the greatest common measure of 24a&^n^y^ and 
66an^x^y^ is San^y^. 

Secondly, If the divisor sought be compound, the 
following rule must be employed : 

(1 .) Divide either quantity, or both, by the greatest 
simple factor contained in it, (Art. 57); (2) and 
having anranged the terms as vx Division (Art. 44.), 
divide the one of higher by the one of lower dimensions, 
if their degrees be different; (3) if there be a remain- 
der, divide the last divisor by it; (4) continue the 
process till there is no remainder, dividing always the 
preceding ^viaor by the preceding remiwder, and at 

• Thus, if we take the numbers 30 and 36, whose G. C. M. is6; 
and if we multiply them respectiyely by 7 and 11, the products 
6X^X7 and 6X6X11, or 210 and 396 have the same common 
measure, 6, as before, the multipliers being prime to one another, 
and to the given numbers. Also, if we multiply 30 by 5, and 
36 by 9 the products 6X5X5 and 6X6X9, hare still 6 as their 
G. C. M. ; wbereas if we multiply 30 by 9 and 36 by 5, the pro- 
ducts 6X5X9 and 6x6X5, or 270 and 180 have 6X^X3 or 90 for 
their G. C. M., a &ctor of each number being introduced into 
the multiple of the other, which is contrary to the hypothesis of 
a being prime to B and 6 to A. Further, if one only of the giren 
numbers, as 30, be multiplied by any number, as 5, which has no 
factor in common with 36, the G. C. M. of 30, and the product 
150, is not altered. 
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the same time multiplTiiig or diTidlng the dividend, 
and the suooesdye divisors and dividends by any 
quantity which has no fector in common with the 
ori^nal divisor, or dividend (Art. 57) ; the last 
^visor will be the common measure required. 

The following is the general form of the process: the 
multipliers a, b, c, ,, . fulfilling the conditions of Lem. III. 
and thus rendering the quotients p, q, ., . integral in 
every case, fractional results being excluded by the 
nature of the operation. (Art. 54,55, 57) 

Here, B being supposed to represent B)A 
the qiiantity of lower dimensions, and a 
a factor introduced to avoid fractions, 
B is contained p times in Aa with a 
remainder Cc ; where G is a compound 
quantity, and c a quantity, either simple 
or compound, and not a factor of both 
A and B; take C alone for the new 
divisor, and for the new dividend the 
last divisor B or a multiple, Bb, of it, if 
necessary; and so on till there is no 
remainder. Then the last divisor, D, is 
the greatest common measure of A and B. * 

To prove this it is necessary to shew that, 

1. — ^Every measure of A and B is a measure of D. 

* That the ahore process must at last terminate, may be proved 
as foUows : — Rejecting the multipliers a and c for the sake of 
Bimplidty, we shall have A=^B+C. Now, B>C and therefore 
pB>C, hence |>B+C>2C, that is, A>2C, andiA>C, or C<iA; 
therefore pB>^A, and from A a quantity greater than its half has 
been taken. In the same manner it might be shown, that when C 
is made dividend more than its half is taken away, and so on with 
respect to every successive dividend, so that at last there will re- 
main a quantity less than anything that can be assigned. 
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For whatever quantity, m, measures A and B, it will 
measure Aa andpB (Art. 54), and therefore Aa— yB 
(Art. 55), that is Cc ; and since m measures Oe it measures 
also C, because, by hypothesis, c is prime to A and B, and 
therefore also to m, which is a measure of A and B. Now 
m, measuring B and C, will measure also B^ and qQ, and 
therefore also their difference D(f ; and since m measures 
Drf it will measure D, for d is prime to A and B and 
therefore to m, their measure. Thus any measure^ m» of A 
and B is a measure also of D. 

2. — ^D is a measure of A and B. 

For D is by hypothesis a measure of C, being contained 
in it without remainder ; it is evidently a measure of Drf; 
it therefore measures <yC+Drf or B6, and consequently B 
also, since d is prime to A and B, and therefore to D, the 
measures of A and B having been just proved to be those 
of D. Now D measuring /?B and Cc measures Aa, their 
sum, and therefore A also, since a is prime to A and B, and 
therefore to D. But it has been already shown that D 
measures B ; it therefore measures both A and Bw 

3. — ^D is the gi'eatest common measure of A and B. 

For since every common measure of A and B is a mea- 
sure of D, and since no quantity greater than D can 
measure it, therefore every common measure of A and B 
is not greater than D ; now D is a common measure of A 
and B, and therefore there is none greater than it ; that is, 
D is the greatest common measure of A and B.'*' 

* The Arithmetical process ior finding the greatest common 
measure of two numbers is of the same form as that in the text, 
but much less complicated ; a proof is subjoined. 

Let a and b be the numbers whose common measure is required, 
and let a be greater than b ; the operation will be conducted as 
follows : . 
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59. Cor. 1. It is plain that if the given quantities have 
a simple comnton ifieasure, it may be rejected before the 

Dividing a by ft, let the quotient be p, with ft) a (p 
a remainder c ; again, making this remainder ph 
the divisor, and the former divisor the dividend, c) ft (q 

let c be contained in ft, 9 times, with a re- qc 

mainder, d ; and repealing the process, let d d) c (r 

be contained r timed in <?, with no remainder: rd 

then it is asserted that d is the greatest ~0~ 

common measm^ sought. 

ttrst, 'By the nature of division, pft-f-c=o, gc-f-c?=ft, and rrf:=c; 
then, since d measures c by the units in r, it measures qc (Art. 54); 
and since it measures qc and d, it measures also qc+d (Art. 55), 
that is, ft .* it measures ft, and therefore pb ; it measures ph and c, 
and therefore pft+c, that is, a : but it was before shown to be a 
measure of ft, it is therefore a measure both of a and ft. 

Secondly y If a number measure a and ft, it measures a and|)ft, 
and therefore their difference c (Art. 55) ; also it measures ft and c, 
and therefore ft and qc, and consequently their difference d : hence, 
every number which measures a and ft measures d. It follows from 
this, that the greatest number which measures a and ft, measures 
d. Now, no number greater than d can measure d, therefore no 
number greater than d can measure a and ft ; that is, d is the 
greatest common measure of a and ft. Hence, to find the greatest 
common measure of two numbers, divide the greater by the less, 
and the last divisor by the last remainder, untU there is no re- 
mainder : the last divisor is the measure required. 

Cor, The greatest common measure of three numbers, a, ft, c, 
is obtained by finding d the greatest common measure of a and ft, 
and then the greatest common measure of d and c is the greatest 
common measure of a, bj'c : because every common measure of a 
and ft, is a measure ofd, and therefore the greatest common mea- 
sure of d and c is the greatest conunon measure of a, ft, c. 

On the same principle, the greatest common measure of four or 
more numbers may be found. 

EXERCISES. 

1. Fmd the G. C. M. of 112 and 360. Ans. 8. 

2. Find the G. C. M. of 168 and 360. Ans. 24. 

3. Find the G. C. M. of 87 and 25. Ans. 1. 

4. Find the G. C. M. of 2145 and 3471. Ans. 39. 

5. Find the G. C. M. of 888 and 2775. Ans. HI. 

6. Find the G. C. M. of 325, 455 and 312. Ans. 13. 

7. Find the G. C. M. of 1404, 2457 and 3276. Ans. 117. 
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operation is begun ; and that it must be afterwards intro- 
duced as a factor into the compound measure. 

60. Cor, 2. The greatest common measure of more than 
two quantities will be found by taking the G. G. M. of two 
of them, the G. C. M. of the result and a third, and so on 
whatever number there be. Thus, if A, B, C, D, be the 
quantities, find m, the G. C. M. of A andB, n, the G. C. M. 
of m and C, &c. ; then because every common measure of A, 

B, and C measures m and G, and every measure of m and 
C measures A, B and G, therefore n, the G. C. M. of m and 

C, must be the G. C. M. of A, B, and C ; and the same may 
be shown of the others. 

EXAMPLES. 

1. Required the G. C. M. of the quantities, 

263—1 Oa62+8a26 and 9a4— Saft'+Sa^A^— 9a'6. 
The former of these is divisible by 26, the latter by 3a, 
( I ) ; this gives 

62_5«6+4a2 and 3a'— i'+aft^-^a^A. 
Arranging the terms according to the powers of a (2), 
multiplying to avoid fractions (4), and then dividing, 
we have 

3a3_3^26+a62— 6» 
4 



4a2— 5a6+62)12a'— I2a26+4a6«— 46'(3a 
12a'— I5a26+3a62 

Dividing this remainder by b, and multiplying (4) the last 
divisor, which is the new dividend, by 3, which is not a 
factor of the other quantity, we find 

3tt^+fl6— 462)12a2— 15a6+362(4 
12a2+4««^— 166* 
— 19a6+196» 
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Divide this remainder by — 196, and make the last di- 
visor the dividend ; the work will then terminate : 
a— 6)3o2+a6— 462(3a+46 

4ab — 462 
4a^— 462 



. 
Hence, a — b is the G, C. M. required. 

2, Required the G. C. M.of36^6— 18ar*— 27^*+9*' 
and 27;r«y2_i8;r4y2_9^3^2, 

Here 9^:^ is obviously a factor of both quantities, and 
therefore (Art. 59) of the G. C. M. Dividing by 9ar*, 
rejecting y* which is a factor of the latter quantity only, 
and, to avoid fractions, multiplying the dividend by 3, 
which is not a factor of the divisor^ there is obtained, after 
division, the remainder, 

2^2— ^JF+3=2^(^r— l)-^(;l!u-l)=(2^— 3) (^—1). 

Rejecting 2x — 3, which is plainly not a factor of both 
quantities, x — 1 is contained in the preceding divisor, with- 
out remainder. Hence, 9ar^(4? — 1 ) is the G. C. M. required. 
3. Required the G. C. M. of I4x^ +7 a;^—o6x +36 and 

Employing the method of division by detached coeffi- 
cients, given in Art. 45, the work will stand thus : 



14+ 7—56+35 


7—12+ 5 


—2—4 


—14+24—10 


_74.42— 35 


—7 


—28+48—20 






3—18+15 


30—30 




or 1—6+5 


orl— 1 


-1+5 


—1 + 1 






5-5 







drOdbOrtrO 
Here placing the divisor to the right of the dividend. 
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the quotient, with contrary signs, is — 2-— 4, and the 
remainder divided by 3, gives 1 — 6+5 for a new divisor. 
Dividing by this the first divisor, 7 — 12+5, we have — 7 
for quotient, and 30 — 30, or, by division, 1 — 1, for the 
next divisor; dividing 1 — 6+5 by it, the quotient is 
— l+5,and there is no remainder. Hence +1, — 1 are the 
coefficients of the G. C. M., it is therefore plainly or — 1, 
since 12, 42, and 30, have x as their literal part. 

4. Find the G. C. M. of the quantities a:^— 3a^*+2a«^ 
+2fl':p2_3a4jr.^a5andj?5— aa.4+gj2-p3_^s^2_2a*^+2a5. 



1—3+ 2+2— 3+1 
—1+1— 1 + 1+ 2-2 

—2+ 1+3— 1—1 
+2—10+6+10—8 



1—1 + 1—1—2+2 —1 
2 



2—2+2—2—4+4 
_2+l+3— 1— 1 



— 9+9+ 9—9 
or 1—1— l + l 



-1+5—3—5+4 —2 



+ 1—1-1 + 1 
—4+4+4—4 



+ 1 



+ 1—4 



zdbOzdbOdbOzfcOzfcO 

Here, the terms being arranged as in last example, we 
have for the first remainder — ^2+1+3 — 1 — 1 ; the first 
divisor is doubled to render it divisible by this, subtracting 
we find — 1+5 — 3 — 5+4, the first term of which is not 
divisible by 2 ; 4 is therefore annexed, and — 1+5 — 3 — 5 
+4 made the new divisor. Dividing the preceding 
divisor by this, the next remainder is — 9+9+9 — 9, 
which being divided by — 9 gives 1 — 1 — 1 + 1 for the 
next divisor ; this is contained without remainder in the 
preceding divisor, — 1+5 — 3^ — 5+4, and the work ter- 
minates. Hence, 1 — 1 — 1 + 1 represents the G. C. M., 
which by a comparison of the terms is easily seen to be 
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This example may also be worked by making the divi- 
dend divisor^ and the divisor dividend, since both are of 
the same dimensions, and have unity for the coefficient of 
the first term; the work by this arrangement of the 
quantities will form perhaps a better exercise for the 
student than an additional example. 

_1 

-1+6 



1—1 + 1—1—2+2 
_l+3— 2—2+3— 1 


1—3+ 2+ 2— 3+1 
2 


2—1—3+1 + 1 
—2+2+2—2 


2—6+ 4+ 4— 6+2 
—2+1+ 3— 1— 1 


-1 + 1 + 1-1 


—5+ 7+ 3— 7+2 
2 


-4-0-*-OzfcO±0±0 


—10+14+ 6—14+4 
10— 5—15+ 5+5 




9— 9— 9+9 
or, 1— 1— 1+1 



-2—1 

The divisor being placed to the right of the dividend 
as before, the first quotient is — 1, and remainder 
2 — 1 — 3+1 + 1; the first divisor is then doubled to 
render it divisible by this remainder ; the division being 
then performed it is seen, by performing the addition 
mentally, that the first term of the remainder would be 
— 5, and therefore not divisible by the first term, 2, of 
the divisor, the full remainder is therefore brought down 
and doubled, and the division proceeded with ; the re- 
mainder divided by 9 gives 1 — 1 — 1 + 1 for the new 
divisor; by this the preceding divisor 2 — X — 3+1 + 1 is 
divided and there is no remainder. The G. C, M. then 
is, as before, ai^ — ax^ — a^jr+a'. 

EXERCISES. 

!• Find the G. C. M. of ^— a^ woida^—a^. Ans. 
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2. Find the G. C. M. of a^— ar* and a^+a^jr— «a?2— ar^. 

Jns. a^—x^. 

3. Find the G* C. M. of 6a2+ll«Mr+3x2 and 6a2+7iijr 
—3^^. Am. 2«+ 3jr. 

4. FindtheG.C.M.ofl5a5+10«*6+4a'6a+6a26»— 3a6* 
and 12a'624.38a2^+l6flfr*— 106«. viiw. 3aa+2aft— R 

5. Find the G. C. M. of 3^— 5— l8irH44r*+2ar3 and 
^1 l;r'— 3:p2_i_ 32r+6^— 4^*. Ans. 2ar*— 44?2+^— I . 

6. Find the G. C. M. of y^+5y+4, y«+2y— 8, and 
y2+7y+ 12. ^jw. y+4. 

7. Find the G. C. M. of a^^— 0*^+14^'+ a* and 
4a;r2— 2a2ar+7ar^+(i». Ans. Ix'^—Zax+a^. 

8. Find the G. C. M. of 122r«+55^+63 and 63^— SOj;* 
— 3432r+196. i4n«. 3ar+7. 

9. Find theG. C. M. of x^+2x^+9 and 7^:'— ll^H 
152r+9. Ans. d;^— 2^+3. 

10. Find the G. C. M. of 6^6_^_i3-p4+i l^+5^2_ 
3^—1, and 10^— 19ar4+17^'— 6ar2+ar+3. 

^«*. 2^^-^;r2+^+l. 

11. Find the G. C. M of ar6+4ar«— 3jr^— 9+12^+ 
1U»— 16af« and 6^— 12^'+12— 48^+20;r^+22^. 

Ans. jr^+^2_5>j.^3, 

12. Find the G. C. M. of x^—pa^+{^q—\)x^+pJp—q 
and x^ — q^^ip — \)x^-\^qx—p. Ans. a^ — 1. 

61. To find the least common multiple of two 
quantities* Divide their product by their greatest 
common measm*e. 

Let a and h be the quantities and x their greatest com- 
mon measure; and let p and q be the quotients arising 

a 

from dividing a and b by this measure, so that-=;?, 

-=y; then, since x is the greatest possible divisor, 

X 



LEAST COMMON MULTIPLE. 71 

p and g have no common measure.* Hence, pq is the 
least common multiple of p and q, and therefore pqj; is 
the least common multiple of px and qa^» Now, j7^=za, 

and qx=:b, therefore ah:=ipxXq3p; whence, —=|?^^. 
Hence» — , or~X h:^ph, is the least common multiple of 

a and b, 

62. Cor. 1. It is plain, that the least common multiple 
of two incommensurable quantities is their product. 

63. Cor. 2. The least common multiple of several 
quantities will be found by finding the least common mul- 
tiple of the first two, the least common multiple of that 
multiple and the third, and so on. 

64. Cor, 3. Since dividing quantities by their great- 
est common measures, is the same as detaching all the 
common factors, thus leaving results which are prime to 
one another, it is plain that the least common multiple of 
several quantities will be the continued product of the com- 
mon measures which exist between two or more of them, and 
the quotients which result from their division by all the 
common factors. Thus, if the quantities be 4a, ^ab, 8abc, 
we first detach the factor 2a, the G. C. M., giving 2, 36, 
46c, then the factor b, giving 2, 3, 4c, and lastly the factor 
2, giving 1, 3, 2c; then 2ax6x2xlX3x2c=24o6c, the 
least common multiple ; the continued product of the quan- 
tities being 192fl^6^c. From this the reason of the com- 
mon arithmetical process is manifest. 

* For, if they had a common measure, it would enter as a &ctot 
into the divisor of a and b, and there would therefore be a measure 

a b 

greater than- x ; that is, we should have — = np, and -= nq; 

a b XX 

whence — =p, and — =g, which is contrary to the hypothesis. 
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EXAMPLES. 

1. Required the L. C. M. of the quantities 6a!^+llax 
+ Sa:^ and 6a^+7aa;Sa;^. 

The G. C. M. of these quantities is 2a+32r, (Exercise 3, 
Art. 60|) hence the quotient of the first quantity and this 
measure is 3a + or ; then (Ca^+Taar — Sa;^) {da+a:)=lSa^ 
+27a^a;—'2aa;^ — 80?^ is the L. C. M. required. 

2. Required the L. C. M. of 325 and 455. 

ITie G. C. M. of these numbers is 66 ; then 325-r-65 
=5 ; therefore 455x5=2275 is the L. C. M. required. 

EXERCISES. 

1. Find the L. C. M. of 8a;^, ISo^, and 20jc^' 

Ans. UOxK 

2. Find the L. C. M. of a;— I, ^+1, a;^—!. 

Ans. flr2_i. 

3. Find the L. C. M. of 6ajp, Idbjp, 276, and Sdaba:, 

Ans. ISdOaba:. 

4. Find the L. C. M. of the nine digits. Ans. 2520. 

5. Find the L. C. M. of x^—a^ and a;^—a^. 

Ans, jF^+aa;^ — a^x — a*. 

6. Find the L. C. M. of ^— S^^^T^r— 21 and :r*— 49, 

Ans. a;^—3a:^ — 49^+147. 

7. Find the L. C. M. of a* —a^ and a^—a^x—ax^+r^. 

Ans. a^ — a^x — ax^-^x^. 
65. Prop. I. A fraction is multiplied by any 
quantity when its numerator is multipled, or its de- 
nominator divided, by that quantity. 

d a 

Let 7 be the fraction, and x its value,* so that-=^ ; 

b b 

* This is merely expressing the result of the division of a by 6, 
by the simple symbol or, instead of the complex symbol -. 
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then-r- = — r — ; but, by the nature of division, -^11 — 
Ob b 

=^+f =;.+;.=2*: also. ^ = '' + " + " + " + " = 
b b b b 

a a a a a 

7 + - + - + - + - = x-{^x-\-x-\'X^x = 5^ ; and 



, na a+a+a &c. to n terms a a a 

m general, — = = +^ &c. 

^ b b b 

a 
to n terms =^+;r+2r &c. to n terms =»^, therefore n - 

b 

na 



Again, let the fraction be - , and jt its value, so that 

on 

— :=zx; then, by the nature of division, flr=5«jF, and 

a a 

(Art. 30) -zznx; but - is the form which the original 

fraction assumes, when its denominator is divided by n : 
therefore, the division of the denominator multiplies the 
original value of the fraction. 

66. n. A fraction is divided by any quantity 
when its numerator is divided, or its denominator 
multiplied, by that quantity. 

an 
Let the fraction be -7* : this (Art. 65) is the product 

a 
which arises from multiplying the fraction - by ii; if, 

b 

therefore, this product be divided by one of the factors n, 



74 FRACTIONS. — THEOREMS. 

the quotient will be the other factor - : hence, r-» 

b b 

a 

"*■ . « 

^gain, let - be the fraction, and x its value, so that 



a 

- zz x\ if the denominator be multiplied by f», the frac- 

b 

a 
tion becomes — ; but to divide by a product is the same 

as to divide by its factors in succession, therefore 

a a 

—- = (a-^6)-f-» ' now, a-^b zz - zi x, therefore (a-f-^) 

nb b 

X CL X 

-f-n = -, that is, -7- = - ; or the multiplication of the 
n nb n 

denominator divides the value of the fraction. 



67. III. If the terms of a fraction be multiplied 
or divided by the same quantity, the value of the 
fraction is not changed. 



a a 

Let - be the fraction, and x its value, so that - = x; 
b b 

then, if the numerator be multiplied by «, the fraction 

OH 

will become — = n^ (Art. 65) ; and if the denominator of 
b 

this new fraction be multiplied by n, we shall have r— = ^ 

bn 

a ^ ^ an a 
(Art. QQ) ; but ar = -, therefore 7— = -. 

b bn b 



an 

Again, let 7— be the fraction, and x its value, so that 
bn 

— zzx: then, if the denominator be divided by n, the 
bn 

an 
fraction will become — zinx (Art. 65) ; and if the nume- 

b 



\ 
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a 
rator of this new fraction be divided by n, we get-= x 

b 
CM A an 

(Art. 66) ; but 0?=^— , therefore -= — . 
on b bn 



68. Prob. I. To rediu:e a fraction to its lowest 
terms. Find the greatest common measure of the 
terms (Art. 58), and divide both the terms by it."^ 

It follows from the nature of the greatest common 
measure^ that when both terms of a fraction are divided 
by it, they are rendered prime to one another, and the 
fraction is therefore irreducible; the reduced fraction is 
of the same value as the original one by Art. 67. 

BXAMFLBS. 

24a^x^V^ 
1. Reduce ^ . / ■ to its lowest terms. 
8abs^ 



Here 8aa^ is plainly the highest divisor of both terms ; 

dividing by this qi 
its simplest form. 



dividing by this quantity, we find -^ for the fraction in 

bx 



q2 jgH 

2. Reduce -r r to its simplest form. 

Here a+^ will obviously divide both terms : dividing, 
we have a — x 

which is not capable of farther reduction. 

2^ — 1 6^r — 6 
3. Reduce the fraction -~= : r to its lowest terms. 

3;p3_24a;_9 

* Or, find by inspection any common divisor of the terms, and 
divide them both by it; the £raction is thus reduced to lower terms: 
repeat the process till no common divisor of the terms can be 
found, and the fraction will then be in its hweat terms. 
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Here, since 16 and 6 are the doubles, and 24 and 9 the 
triples of 8 and 3, it is plain that 

2x^—l6x—e _ 2 / ^3_8^tv-3 . ^ 2 
" 3 V^— 8ar— 3/ "" 3 



4. Reduce 



3^^3—24^—9 

15^+35a:2+3jr+7 



to its lowest terms. 



27a:^+eSa^—lQ3e^—2Sa; 
The greatest common measure must, in this case, be found 
by Art. 58. The work is as follows: 

27+ 63—12— 28 



135+315—60—140 
—135—315—27— 63 



15+35+3+7 
— 15—35 

—3—7 



—9 
—5—1 



OdbHHzOrizO 



—87—203 
or, dividing by— 29, 3+ 7 

Whence the last divisor, 3^+7, is the greatest common 
measure ; dividing both terms of the original fraction by 
it, we obtain, for the reduced fraction, 

9a^— 43-* 



EXEBCISBS. 

Fractions to be reduced. Answers. 

ab a 

^ 7b 

9bde 3£ 

Ufdb 4f 

2flV 2a 

6a^a;n 5b 

a^—b^ a^+ab+b' 

a^—b^ a+b 

^' (fl— 6)2 a—b. "' 
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Fractions to be reduced. Answers. 

a^x—^a^x'^+aa^ a^—2ax+x'^ 

a'^x+c^x^+a^a^+ax^ a^+a^x-i^ax^+x^' 

7. 14flg— 7fl& ^ 7 a 

lOflc — 56(? 5* c' 

2U36a^_9gy^2 7(i2— 36jf 

^' 15a2d2^+3a«64ar«— 12a6«^ Sa+a^fta^— 4* 

w— 2ng n« 

n2— 4«+4 «— 2* 

10 -hlf L 

5aa+5gj; 5a 

a2— ^ ' a_^' 

^8+2j?— 3 jp— 1 

• ^a+5iP+6 ;r+2' 

^■^9^+70 gg— 7^+10 

• ^'^—^x—IQ x—\Q ' 

3a'--^agft+g5g— y 30^+6^ 

4a2— 5a6+62 4a— ^ " 

10a«yc2_i5fl«.ti62c3 2^--<3ac 

• 20a-t254e.2_5a«^2c2 • • • 4a2^2_i. 

>g4_3^^^2^3^_2 ^— 2^2_^^2 

4a:*— 9^2+2*+3 4a?2— 5a---3 • 

j:g^j2_2i^^45 a.2,|.2:g— i5 

3ar2— 2;r— 21 3jp+7 ' 

a" 

*«• ^ 

19 -l!!i^_ 

''"* 12^?6' 

• 20^?? • 

2-2. '^+*' 

36jf — cor 

H 3 



78 FRACTIONS. — PROBLEMS. 

69. II. To reduce an integer to the form of a 
fraction having a given denominator. Multiply the 
integer by the given denominator, and underthe product 
taken as a numerator set that denominator. 

This is merely performing a process, and indicating its 
reverse ; and therefore the value of the quantity is not 
changed. 

EXAMPLES. 

1. Reduce 5 to the form of a fraction with the deno- 
minator 7. 

Here 5x7 = 35; and indicating the division by 7» we 
have 35 

T 

for the required form. 

2. Express a by a fraction whose denominator shall 
be h — X. 

Here aX{h — x)^:zab — ax ; and putting h — x for 
divisor, the fraction is 

ah — ax a (b — x) 

b — X ' b — X 

3. Express x — 3 by a fraction having the same deno- 

mmator as — ; — . 
n+y 

Multiplying x — 3 by «+y, and then indicating the 

division by «+y, we get for the required form 

X («+y) — 3 (n+y) nx+ xy — Sn — By 

n+y ' n+y 

EXERCISES. 

Qiiantities to be reduced. Ans webs . 

a 
1. Express a as a fraction with the denominator 1. -. 

21 
2 3 with the denominator 7 —• 
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Quantities to be reduced. Answers 

hx 
3. Express or with the denominator h 



4 a — X a-\-x 

5 l^a^x 5y2 .. 

6 11 9.... 

7 2(1—1 a— 1., 

8. X — 2 unity , 

9 ^x ..., a 



h 
a+x 



99 

9 

2a^—Sa+\ 



B— 1 

X — 2 



1 

a^x 

a 

10 6a of — 



11 (a—xy. of ■ 



7 b n 

h (a—xy 



(a — x)^ ' ' (a — x)^ 

70. III. To reduce a fraction to an integral or 
mixed qiiantity. Divide the numerator by the de- 
nominator, and if there be a remainder, annex it as 
in division (Art. 44.) 

EXAMPLES. 

, „ Aax — Qa^ , , . , 

1. Express r as an mtegral or mixed quantity. 

Dividing the terms of the numerator by 2a) Aax — 6a^ 
the denominator, we obtain in this case an 2x — 3a 

integral quantity. 

^h^x^Aab^--^aH ^ 

2. Reduce ^p — ' to an mteger or to a 

mixed quantity. 



80 FRACTIONS. — PROBLEMS. 

Performing the actual division, 4h^)Sh^x — iab^ — 3aH 

we obtain 2a?— a, with a remain- ^ Sa^A 

der of — 3a^&; this remainder, 4^* 

witK the divisor subscribed, is or 

then reduced. ^^ a ^— 

4b 

SXIBCISIS. 

FractionB to to be reduced. Answers. 

1. 'S^=f^^ 6(«+.). 

a — X 

2. l(8c«+6c+6) '*'^+3+^- 

3. 1.(6***— 9o6+21) ibx—Stt+L 

4. <'(^°+^)— <'. , a6«— a6»;r+oJ»4f»-«J^+ax«- -^ 

b+x o+ai 

6. l=^^zfc*) !+*_. 

1 ^0 

^ 4ax^—eb^a;^+2a;^—5b „ «r, , 1 er 



71. IV. To reduce fractions havmg different 
denominators to equivalent ones having a common 
denominator. Multiply both terms of each fraction 
by all the denominators except its own. 

Since both terms of each fraction are multiplied by the 
same quantity, the new fractions are respectively equal 
(Art. 67^ to the ori^al ones : they must all have the 
same denominator, because each denominator is the pro- 
duct of the same factors. 
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SXAMPLES. 

dec 

1. Reduce ~* -* -y to fractions having a common de- 
nominator. 

a u cdf 

Here, multiplying both terms of r by d and/, r-= tj 

Q 

both terms of - by h and /, and both terms 

of - by b and d, we have the three results ^ ^^ 

•^ ^ ebd 

equal to the three original fractions respec- -^ = T^f 

tively. 

2. Reduce a, — r — » 6, to fractions having a common 
denominator. 

Here* reducing a and 6 to fractions having the denom- 
inator 4b (Art. 69), we find for the three fractions 
4ab 3g— 1 246 
1^' 4ft ' 46' 

72. When the fractions are such that the denominators 
have a common multiple less than their continued product, 
the process of finding the common denominator may be 
much simplified, by applying the following rule ; 

Find the least common multiple of the denominators 
(Art. 61), and multiply both terms of each fraction 
by the quotient of the common multiple and the 
denominator of that fraction. 

EXAMPLES. 

1. Let it be required to reduce the fractions 
abed 
px qx ry sy 
to equivalent fractions having a common denominator. 
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Here the least common multiple of the denominators is 
pqrsxy, and this divided by the denominators in succession* 
^ves the quotients 

qray, prsy, pqsx, pqrx ; 
whence, multiplying both terms by these quotients re- 
spectiyely, we obtain for the reduced fractions 
aqrsy bprsy cpqsx dpqrx 
pqrsxy pqrsxy* pqrsxy pqrsxy 
With respect to the reason of this, it is plain that, by 
using the least common multiple instead of the continued 
product, those factors are omitted which would be com- 
mon to both terms of all the reduced fractions ; and that 
the division of the common multiple by each denominator, 
and the multiplication of both terms by the quotient, will 
reproduce the common multiple each time for a denominator. 

2. Reduce --t-,, — ,, —-, to a common denominator. 
4M Zh 6d 

Here the least common multiple is I2bd; and I2bd di- 
vided by each of the denominators gives 3, 4rf, 2b : when 

15a Bed 
both terms are multiplied by these, we find -— -» --r^» 

1200 12oa 

I4bx 

rrrrr for the reduced fractions. In most cases, however, 

we can at once discover by inspection the quantity by 
which both terms are to be multiplied. 

EZBBCISES. 

Fractions to be reduced. Answers. 

a c ad be 

~b' 7 Td' bd' 

4a 5(7 4a IScd 

* y6d' Zb 9bd* 9W' 
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Fractions to be reduced. Answers. . 

W d bd' bd' 

^ 2d;+l Sa—l fU+l Sab^—b^ 

b^x * X b^x * b^x * 

jj^ be a 2by ^cx 

6xy' Sx* 2y ••••• q^» ^^* ^^. 

A ^"^^ J? 3rfm mx+m 3it 

' 3 ' m """ Zin* Zm ' 3to* 

fljp 3fly «jp 12acy 

86?' 26" 86?' IftT- 

Q ^ y ^ ^(^^ — ^) y(g+6) z 

®- ^4:^' iHfe' a2— 62 • ' aa— .62* ««— 6^ ' 'i^—b^' 

6fl_3 3.V 6a— 3 Sory 

9. — = * "T" •••••• • -- — , 'r~^y 

oax oa oax oax 

3 as ^^^ 3 (a+x ) 6 a(a+x) 5{a--x) 

^^' 6'^' a+x *" 5{a+xy 5 (a+x) ' ^a+xY 

p — q X p — q ax — nx 

^^' ^~^' ^+i a2— «»• a^—n^' 

a — X a+x a — x 1 

^^' "V' x(a^—x^y a+x a—x 

{a+x) . (q — xY a+x x{a — x^ x{a+x) 

"^^^ x{^—x^) ' x{fl^—x^y x(a^—x^y ^(a2— ^2)- 

73. V. To add fractions. Eeduce them, if ne- 
oessary, to equivalent ones having a conunon denomi- 
nator; add the numerators, and under their sum place 
the common denominator. 

EXAMLPE. 

Let it be required to add the fractions 

- and - 
6 d 
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Reducing them to a common denominator (Art. 71), we 
find 



ad . be 

ad be ^ad+bc 
• IT — ' 



then 

bd ' bd^ bd 
Here ad and be are both divided by the same divisor, bd ; 
and since, by the nature of division, the sum of the quo- 
tients of any quantities by the same divisor, is equal to 
the quotient of the sum of those quantities by that di- 
visor; and since also the reduced fractions are (Art. 67) 
equivalent to the ori^nal ones, it follows that 

a e ^ad be _ ad+bc 

r"*" 5~ bd'^bd^ ~bd 
Hence fractions cannot be incorporated, unless they have 
the same denominator; they can only be combined by 
means of their signs. 



EXERCISES. 

Fractions to be added. Answebs. 

a; a a+a? 

^' b'^b • b ' 

a a 7a 

^' 3+4 12- 

tt 3(1 7 fl 

^- ^"^4^ •••' 4 6- 

- J- - m^+n^ 

5. hi^+b)+Ua^b) a. 

a — X a+x * ' " * «* — ^^ 

'• i^of ^l—jr 1—** 
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Fractions to be added. Answehs. 

b+op b — X 35 — X 

' "6r~'^"ar la"' 

9. ior+J^+i^ I|ar. 

10 ^^ I ^' ^ 

1— -r^{l_^)a (I— ^)'»' 

^1- ^+J+^ i(*^+«^+«*)- 

12. K2a+l) + K4«+2) + )^a ^-^^. 

Zh ^ 6h 156 • 

14. J((i— 3ar)+J-(3fl-^^)+*^(3a-^^) a—2x. 

^+P^+^ Ifi • 

10^102"^ 103 10» 

*'• 3(1—^)^3(1+^+^2) 1— ^' 

18 1 , 2-^ J_ 

' 3(l+jr)'^3(l— ar+^2) i—-^- 

29^ ft ad — he a'\'hx 

d "^ d[c+dx) c+aLf' 

«•• S+i • 

"•f«+i 

22. -5lL J. ?lf 

\2b^ 4 

£_ ft 
^^' 11*+ j^*** 

I 
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25. Find tbe sum of ^, \, ^, by subatitution in Ex. 1 1 . 

26. Find tbe sum of J, ^, -^, by substitution in Ex. 1 1 . 

74. VI. To subtract fractions. Eeducethem, if 
necessary, to equivalent ones having a conunon deno- 
minator, and under the difference of the numerators 
place the conunon denominator. 

A C 

Let it be required to find tbe difference of - and -. 

a 

Reducing them to the same denominator, we have 
ad , be 

then 

ad be _ ad — be 
Td~fd~ bd 
The reason of the rule may be explained in the same 
manner as that of addition. 



BXEBCISKS. 

Fractions to be subtracted. Answbbs. 

5x Zy 5x—Say 

^' 7Z~ 7 7a • 

a+b a—b J 

^- ~2 2" 

, 3* 5« —X. 

£±i_£=£ JEL-,. 

»— 1 »_ J-^» 
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Fractions to be subtracted. Answebs. 

7 Jl !_ 2ft 

a-^b a+b a* — h^ * 

4a 4a — ^ a; 

®- T b~ 6- 

7ii 2JJ+1 17«— 2 

^- T~ 3 ~6~" 

_1 2__ ^—1 \_ 

I— ar I— *» 1— *«~ l+^r" 

,1 J L - __J__ 

«— 2 *— 5 «*— 7X+10" 

12. J i- ^ . 

75, VII. TV? reduce a mixed quantity to a frac- 
tional form. Beduce the integral part to a fraction, 
having the same denominator as the fractional part 
(Art. 69) ; and under the sum or difference of the 
numerators, put the common denominator. 

The reason is obvious from Art. 73, 74. 

EXAMPLES. 

1. Reduce a=ip- to a fractional form. 

c 

Multiplying tbe integral part, a, by the de- a 4 — 
nominator, c, and adding or subtracting b ac+b 
according to the sign, we get aczi=b ; then c 

uniting c under this as a divisor, the result a — 

. aa±zb ac — 6 

19 . 

c c 

J c 

2. Reduce 9 — ' — r— to a fractional form. 

a 
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Here, after multiplyiiig» the compoand nu- 
merator 5--C must be subtracted (Art 33). 



SZSRCX8I8. 

Quantities to be reduced. 

^- '-b 

—50+2a^ 



2. a—I- 



a+7 



3. 35+ 



4&— 6 



4. 5x—2y^+ 



4ary— 3y ^ 

3y - 



5. 7-l^t? 



6. a+&4 



6a— 262 



7. 

8. 
9. 



1- 



26 
2x—a^ 



1+a 
6—^+7 



1+ 

6+y 



X 

b^—y^—2 



6-y 



10. 2a; — — a; 



11. 



12. o-f.- 



^a— y^— 5 
a?+y 



13. 1+^+ 



b—c 
" 5" 

ad — (b — c ) 

ac{ — 6+c 
5 

Answers. 
6ar — ^y 

"• V 

1— qg 
•'" a+7 
I 9b~6 
5 

I9jry— 9y^ 

3y 

3lJ^— 3 

•'" 5jp 

2ab+ 6a 

2b 

1— 2jr 

••• 1+a 

*+_7 
ar 
2 

h-y 

19 

12' 

5 

JT+y 

a(46— 3) 
46 
1 
1— jp 
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Quantities to be reduced. Answers. 

14. l+^+2r2+-^ _L . 

1 X I X 

15. «+:r— J {a—x) f (a+2^). 

m2— 2mjr+6+^2 _6 

1 6. w — X — • — 

m-^x m — X, 

17. fl— 1 i(a2— 1). 

18. fl— f(a— ^) i(a+3^). 

19. dax-^hy^ — ^ 0. 



76. VIII. To multiply fractions. Muliply the 
numerators together for a numerator, and the denomi- 
nators for a denominator. 

A fraction may be multiplied by an integer, either by 
expressing the integer as a fraction (Art. 69), and apply- 
ing the above rule, or by applying Art. ^5. 

a c 
Let it be required to multiply- by -. 

b d 

First, multiply - by c, and the product is -—(Art. 65) : 
b 

but this muliplier, clad times too large, therefore the 

ac , . 
product — IS rf tmies too large ; it must therefore be 

divided by d, that is, the denominator must be multiplied 

ac 
by d (Art. 66), which gives — for the product of the two 

fractions. 

The process may often be shortened by suppressing, 

while performing the multiplication, those factors which 

are common to the numerator and denominator ; as this 

I 5 
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is, in fact, anticipating the reduction of the resulting frac* 
tion to its lowest terms.* 



BZAMPLXS. 

1. Multiply IJ by g. 

3a 2x ^ 6aar __ ax 

4ft ^ly~ my ~"2^* 
The same result will be at once obtained by suppressing' 
the factors 3 and 2, which are common to both terms : 
thus, 3 X 2 X car _ tfor 

3 X 4 X fty ~ 2by' 

2. Multiply together the fractions —-, — , rr-. 

3p y 2a 

Here, multiplying the three numerators continually toge- 
ther, and also the three denominators, and at the same 
time suppressing the common factors 2a and 3, we obtain 

Here, the denominator is di^sible by the integer, there- 
fore (Art. 66) the product is 

3fl^ 

4ar 
which is irreducible. If we had multiplied the numerator, 

* The reason of the rule may be shown otherwise thus : let 

o c 

- = JT, .. = y ; then, by the nature of diyisioD, a=bxy c=sdif ; 
b d ac 

therefore (Art. 29) ac = bdxy. Hence (Art. 30) J5=ary; but 
a c ae a c 
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we should have had ^^^ . 

which, heing reduced, is 3a 

4i 
If 3b be expressed as a fraction (Art. 69), we have 
3a 3h_ 9ah _Sa 
126af^ 1 ^I2bx''4x 
which is the same as multiplying the numerator by the 
integer. 

^ iB tB X HB 

4. Multiply o+4+g+o+fi ^y the least common mul- 
tiple of the denominators. 

The least common multiple is plainly 24 : multiplying 
the numerators by this number, and performing the actual 
division by the denominators (Art. 70), we obtain 
8jr+6x+44r+ 12^+3jp=33j;. 

SXBRCISSS. 

Fractions to be multiplied. Answers 

a 2(1* fl 

^' e^T" *•" 27 

6 £ a 0^ 

^- c ^ »^y ^y 

2x 4^« 24ar* 24 a^ 

^- T^67^^^ -257^' 25-7 

0—^ 3^1 3ar(g— ^)— g+ig 

^- i=:^^""4^" 4a(6— y) 

2 3^ 1 . 

5- i^XiV- ' •"•2"* 

fi ?:=lv*=:l ^=^ 

^- fr— 4 2a 2a 



a ^ a+6 ^ a— d 
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Fractions to be multiplied. Answers. 

ft 2£!z::lv_L2__ ^?— ^ 

5 2q^ — iq q — 2 

a+b a—b a^^b^ 

^' ^"2^^"T* ~r"- 

fJUfT ^ — ^^ ^^ — ^ '^*** — '"^" — a".r+.r''*^ 
4a — 2 6*+^" 6" — ^« 2(i^'* ^2") 

,2. («+i)X(a-i) «a_^. 

13. £±fx^ 1 

14. (2a-j)x(2a-j) 4a«-a+_i. 

£^-9H-20 £»— 13£+42 a^— ll;r+28 
x^—6s -^ ;r»— 5;» ^ • 

lA /^"-LMx^/^" oi.> fi«' aft 

16. (5^+*)X(3^-26) _+__26^ 

17. (1— 3a)x(|— 6«) |_4a+i8a^ 

18 f!±3£±2 £H:5£+4 ;^+2 

19. fixi ,. 

20. ^-^X(a-^) _f_ 

21. i|«xn th. 

2 

22. TjajPX3c 2ocu-. 



FRACTIONS, — PROBLEMS. 93 

Fractions to be multipUed. Anbwbes. 

23. iflX4 2a. 



24. 4axxlb 3a*ir. 

4 

25. i^X4 2^^. 

26. ^x(n+l) «-l- 

2ay . 2fly 

^^- iSiJSjX^* 3„^- 

28. ^X4a obx. 

29. (- +- + ) Xpqra • . qrs+prs+pqs—s. 

P 9 ^ P9T 

30. (o^+4*+7^) X least common multiple of the 
denominators. Am. 10a4'5&+4c. 

mon multiple of the denominators. Ans. Ix. 

X X 

32. (- +^+«) X least common multiple of the deno- 
5 6 

minators. Ans. 41^. 

77. IX. To divide by a fraction. Invert the 
divisor, and proceed as in multiplication.* 

* If both diyiBor and dividend be fractions, and if each term of 
the diyisor measure the corresponding term of the dividend, the 
quotient may be obtained by dividing the numerator and denomi- 
nator of the dividend by the numerator and denominator of the 
divisor, respectively. This rule is, however, so seldom applicable, 
that it is of no practical utility. It may be proved in the same 
manner as the rule in Art. 76. 
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A fraction may be divided by an integer, either by ex- 
pressing the integer as a fraction (Art. 69), and applying 
the above rule, or by applying Art. 66. 

a c 
Let it be required to divide t hy ^ 

First divide - by c, and the quotient is — (Art. 66) ; 

but this divisor is d times too large, therefore the quotient 

-r-i^d times too small : it must, therefore, be multiplied 
be 

, . , ad -- ad a d ^ ,,. ,. i 

by d, which gives — . Now t- = t X-, or -multipUed 

by the divisor inverted.* 

78. Cor. Henoe, unity divided by a fraction is the same 

b b b 

as that fraction inverted : for 1 H — ^ 1 X^ ^-• 

a a a 

79. Def. Unity divided by any quantity is called the 
reciprocal of that quantity : thus - is the reciprocal of x, 

and - is the reciprocal of -. Since an integral quantity 

may be considered as a fraction whose denominator is 1, 
the reciprocal of any quantity, integral as well as frac- 
tional, may be considered as that quantity inverted. 

80. Cor. Hence, to divide by any quantity is the same 
as to multiply by its reciprocal, and vice versa. 



a c 

* Otherwise thus : let -=x, - =;=y ; then, by the nature of di- 
b d 

vision, a=bx, c=dy: therefore (Art. 29)ad=bdx, bc:=bdy. Also, 

ad bdx a , c 

b^'^Td^'^^^'^b'^ d' 
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EXAMPLES. 

1. DiviQe —r bv:;-. 

Here inverting tke divisor, and multiplying, we have 
3fl 3c __ 9ac 
6b ^ 2^""10&r* 

2. Divide -^ by 36. 

Here, dividing the numerator by Sb (Art. 66), we have, 
Sa 
iOcd 
If 36 be expressed as a fraction, we shall have 
9ab , 36 __ 9ab _j_ __ 9ab _ Sa 
lOcd ' 1 "lOcd ^ 36""306ci""lOc(/' 
which is the same as applying the second part of the Prop, 
in Art. 66. 

3. Divide a by jr+ -. 

e y 

Reducing these to a fractional form (Art 75), and divid- 
ing, we have 

gc — 6 , wy+d ^ {ac — 6)y 
c ' y "^ {xy+d)c 

BXBRCISBS. 

Fractions to be divided. Answers. 

If -:-?f ^ 

^' y • 10 9' 

c^ _1_^_1_ ^ZI? 

m+j ' m — q ** w»+?* 

3. a-T— rfl<? 

c 6 

4. 1-r-i «. 

a 
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Fractions to be divided. Answers. 

„2--9 11+3 /«_3V^ n 

-,. — 1 x^ — ^2^+ 1 

^•^^-^5^ ^^• 

^- ^-i "• 

a a 4 

^- T=^^4 T=^- 

9. a4— «*• 

a 

•»• 14 '• 

^^- T0^2^ '••• 5-i- 

12. 4-^- a. 

a 

11 0? 

13. ^^-.10 — • 

ox 50 

a+ft a — b a+h 

^*' ~2""^~2~ "S=6- 

l^- fl2_52 • a+6 aa— 2afe+6«' 

^+3jr+2 . jrg+ojr+4 ^+5;r+6 

• r*+2x+l • ^»+7ar+12 ^+2ar+r 

a 

17.1 3.£. 

3 

18.— *,. 

1 

9 
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Fnctxms to be divided. Answers. 

TO 

19. — ^, 

p np 

20. X. 

1 

21. — X. 

1 

X 

1 +;ir 
22. X, 

1(1+.) 

23. fit? 

1 

24. «f_ 

1 1+^' 

a 

25. ad 

d 
1 
1+* 1 

26. -. 

1— J- 



98 FRACTIONS. — PROBLEMS. 

FractionB to be divided. Answbbs. 

27. 1- 

_J x_ 

1 X 1+^ 

a & 

28. 1- 

a h 

a — h a+h 



29. i(«— 4). 

4 

30. iM!. 

2 1 86+3 
-6+- 

3 ^4 

31 * , a{df-\-e ) 

■ _c_ (6i+c)/+6f- 

rf+- 

30 1 i±l 

"■ ,._!_ i+2.«-" 



* The most easy way of working this exercise, is to substitute 

e 

rf + - in place of d, in exercise 25. 
/ 
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Fractions to be divided. Answers. 
4a 2 

''■ U-^^ 56- 

''■ 1-* ■••• -i- 

''■ :s+F-(»-«) ^• 

''- b^'' • t 

38. -ajp-r^bx s -•-. 

O 

1 

39. 6— ;r _L_. 
6+^ ^'— ^' 

40. (a4_^)^(a_i) -H^+«+^- 

^^- (^'+i +^'+^ +''+i +2)-H^+^+a. 

+-) ^+4-. 

42. ^-f-« 

43. |a-T-36 

4 

44. li«2^-f-3a? 

46. 2jfl~3a i 

46. Divide a by its reciprocal. 

47- Divide V^ ^7 its reciprocal. 

48. Divide a — or by its reciprocal. 

49. Divide by its reciprocal. 

50. Divide - by its reciprocal. 

a 
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RESOLUTION OF FRACTIONS INTO INFINITE SERIES. 

81. It has been already remarked, that a fraction indi- 
cates a division which cannot be actually performed : but, 
when an algebraic fraction has a compound denominator, 
whether the numerator be simple or compound, an attempt 
to effect the division indicated will always give rise, not to 
a complete quotient, or one that can be expressed in a 
finite number of terms, but to a series of terms which may 
be continued without limit. Thus the fraction 

X 

by actual division of the numerator by the denominator, 
will give an infinite series for quotient : 

a+b)x I -s + — ^&c., 

/ , ba;\a cr ' aS a^ 



or 



- + T 



bx 

a 

bx h^x 

a a* 






68£ 

b^x b*x 
b^x ^ 



a\ a a^ a^ J 
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The remainder will never difiappear, and consequently 
a complete quotient can never be found. The law which 
the quotient follows is, however, obvious ; each successive 
term being found by multiplying the one before it by 

b 

—, and the signs being alternately /?&« and minus. 

The process may be verified in the usual manner, by 
multiplying the divisor by any part of the quotient, and 
adding in the remainder at that part. Thus, in the above 
example, by multiplying the first four terms by a+b, and 

adding in the remainder — j-, the dividend x will be repro- 
duced. And the same would be found by taking any 
other number of terms, and adding the corresponding 
remainder. 

2. Divide x+a by x+b. 

±_j.N _L_ /I L«— ^ (a—b)b ^{ar^b)b^ ^ 
a;+h)x+ail+— L^ + S_y ^^^ 

a+b * -^ ^ 

a — b 



X 

{a-^b)b (a—b)b^ 



(0—6)6^ 



(a—b)b^ (a— 6)63 

_Q + _2 



-^Ikc. 



K 3 
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3. Reduce the fraction r-- — into an infinite series by 

division. 

Here proceeding as in the other examples, we find for 
quotient, 1 — a;+a;^ — a^, &c. 

4. If the terms of the divisor, in the last example, be 
reversed, tiie resulting series will be 

1 1.1 1 o 

or or* 0?^ x^ 

82. In example 3, last Art. let or = -; then 

3 

1 1 _i_3_j_l^l_JL^J_ 1_^^ 



l+;r"l+^"|""4"" 3 ' 9 27 ' 81 243 

If we consider only two terms of this series, the sum will 

2 1 

be -, which is less than the true sum by — ; three terms 

7 . 1 

make -, which differs from the true sum by — ; four 

20 1 

terms make — - which differs only by -—-, &c. Hence 
27 108 

we might infer that if the series were continued to in- 
finity, the difference would disappear, and the sum would 

-I- 

In the series of the first example, let azz6, 5=4, ^=3 ; 

then 

^ _ 3 _1 12 4 
a+6"10"2 3 ■'■9 27' ^' 
And, if the first two terms be taken, the sum is too small 

2 4 

by — ; if three, it is too large by — ; and so on. At 

3 

last, therefore, the sum will be — . 

83. Similar series sometimes arise in Division : thus, if 
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the terms of the dividend of the first example in Art. 44 
be arranged as under, and the arrangement be adhered to, 
the quotient will be an infinite series. See Note, p. 46. 

a+x)2ax+x^+a^2a;——+^~^, &c. 
a 



a 



a* 

The remainders in the third case of Division, may also 

be expanded into series of the same kind. Thus, in ex- 

2a* 
ample 2, — -r- may be so expanded. 

x+a)2a* fa* a^ a^ ^^ s, \ 

2a*+2^ V^""^'^""^ 
X or 

-2^-4 



2^ 



4r» 

2^^ 
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The quotient is therefore intenninable, whenever there 
is such a remainder. See page 46. 

EXERCISES.'*' 

1. Divide 1 by l—x. Ans. \+x+at^+x^ he. 

2 4 by I— a. 

Ans. 4(l+fl+a2+a3&c.) 
3 a by a+or. 

Ans. 1 1--^ r &c. 

a a^ a^ 

4 a by 1 +ar. 

Ans, a(l — x+x'^ — x^ &c.) 

5 a by ^+1. 

6 a — X by b — x. 

7. ar+2 by x+3. 

. , 1.3 3* 3» 3« 

8 1 by ««— 2*+l. 

^ 1.2.3,4,5,6. 



d?' 



9 \—^x—2x^ by 1—4^. 

/4iw. l+;p+2^2+2.4.a:3+2.4^*<&c. 

10 1 by 1—2^+^2, 

Ans. l+2^+3^+4a?»+5a?*+6ir«&c. 

1 1 . What will - become, when x is changed into x-^h. 

X 

* Those should be illustrated with particular numbers, as in 
Art. 82. 



lOd 
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Abt. 84. Since (Art. 41) ^=za»-*=a^ and also ^=1, 

it follows that a®=l. Hence, that power of any qmntity, 
whose index is zero, is equal to unity. 

Again^ since a®=l, if we divide each of these equals 
by a", we obtain (Art 30) 

flO-", or a'~*=-7-. 
a" 

Hence, any power with a negative index, is equal to the re- 
ciprocal of the same power with a positive index. 

85. It follows from Art. 84, 29, 80, that 

h h I h _^ ha-^ 

-—- = -.—- = -.a-7= , 

a*x X a"" X X 

and 

X "^ X ""ar'o"""^* "" o"*^ ' 
that is to say, that a quantity may be taken from the de- 
nominator into the numerator of a fraction, and from the 
numerator into the denominator, by changing the sign of 
its index. 

86. The square root may be expressed as a power, 
by using an index, which, when added to itself, will 

give 1 : this index must be -; and then a* X «*=«*** = a^ 

=a .• hence a^= ^a* In the same manner, since \^a x ^a 

X iiJ''fl=fl=o^ and o + o + o==^'^® ™*y represent the 
o 3 o 

cube root by the index -; then a^Xfl* X fl*=a*+*+* = 
3 
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1 1 1 J. 

a*=i a. And, in general, ^J/'a = a*, for a»X «» X a« &c. 

1 I ' I 1 J? 

tonterms =:an+«+i.*"-**»"*^*= a n = aiz= a. Again, 

since a quantity is squared, when its index is doubled, and 

since -^a=a*, it follows that ^a^=a^ ; so that a^Xa^X 

aiz=aJ*t+!=a3 = a^. In like manner, ^a^ = a^ ; for 

fli X fl^ X at X ai = fl5+5+l+i = «? = a^. And, in general, 

iw wi wi 111 - m _ fw 

\ya^= a"i, for a"i^ X a"* &c, to n terms =fl'^T""^+~ii 

nm 
&c. to n term. ::=<,— =3 ^m . ^J^g „^ yQQ|. q^ ^m ^j^J^g sUCll, 

that it produces a*" when repeated n times as a factor. 

87. Prob. I. — To raise a quantity to any potcer. 
Multiply the quantity continually by itself, until it 
has been used as a factor as many times as there are 
units in the index of the required power. 

The reason of the rule is manifest from the nature of 
powers (Art 14), involution being merely a succesBion of 
multiplications. 

BXAMPLSS. 

1 . Raise — a^h^x^ to the third power. 
By continual multiplication, we have 

— a'&2^* X —aH^x^ X —an^x^^-^aH^ar^^. 

2. Involve 4a*ft* to the second power. 
Here 4a*6' X 4a*5* = 1 6a& ^ = I6a^&^ 

3. Raise —j- to the fourth power. 

Multiplying continually, we have 

3a3 3a3 Sa^ 3a* S\a>^ 



4^ ^ 4^ ^ 4^;* ^ 4^i ^ 256^?^ * ^ 
4. Involve a+6 to the third power. 
Multiplying a+h by itself, and the product a2+2a6+^^ 
again by a^^h, we obtain 

a3+3a26+3a62+63 
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for the required power. ITiis may be put under the form 

88. Cor. 1. Hence, a quantity may be raised to any 
power, by multiplying its index by the index of the power ; 
that is, {ary = ar\ 

For the continued product of a"* into itself n times, is 
found by adding the index m (Art. 35) as often as there 
are units in n ; that is, multiplying m by n. 

89. Cor. 2. Hence, also, any power of a product is 
equal to the product of the same powers of its factors, 
that is, (aby zzarb""; for (aft)* zzab X ab X ab &c. to 
A terms =: aXaXa &c. to n terms Xbxbxb &c. to n 
terms (Art. 11) = a"6". 

90. Cor. 3. Hence also it follows that, when the 
quantity to be involved is negative, all the even powers 
will be positive, and all the odd powers negative. 

91. According to the preceding rule, the successive 
powers of the binomial a+b, found by continual multi* 
plication, will be as follows : — 
(a+6)«=zfl2+2a6+62. 

(a+by = (^+SaH+3ab^+h^. 
(a+by = a^+4(^b+6aH^+4ab''+b^. 
{a+by = a^+5a^b+l0a^^+l0a^h^+5a¥+bK 
(a+by=a^+6a^b+l5a^b^+20aH^+\5aH*+eab^+b^. 
(a+by z= a'^+7a%+2laH^+S5a^b^+36(^b^+2\a^b^+ 
yab^+bf. 

By comparing these developments it appears that, 
1. The index of a decreases, and that of b increases, 
by a unit in each successive term ; so that the sum of the 
indices in each term is always equal to the index of the 
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given power. Hence, in general, the terms of {a+b)\ 

without the coefficients, will be 

a",a"-i6, a*-262^ an-^^^ ar-^b^ a^'^h^, &c. .. oft-i, J".* 

2. The number of terms is one greater than the index ; 
for there must be as many powers of a as there are units 
in the index, and one term besides, which does not con- 
tain a ; so that when the index is even, the number of 
terms is odd, and vice versa. 

3. The coefficients increase as far as the middle term, 
and then diminish, the terms equidistant from it having 
the same coefficient : thus those of the first and last are 
unity, of the second and last but one, the same as the 
given index, &c. And in general, if we know the coeffi- 
cient in any term, that of the next following will be 
found by multiplying this coefficient by the index of a 
in that term, and dividing the product by the number of 
terms. Thus, in the case of (a+6)^ the coefficient of 
the second term is 6, the index of a in that term is 5, the 

number of terms is 2 ; and - =15, the coefficient of 

15X4 
the third term. In like manner, — - — = 20, the co- 

o 

efficient of the fourth term ; and on examining the coeffi- 
cients of the other powers, we shall find that they may all 
be formed in the same manner. 

According to this law, the coefficients of the terms of 
(a+6)" will be as follows : — 

The coefficient of the first term ....•#.. 1. 

\\c n 
The coefficient of the second term ...... — — =r n. 

* The first and last terms may (Art. 84), be written fl"i*, and 
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The coefficient of the third term ^ \ 

2 
The coefficient of the fourth term 

njn^l) n~2 __ n{n—\)(H—2) 
2 ^ 3 "■ 2.3* 
The coefficient of the fifth term 

n(n—\){n^2) «--£ _ n(n—\) (n—2) (n—3) 
2.3 4"" 2.3.4* 

&c. &c. 

Combining these with the terms of (a+hy, already 
given, we have 

/ I LM. • I m^M. I "(** — «-07a I ^C" — (»— 2) 
(a+6)* zz fl» + nar-^+ ^ oT^h^ + ,^ ^ 

n(n-l){n-2){n-^) n{n-\) (n-2) 

^ 2.3.4 "''T^ 2.3 

(i>-8)(»-4) ^^^^_^ &c +nah^^+h\ 

4.0 

This is the celebrated binomial theobem, by means of 
which a binomial quantity may be involved to any power 
without the trouble of continual multiplication.* 

92. If the second term, h, of the binomial be negative, 
its even powers will be positive, and its odd powers 
negative (Art. 90) ; but the even terms of the expanded 
power contain the odd powers of h, and therefore the 
powers of a being all positive, the odd terms of the powers 
of a — h will be positive, and the even terms negative. 

* A general demonstration of the binomial theorem will be 
given in a treatise on the principles of the higher Algebra, which 
will be published as a sequel to this work. It is conrenient to 
introduce the theorem here for practical purposes ; and the above 
inductive proof is the less objectionable, as no subsequent demon* 
stration is founded upon it, and as it seems to have been by a 
similar process that Newton himself inferred the generality of this 
important formula. 
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In other respects, the powers of (a — b)* will be the same 
as those of (a+ft)". 

Further, it is plain from the manner in which the deve- 
lopments are generated, that the series will terminate at 
the (n+\)th term, when n is a whole positive number, 
since, on passing that term, n — n or zero would always 
occur as a factor, and therefore every higher term would 
vanish. But assuming that the series holds when n is 
negative or fractional, n will not, in this case, be destroyed 
by any of the numbers successively taken from it. Thus 
no factor of the coefficients can become zero, and therefore 
the series will never terminate. 

EXAMPLES. 

1. Required the 6th power of 2a?^ — 3y. 

In this case we must put 2^^, — 3y, and 6, for a, b, and 
«, in the general formula. Hence, 

The first term is (2^2)6-564^12. 

The second .... 6 X {2a;^y X (— 3y)=— 576^*0y. 

The third 6x|X(2^2)4X(— 3y)«=2160^y2. 

The fourth .... 15xf X(2^2)^X(— 3y)»=— 4320^V. 

The fifth 20x|X(2jr2)2x(— 3y)4=4860j?V- 

The sixth 15 X f X 2^2 ^ (— 3y)«=— 2916;F2y*. 

The seventh 6x^X (2a'a)0 x (— 8y )«=729y«. 

Combining these, we have 
(2^2_3y)6=:64-i.i2_576^io^+2160^«y2_4320;p6y3+ 

4860ar4y*— 29 1 b>Y + 729y6. 

2. It is required to expand - — ^-^-rr by the binomial 

theorem. 

•P 
Since (Art. 85)- — rrr^ ==^ (a+^)""*» we shall first ex- 
{a+by 

pand (a+^)~^* and then multiply all the terms by jr. 
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Here a = — 2, therefore 

The first term is ar^. 

The second — 2o""^5, 

lliethird ~^^~^ a-^^=da-^K 

— 4 

The fourth 3X— -a~«6» = — ia^^b^. 

o 

The fifth — 4X ^a-^b* = 5 a-^^. 

4 

&c. &c. 

That the series will never terminate may also be shown 

by actual division ; for (Art. 81) («+ft)~^, or — ttT- 
may be expanded into an infinite series. 

We have therefore 
(a+6)-* z= 0-2 — 2a"-» b+3arH^ — 4 a-^b^+5 oT^ 6* &c. 
or (Art. 85) 

1 _ I 2b 3fe^ Ab^ ob^ 

{a+by "" «« (ff^ '^ a^ a^ + a« ' 
Hence, 

a: _ X 26 3^2 463 56* 

Precisely the same series would be found by dividing 
jr by a2+2a6+62 (Art. 81). 

3. Raise a'\'b+c to the third power. 
Regarding a+b as a single term, we may express 
(a+6+c)3 under the form {(«+6)+«^}^ ; then 

The first term is {a+bf = a^+ZaH+Zab'^-\-b^, 

The second 3(a+6)2c = ^a^c+Qabc+2^¥c. 

The third ^i?(a+6)c2z= 3ac2+36c2. 

Thefourth ; ?4^c3=c*. 

3 
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Therefore, 

[[a+b)+e]^ = (a+b + c)» = a» + Za^b + 3 a6* + b^+ 

Za^c+6abc+U^c+3ac^+3bc^+c^ = (a+6)»+8(a+i>)^c 

which latter form is the same as that of the cuhe of a 
binomial. 

SXBBCISBS. 

Answers. 

1. Multiply 3 07* by 6 a« 15a^ 

2. Divide nfi by ar^ • a', 

6 b^ 

3. Express SaT^+b^x"^ with positive indices --j + — j. 

bx^ 

4. Express -j-Zg ^^*^°^* ^ denominator . . orHx^y^, 

5. Divide 126*^-2 by 4i-»ar< ^^ 

6. Express aar"^*"^* as a fraction — j. 

7. Express —73, without a denominator fta*"*. 

8. Divide ^' by 4? -oT— . 

9. Express — tt- without a denominator .... bjp" i- 

10. Divide ^by ^ -T7-5. 

11. Multiply J a"* by «• ^. 

12. Raise — 2fl»A* to the fourth power .... 1 Qa^^b^, 

13. Raise ^a^ to the sixth power v'^^**- 

14. Raise ^{a+ai) to the sixth power a^+2aa:+x^. 

15. Raise 4a^b to the «th power 4*c**A*. 

16. Express i(l— ^)(l+a;2)-» X ?^ with a positive 
index. ^(l— 4r) 
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17. Raise a — 6 to the 6th power. 

jhu. a«— 36a5+ 540a*— 48200* + 1 9440a»— 46656a 
+46656. 

18. Raise 5+4^: to the 4th power. 

Jins. 625+2000^+2400^2+ i280^+256jr*. 

19. Raise l+^r to the »th power. 

J„s. !+«*+« 2=1 *«+» (»--l)(n-2) ^ ^. 
2 2.3 

/»• 

20. Expand — -^^ by the binomial theorem. 

Ans. f(l— £ + _ J.&C.) 

21. Expand - — -—rrr by the binomial theorem. 

[a+2b)^ 

^«*. -5-(l 1- 5 r- &c.) 

22. Find the square of the sum of x and its reciprocal. 

X* 

23. Express x^X with a positive index . . Ans, ^(^)2. 

24. Raise x^-^r^^ to the 5th power. 

Ans. ^»«+15ar8y«+90^y*+270^*y6+405^2y8+243j^io. 

25. Raise a — x to the 9th power. 

Am. «»— 9c»^+36a7ar8— 84a64r8+ 126a«^4— 126a*^'5+84 
a*;r«— 36aV+9ai?8— ^. 

26. Expand , , ,^ . i^.-«{l +-2- 3-+^^) 

27. Raise l+or to the power whose index is n+1. 

Am. l+(«+l)*+(ii+l)|^«+(ii+l)^^f=^ar3+ 

>>(n-l) (>»->2) 

2.3.4 ^ • 
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28. Required the 5th term of (a«— ««)". 

Ans. 495a*«*8. 

29. Required the middle term of (a — ir)^^. 

Ans. 12870a«;ps. 

30. Required the coefficient of ^ in the expansion of 
(^+a)*. Ans. 56. 

31. Expand { I— jr)- Ana. 1 +M+ ^^^'^}^ a;^+ 

n(n+l)(>>+2) 

1.2.3 -^T^*^' 

32. Required the 10th power of a — 1. 

Ans. flio— 10o»+45a«— 120a7+2lOa«— 252a«+2l0o*- 
120a3+45(|2— lOd+l. 

33. Expand ^3 ' Ans. 1 +3jp+ ear^ + 1 Ojt^ + &c. 

34. Expand ^ ^ 3 . Ans. I— 3jc2+6.r4— 10^»+ &c. 

35. Divide ^x by 4?. 

36. Raise a?* to the 4th power. 

37 V^ to the 4th power. 

38 — to the 5th power. 

39 6j^a to the 8d power. 

40 §«• to the 4th power. 

41 ^^a^ to the 4th power. 

42 4a-«ft' to the 3d power. 

43 — Ja* to the 2d power. 

44 — a V to the 5th power. 

45 J-^a* to the 3d power. 

46 jr* to the power 5. 

47 oTbV to the power r. 

48. .... \/x to the 2d power. 
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49, Express ^^^(1 — x)''i with a positive index. 

50 a^ar^--<Uf^a^+bar^ with positive indices. 

a^ 2a* . ab 

51. ••••.. .-x-i 5 without denominators. 

or a^ JIT 

52. Find the cube of <^o*. 

53 6th power of Sx+2y. 

54. Expand , and 



1+^' (1+^)*' 

55. Square jT^ — y"*, both in this form and with pos- 

itive indices. 

56. Raise 4'^(a+h) to the 5th power. 

57 1+ - to the Jith power. 

58. Find the 2d, 3d, 4th, and 5th powers of ar+-. 

JT 

59. Find the 3d, 4th, and 5th powers of 1+*, by 

substitution in Exercise 19. 

60. Raise 3:^—2^+1 to the 3d power. 

EVOLUTION. 

93. Prob. I. To extract any root of a simple 
quantity. Find what is the quantity which, when raised 
to the corresponding power, will produce the given 
quantity. 

The reason of the rule is manifest from the nature of 
roots (Art 15). 

BXAMFLES. 

1. Required the third root of 64a V. 
Here it is required to find of what quantity 64a*6'^ is 
the third power : the quantity is plainly AaH^, because 
(40^64)8 -. 64^6 J12 (^^^ 87) ; tiierefore -^ (64 a« 6«) =5 
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2. Find the square root of oT^bhx^. 

Since (fl~* hW^Y = ar^b^a^, the required root is oT^lA 

3. Find the cube root of —21a%'^a^. 

Here (—3 a» fc"'^) X (—3 a* &-«««) X (— 3 a'^ iT^sA) = 
— ^la^lr^a^ ; and the required root is therefore — Za^ 

4. Find the fourth root of the cube root of x. 

Here, since ^x zz x^* the index of the required root must 
be such that, when it is added four times, it will pro- 
duce J : it must be •^, therefore v'(^ir) = ^^* = i^ar. 

94. Cor, 1. Hence, any root of a given power is ex- 
tracted by dividing the index of the power by the index 

of the root, or ^a^ = dmj for a^xa^Xa* &c. to n terms 

= flf^ = or* 

95. Cor, 2. Hence also, any root of a product is equal 
to the product of the same root of each of its factors ; 
that is, '^{ab) :s syaXSyb, because each of these, by 
involution, produces the quantity ab. 

96. Cor. 3. Hence, and from Art. 90, it follows, 
that the even roots of all positive quantities may be 
either positive or negative ; and that the odd roots of 
positive quantities are positive, and those of negative 
quantities negative; that is to say, ^^+azzdby^a; 
^''iy + azz + 2-l&^a; and ^^*^— a=:—_^*iy a. But 



* From this Corollary we might have deriyed the method of re- 
presenting roots as powers with fractional indices (Art. 86) ; for 

m 

^a*** == a A, the denominator e:qpressing the root, and the nume- 
rator the power whose root is taken. 
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an even root of a negative quantity is not assignable by 
any process of evolution : for we know that (+^)X(4'A) 
= +fl*» aJ^d that ( — fl)X( — a) = +«*» ^u^d, therefore, 
that i/a^ = db a ; but we know of no quantity which, 
multiplied by itself, will produce — a^ : and the same 
must hold whenever the index of the root is even : there- 
fore, v' — a is not assignable. 

£XERCIS£S. 

Quantities to be evolved. Answers. 

1. ^(— 8a«^is) — 2a2/i». 

2. ^(9a^b^) db3dr62. 

3. VC^*) ±^. 

4. ^(^2«^ A^. 

6. (I6ai6)* =ir2fl*. 

6. (jrJ)* x^' 

7. ^(— 126a36«) —5ab\ 

4a3 2 a5 

8-V^9^ •••• =^3'^' 

9. (^-i)-* ^^^* 

10. V(Vy) dbvyy. 

11 / 32ar»V U 2£2y_ 

V243AaVV 3aH*" 

12. v^ A' 5r^ 

18. ^'(a-^) ^• 

14. V(5a*6-*a?*'') ±3*6-«^« V5 • 

15. (—^yaHh"^)^ —ZQUha;-\ 

"■ fc)* • «-"-'^- 

17. V^^a flA = ^a. 
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Quantities to be eyolved. Answerh. 

18 /?l!i:!(f±W^i:f}A^ 9cP(a+h) 

• V 32(?»rf-" ) 2ac{2+x/ 

19. [(a-n-* I,. 

21. (a;'y. 

22. (^0)*. 

23. (^2«H^*. 

24. V(a+^)^. 

25. (Qa^^V")*- 

26. (169^2-.t2fl-2«)j. 

27. >^(a2+^2j*. 
28 .- - ^4aVV-^^ 

"■ [(SS']« 

" ' \l0,000,000,000a20 j " 
33. i^[(a*)*]*. 



97. II. To extract the square root of a compound 
quantity. (1) Anange the terms of the compound 
quantity according to the dimensions of some one 
letter, placing the highest power first, the next 
highest second, and so on ; (2) find (Art. 93) the 
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root of the first term, set it down as the first term of 
the required root, and subtract its square irom the 
given quantity; (3) take the quotient of the first 
term of the remainder by double the portion of the 
root ahready found, and set it down as the next term 
of the root, annexing it, at the same time, to the 
double of the part of the root already found ; then 
multiply by it the compound quantity thus formed, 
subtract the product from the former remainder, and 
repeat the process as often as may be required. 

Thus, to extract the square root of 2a6+62^a ; arrang- 
ing (1) the terms according to the powers of a, we have (2) 
a, the square root of the first term, 

for the first part of the root ; sub- a^+2ab+b^{a'\-h 

tracting its square, the remainder a^ 

is 2a6+62. the quotient of the 2a+h)2ah+h^ 
first term of which, by the double 2a6+62 

of the root (3), is connected both 

to the divisor and root ; then sub- 
tracting the product of the new divisor by this root, there 
is no remainder, and the root is complete. 

Again, to find the square root of a^+*Zah+h'^+2c{a'^h) 
+c^, we determine the first and second terms of the root 
as before ; we 

then repeat the a2+2a6+&H2c(a-t-6)-t-c2(a+d+c 
same process a^ 



upon the re- 2a+h{2ah+b'^+2c{a+b)'\-c^ 

mainder, divid- 2db+b^ 

ing by the dou- 2{,a'^b)+c)2c{a+b)+c^ 

ble of a+b, as 2c(g+6) + c? 

we before di- 

vided by the 
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double of a ; we then find c for the quotient, and when it 
is connected to the root and divisor, and the product 
taken, there is no remainder. 

If the giren square be not arranged according to the 
powers of one letter, a root could not be found in finite 
terms. See Note, p. 46. 

The reason of the rule may be explained as follows : 
Since Evolution consists in reversing the process of Invo- 
lution, it is only by observing what law the formation of 
the square follows, that we can arrive at a method for dis- 
covering the square root* Now, the square of a binomial 
consists of the squares of the two terms, and twice their 
product : then, in the first example, in which it is required 
to extract the square root of a*+2flJ+^^» it is plain that 
the first term of the root must be a. Again, the second 
term of the square is twice the product of the two terms 
of the root ; therefore if this second term, 2ah, be divided 
by the double of the first term of the root, that is, by Sa, 
the quotient will be the second term of the root. Then, 
in order to determine whether the two last terms of the 
given square will be exactly reproduced, so as to leave no 
remainder, the second part, 6, of the root must be joined 
to the divisor, 2a ; and thus, by multiplication and sub- 
traction, the two last terms, namely, 2a6-f-&2, are repro- 
duced. 

In Example 3, Art. 92, we have seen how a trinomial 
may be expressed under the form of a binomial, by con- 
sidering two of the terms as one ; and hence the law of 
the formation of the square of a binomial applies to that 
of a trinomial also ; and the same law holds respecting the 
square of a quantity consisting of any number of terms. 
It is upon this principle that the root has been found in 
the second Example of the Rule. 
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When we apply the Rtile to quantities which are not 
complete squares, that is, to quantities which are not 
composed of two equal factors, the attempt to find a finite 
quotient fails, and an infinite series is obtained ; in the 
same manner as the application of the Rule of Division to 
quantities which have no factors, leads to an interminable 
quotient. 

EXAMPLES. 

1. Extract the square root of ^*+4^*+24r*+ 9.r2 — 



2jr3+2x2) 4;r*+2^* 



2^ +4^2_-p)_2^* +9a?2— 4;f 



2x» +4*2_2jr+ 2)4a;3 + 8ar«— 4^+4 
4^+8x2—4^+4 


2. Find the square root of tj- + — — 2. 
Here, since -r- = b^oT^, and 2 = 2a®, 2 is a higher power 

1,2 

of a than -^ ; the arrangement is therefore as under : 

a* 



^-2+^(! 



a_b 
b a 



62 



b a) ^a2 



62 
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3. Required the square root of 1 +j?. 

11/11^' 4r2 -p* 6a;^ „ 

I 







^ 8 '' 4 

*« ;r» ** 
4 8 ''" 64 




'+^-T+16>8~64 
8 ^16 


64 ^ 256 


64 ^ 


64 256 



If the numerators and denominators of the two last 
terms of this root be multiplied by 3, the series may be 
put under the form 

"*"2 2l^"^ 2.4.6 2.4.6 8 "^2.4.6.8.10 
from which the law of continuation is more obvious. 

4. Extract the square root of ai^ — 6^+9. 

Ans, X — 3. 

5. Extract the square root of 25a2+60a+36. 

An9. 5 a-l-6. 

6. Extract the square root of 9ap2+24j:y+16y2. 

Ana, 3jr+4y. 

7. Extract the square root of a^ — ax + — . 

Ans. a — r. 
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8. Extract the square rodt of 2+a;+i, 

Ans. V-^+Vi^. 

9. Extract the square root of Ax"^ — 16jp^+24;r*— I6a? 
+4. Ans. 2a^ — 4^+2. 

10. Extract the square root of 4a^ + l^a^x-^lZa^ x^ 
+Qax^+x\ Ans. 2a'+3ajr+^. 

11. Extract the square root of a^+ar^. 

. ^ ^ X* ^ x' 

Ana, a + 77-,+ T-;r-i; &c. 

^ 2a 8a' 1 6a^ 

98. m. To extract the cube root of a compound 

quantity. (1) Arrange the terms according to the 

dimensions of some one letter; (2) find the cube 

root of the first term, and subtract its cube firom the 

^ven quantity ; (3) take the quotient of the first 

term of the remainder by three times the square of 

the part of the root abeady found, and set it down 

as the next term of the root : then, to the treble of 

the square of the first term of the root, add three 

times the product of the two terms of the root, 

together with the square of the last term ; multiply 

the compound quantity thus fcMined by the term of 

the root last found, subtract the product from the 

former remainder, and repeat the process as often as 

may be required. 

The second term of the cube of a binomial, is always 
the product of the second term of the root, by three times 
the square of the first: and a^+S aft^+Sa^ft+J^, the 
general expression foi^ the cube of a binomial, may be put 
under the form 

a3+(3a»+3a5+52)A. 

The above rule is nothing else than these results, ex- 
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pressed in the form of directions for an operation. The 
principle is extended to trinomials, and other polynomials, 
in the same manner as in the case of the square root. 

EXAMPLE 8. 

1. a^+SaH+3ab^+P{a+b 



Sa^+Sab+b^)Sa^b+3ab^+b^ 
3a^+Sab^+b^ 



2. (a+b)^+3(a+byc+Ha+b)c^+c^{a+b+c 

S{a+b)^+3(a+b)c+c^)3{a+byc+3{a+b)c^+(^ 
3(a+6)2c+3(a+5)ca+c3 



3. 27x^—54x^+630;^— 440!^ +2ia;^—6x+l 
21 w^ (3^2_2^+l 

21x^—\Sx^+4x^)—64a^+e3x^—44iifi 



27^*— 36a:8+2I^2_6^^. I)27<r4_36^+21^a__^;r+ 1 

21x^—3e3^+2\x^—^x+\ 



4. Find the cube root of ^3+6.^2+12^4.8. 

Ana, jr+2. 
6. Find the cube root of a^+3xhf+3xy^+y^. 

Ans. or+y. 

6. Find the cube root of x^—6x^+l5x*—20a^+\6x^ 
—6^+1. Ans. ^^—2x+l. 

7. Find the cube root of 8^—60^2+150^+125. 

Ans, 2x — 5. 
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99. Since (Art. 86) any root may be expressed as a 
power with a fractional index, we may extend the appli- 
cation of the binomial theorem to the extraction of roots, 
by taking for the index n, the fraction which expresses 
the root to be extracted : and it might be shown that in 
this case, as in Example 2, Art. 92, the series will never 
terminate. 

EXAMPLES. 

1. Expand ^(0^+^^) ^7 the binomial theorem. 
Here, since V'(«^+^^) = (ff^+^^)*, we must put for a, b, 
and «, in the general formula, a^, a:^, and ^ : then 

2.3 '^^ > -^ °'^- 
or, v(«^+.2) = ,+ |!^|l.+_fl.&e. 

This is the same series which is found by actual evolution, 
in Exercise 1 1, Prob. II. 

2. Find the value of a^9 in a series. 
Here we have 4^9 = (8+1)* ; then 

(8+l)i= 8i+i.8-t+i^8-^+i^=^^-=^^ 



or, 

<xx« « . 1 1 2 1 . 2.5 1 

^9 = 2+^7^1^2- 



(8i)2 3.3.2\8*)*^ ;3.3.3.t)'(8*)® 
2.5.8 



&c. 



3.3.3.3.6.4 (81)" 
whence 

^ _ I 1 5 5.8 

'^^-^+ 3l^ ~ dj:2^ + 3.6.9.-27 ~ 3.6.9. l2.2»o ^^- 
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3. Find the value of ^/{h^+x) in a series. 

4. Find the value of -t-ttt: — - in a series. 

h 2.b^ "^ 2.46* 2.4.667 + 2.4.6.869 

5. Find the value of ^2 in a series. 

. ,.1 i_j.__i_ 3.5 , 3.5.7 
'^'**' * "•■ 2 2.4 ^ 2.4.6 2.4.6.8 "^ 2X6^.15 

6. Expand V(l+^) ^^^ an infinite series. 

^2 8 ^ 16 128 

7. Expand Aj^(l+jr) into an infinite series. 

8. Find the value of ^ (a+a?)* in a series. 

^ns. al(l+--_+ --3-^5-^-5+ P^^^_)&c. 

9. Find the value of ^7 or ^(8 — 1 ) in a series. 
. 1 1 5 5.8 

^^ 3.22 3.g.2* 3.6.9.27 3.6.9.12.21^ 

a 

10. Find the value of ■ ^ ■ ^^ in a series. 

a^, ^2 3^4 5J.6 
^'''•c-(^-2?+2^?-2^^^^^- 

11. Expand (a^ — ap2j-| j^^jq ^ series. 

1 1 jr2 3 ;r^ 5 x^ 



12. Expand (1+^)"* into a series. 

, , 1 . n+\ , («H-1)(2»+1)„ 
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CHAP, v.— SURDS. 



FUNDAMENTAL PBINCIFLES. 

^ 

Art. 100. Any root of a quantity which cannot he 
exactly evolved, is called a surd, or radical, or an irra- 
tional quantity : all other quantities are called rational. 
Thus, ^S, ^9, are irrational quantities ; but ^S, \^9, 
are rational: also, ^ (2a), V(a^+^^). -^ 6, ^(10^2), 
&c. are surds. Surds are distinguished from one another 
by the degree of the root ; thus ^a, j^S, are quadratic 
surds, ^9, ^ 2a are cubic surds, &c. 

101. Prop. I. The square root of a quantity can- 
not be partly rational and partly irrational. 

For, if possible, let Vfl=^ + V'^; t^en (Art. 31) 
a =b^+2b\/c+c, and (Art. 28) a—b^—czz2bVc : hence 

(Art. 30), — ^7 — = ^c, a rational quantity equal to an 

irrational, which is impossible. 

102. IT. In any expression of the form a+^b = 
c+V^j the rational parts are equal to one another, 
and also the irrational parts. 

For,- if a be not equal to c, let a = c+x, then c+a:+ 
^b=zc+\^d} therefore (Art. 28) ;r+V* = V<^* which 
is impossible (Art. 101). 

103. III. If V (« + V*) = ^+V<^. then will V(«— 
j^b) = c—\/d. 

Since (Art. 31) a+^b = c^+2c\/d + d, we have 
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(Art 102) a = c^+d, and V^ = 2c^d; whence (Art 28) 
a— V* = c2— 2cVrf+rf, and (Art 31, 97), V(a^Vh) 
= c — V^' 

104. IV. K the product of two quadratic surds is 
a rational quantity, one of the surds must, be a ra- 
tional multiple of the other. 

Let \/a:XVy^^^» & rational quantity; then Vy = 

tn tn - . - ... 

—- = — V^ ; and smce m and a are rational, Vy w a 

yx a: 

rational multiple of V^* Hence, if one quadratic sard is 
not a rational multiple of another, their product cannot 
be a rational quantity. 

105. V. One quadratic surd cannot be made up of 
two others, not having the same irrational part. 

For, if possible, let ^x = V»»+ V* ; then a? = m+* 



+ 2^mn, and == ^mn, a rational quantity equal 

to an irrational, which is absurd. 

106. VI. The difference of any two equal powers 
is always divisible by the difference of their roots ; 
that is, x* — y" is divisible by x — y. 

Let X — y = d, therefore (Art. 27) x = d+y ; then 
^" — y"r= (rf+y)" — ^y". Expanding (d+yY by the binomial 
theorem, we have 

(d+yy=zd^+nd^^y+n^^d^Y+ &c. . . . +nrf/-' 

therefore (Art 2S). 

(rf+y)*— y- = rf»+iirf-iy+» lZld-2y2+ &c 

+ndy'"K 
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Now, d will obviously divide all the terms of this latter 
part ; therefore, (<i+y)" — ^, or af" — ^y", is also divisible 
by rf, that is, by x — y. See Note, p. 66, 

107. Vn. The difference of two equal powers is 
always divisible by the sum of the roots, when the 
exponent is even. 

Let x+y = 8, therefore (Art 28,) or = 9 — y ; then 
;p" — y^ = (s — y)* — y* ; and if (s — y)" be expanded, its 
last term, y"", will be positive (Art. 92, and hyp.) : then 
subtracting y" as before, the remaining terms will be divi- 
sible by 8; therefore (« — y)* — y", or a?" — y", is also divisible 
by 8, that is, by x+y. 

108. Vlll. The sum of two equal powers is 
always divisible by the sum of the roots, when the 
index is odd. 

Let a;+y=:8, therefore xzz8 — y, and ^r^+y" = (s — y)" 
+y". In this the last term of the expansion will be ne- 
gative : hence, if y" be added (Art. 27), the terms of the 
expansion will be divisible by 8 : (* — yY-i-y"^, or 4?"+y", 
will also be divisible by s, or x+y» 

109. Prob. I. To reduce a quantity to the form 
of a given surd. Haise the quantity to the power ex- 
pressed by the index of the given surd, and indicate 
the extraction of the same root. 

SXAMFLXS. 

1. Reduce 4a*2 to the form of the cube root. 
Cubing 4a^, we have 64a^, and the required form there- 
fore is (64a6)*. 

hh 

2. Express 2a -r— : under the form of the fourth root. 
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Here raising to the fourth power, we have - ; the 

form required is I J . 

3. Reduce 4^6 to the form of the square root. 
Here, V5 = ^16X^5 = V80 (Art. 95.) 

EXERCISES. 

1 . Reduce 2a to the form of the square root 

2 3jp^ square root. 

3 2aH cube root. 

4 — 3a cube root. 

5 3a" square root. 

6 b nth root. 

a^ 

7 3r5 4th root. 

b^ 

S 3ari cube root. 

9 -^2«2 5th root. 

10 at/k » 4th root. 

11 -. -T square root. 

12. » i(3a)^ square root 

13 — (26)* square root 

14 a — b square root. 

15 i^+y)^ 4th root. 

16 ^V8^ square root. 

17 2^3 square root. 

110. II. To reduce a surd to its simplest form. 
Resolve, if possible, the given surd into two fiictors, 
one of which shall be the greatest power contained 
in it, corresponding to the index of the surd, and 
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take the root of each factor. H the given surd be in 
a fractional form, multiply both terms of the fraction 
by such a number as will make the denominator a 
complete power, corresponding to the root, and pro- 
ceed as before. 

This process is merely the reverse of that in the last 
problem. It is plain from this mode of resolving into 
factors, that the surd will be in its simplest form. 

EXAMPLES. 

1. Reduce x{a*h)* to its simplest form. 
Here, ar(a"6)5 = ^X a6» = xah^, 

2. Reduce 135^ to its simplest form. 

Resolving 135, we have 135* = (27x5)* = 27* X 5* (Art. 
95) = 3x5* = 3f^5. 

3. Reduce 2>^f to its simplest form. 

Multiplying both terms so as to make the denominator a 
complete cube, we have 2^/^ = 2^(^7^X 18) = §^18. 

4. Reduce (4a«62--20a363 + 25 ai^)* to its simplest 
form. 

Here, (4a«62— 20a363+25a6^)* = [(2aa— 56)2xa62]i = 
(2a2— 56)6a*. 

BXEBCISES. 

Surds to be reduced. Answers. 

1. (9a*^)i 3a2^*. 

2. iVi IV2. 

3. 4>^(8a«+16a-^) 8fl(a2+2)*- 

4. Vf - iV3. 

5. JV| iV5. 

6. V| = 2VJ §V3. 



7. 



ia^x—Aa^x^'\' Aax^W a—2x 



2fA 



n*p 



y ~^''^'- 
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8. (72*-|-108y)* 6V(2*+3y). 

„ tc^V* a«ft»U ab, ,-j. 

10. ^(lOS^r^*)* ^A. 

11. (3fl2c+6a6c+3ft«c)* (a+6V3^. 

12. (2ny^-Any-\-2n)^ (y— IV^^ 

13. (a26)*. 

14. (8a)i 
16. 76*. 

16. 405*. 

17. 147*. 

18. -^162. 

19. (a3+a352)J. 

20. 3v^l25 

21. i^Jir'y^+ha^y)^. 

a * 

22. ^(72a8)- 



23. OSa'^^r)*. 

24. W^. 

25. Vf. 

a 

26. V3. 

27. V^. 

28. i^|. 

29. Vi. 
on /<*** — 2<Mr'+a*\i 



a»+2o*+a!* 

31. i^M- 



)'■ 



111. Ill, To reduce surds having different indices^ 
to equivalent ones having a common index. Bedaoe 
the indices to a common denominator, involve the 



SURDS. — PROBLEMS. 133 

quantilies to the power denoted by the numerator, 
and indicate the extraction of the root expressed 
by the denominator. 

The reason of the rule is manifest from Art. 71, 86. 

BXAMFLBS. 

1. Reduce 2^ and 41 to surds expressing the same root. 
Here, 2* = 2^, and 4* = 4* ; but 23=8, and 42=16. there- 
fore 2^ = 8% and 4* = 1 6* : hence, 2* = 8^ and 4| = 16* ; 
so that si and 16* are the surds required. 

1 i_ 

2. Reduce a;r^ and bym to surds of the same index. 

Here, <m^ and bif^ become, when the indices are reduced, 
aoF^ and 6yw» ; that is, a(«^)m» and ftCy*)"***, or, fl-^^'*and 

EXBBCI8BS. 

Surds to be reduced. Answers. 

1. a*anda* (c^)* and (a*)i 

2. 2*and3* 32^ and 81 ^« 

3. 2a* and 3a5 (a®)* and (a^)^. 

4. a^ and 5* ^a^ and ^b^. 

6. 5* and 6* (5»o)A and (6")A. 

6. 2^3 and 3^2. 

7. (a+s)^ and (6—*)*. 

X 

8. a* and y «• 

9. Vi and ^^i. 

112. lY. To add surds. Beduce them, if neces- 
sary, to their simplest forms, and proceed as in adding 
rational quantities. 

The reason of the rule is obyious from Art 23, 32, 110. 
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BXBRCI8B8. 

SurdB to be added. Answers. 

1. V45+V20 6V5. 

2. 2^5+6V6 2^6+5V6. 

3. VV+V^+VA 2^V3. 

4. 80*+125i 9X5*. 

5. ^48+^^162 5-^6. 

6. 2^48+9-^108 8V3+27^4. 

7. 3X32*+5X2* 11x2*. 

8. (Sa^b/+(27aH)i 4a(Zb)K 

9. V(45c3)+V(80c»)+V(5fl2c) .... (a+7cW6c. 

10. (18a«A»)*+(50a363)* (SaH+5abW^ab. 

11. il^i+i^ife T^^2. 

12. 2V4+*V60+V15+VJ VV15. 

13. 7^64+3-^16+^2+^(128a«j:3) 

^iw. (28+4aa^)-^2. 

14. {l6aH)^ +(4aa6)* +(54fl»6)* +(a2ft)* . 

^4jw. 5a(26)*+3fl(6)*. 

15. 6(4fl2)*+2(2a)*+(8fl3)i f/ 9>^2a. 

113. V. To subtract surds, Reduce them, if ne- 
cessary, to their simplest forms, and proceed as in 
subtracting rational quantities. 

BXBBCI8BS. 

Surds to be subtracted. Answbrs. 

1. .^192—^24 2^^. 

2. (9a*ar)*— (4a*^)* a>x*. 

3. 4^81— i^375 ^3. 

4. 6(8fl66)*— a(a«6*)* a»J*. 

5. K486)i— i(64)i JX2* 

6. 512*--64* 2xl6*-^X2* 

7. </32— 2-^40 2X2*--4X6* 
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Surds to be subtracted. Akswbbs. 

8. >^500— ^108 2-^4. 

9. (7>^54+3>^16+^y2)— 5^^128 8-^2. 

10. ^192+-^81— -^=512 8+7^3. 

i 4 i 

11. 25a^ +l44aH —289a^b 0. 

12. J^ + 2^V(«»6-4a262+4a6») ^^Vab. 

114. VI. To multiply surds. Beduce them, if 
. necessary, to equivalent ones having a common index, 
and proceed as in multiplying rational quantities. 

The reason of the rule is plain from Art. 95, 111. 

SXAMPLBS. 

1. Multiply 2* by 3* 

By reduction (Art 111), these become 2^ and 3^ that is, 
4* and 27* : hence the product is (4x27)*= 108*. 

2. Multiply i^6 by §-^18. 

Here reduction is unnecessary, and the product is ^^108 

3. Multiply a?*+(a+^)* by (a+or)*- 
ar* + (a+^)* 
(«+^)* 
(a^+jf3)*+a+jF. 

BXBRCISBS. 

Surds to be mnltipUed. Answbrs. . 

1. 3V6X5V^ Xbi^hx. 

2. 4*X5* 20*. 

3. 2^3X4^72 48. 

4. a*Xa* a*. 
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Surds to be multiplied. Answebv. 

6. 3ft* X4a* 12(a3J<)*. 

6. i^iXi^i ^^15. 

7. 2*X3*X5* 648000^^ 

8. 3V(4+6V2)X6V2 30V^(2+3V2). 

9. (5^4— 2^16) X (2^^2—3.^4). 

Ans. 44—8-^4—30-^2. 

10. (fl+4r)*X(fl— ^)* (a»— ar*)*. 

11. {V«+V*+VOX {\^a+^b—y^c)x'(Va + VC'- 
Vh)X(Vb+Vc—V<f)' 

Ans. — a>— ft*— c»+2(a5+ac+ftc). 
6* 9* 

^2- T^^Ts Tfe^2. 

13. 5V3x7VfXV2 140. 

14. -^4X7^6X4^6 , 7^16. 

15. (a«"-"6»"+>c»')«x(a*«"-' «--»»)" a>i«e. 

'«• K+y^r)"('+f-y^*) 

17. o*Xjif*' 

18. 4x2>^'8Xi?^72. 

19. a*xJo*Xca*» 

20. (3+V6)X(2— V5). 

21. (7+2V6)X(9— 6V6). 

22. (4+2V2)X(2— V2). 

23. 1^18X5^20. 

24. (1+*)*X(1— *)* 

25. a;*Xx*. 

26. (a+6*)*X(c+(f*)*. 

27. (7V6+2V3)X(V5+V6). 
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SordB to be multiplied. 

29. (2V8+3V5— 7V2) X (V72— 5^20— 2^2). 

30. ^(a+V6)X<J^(a— V6;. 

115. VII. To divide surds, Reduce them, if 
necessary, to equivalent ones having a common index, 
and proceed as in dividing rational quantities. 

Divide bc*^{ab) by b^a. 
Here the quotient is cS^b; for (Art. 95) ^abzz^ax 

*^b, and therefore — ^ = ^6. 

EXERCISES. 

Surds to be diyided. Ana webs. 

1. V40-r- V2 V20=2V5. 

2. 6V54-J-3V2 6V3. 

3. ^135-5-^5 3 

4. ^4-j4^6 1^18 

5. 72*-^3* V2. 

6. sr~x or*. 

7. V48-r-2 2V3. 

8. (i_ar2)i^(i+^)i (1^)*. 



9. („2_^2)i^(,._^) /!!+? 

V It — m 

10. (a^a— 62^)* -!-(«— ar)* b. 

11. (V72+V32— 4)-r-V8 5—^2. 

12. a*-2-a* fl*. 

13. (a3— a2(a352)i_2(a»63)i+26«. W(a* —6*) 

^4«*. «^— 26^ 

14. (aV*+V^^«Vy— V^-T-(V^^— Vy) . . a+V6. 
6. 2^|^^f. 

16. 5|VTfe-5-«Vf 
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Surds to be divided. 

17. a^-T-a^' 

18. 64*-=-2. 

19. 5(a2— ^2)i-5-(a+j.). 

20. 4i^l2-T-2V3. 

21. 10^^108-7-5^4. 

• 22. cfi^a^ 

23. (0*^(f)*- 

1_ 1_ 

24. 2i4?»-r-3j^'». 

25. x^-r^' 

26. 10V27-4-2V3. 

27. (V6+4V18— 3— 8v'2)-HV3. 

28. cfi -2-a?, 

29. (a+a^f-T-ia+x). 

m 

31. 4-r-V8. 

116. VIII. To contract the equate ro4t of a binomial surd. 
Let the binomial surd be a:±=^b, and let 

hence, (Art. 31, 87), we have 

ad-V6=a:=4=2/v/iry +y . 

Now, (Art. 102), 

a=4?+y, V*=2V^y ; 
therefore, (Art. 31, 87), 

a^z::a;^+2ay+y^, and b^Axy : 
hence (Art. 28), 

and (Art, 31,97), 

^(a^— 6)=^— y; 
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But 

therefore (Art. 27, 28), 

o+V(«*— 6)=2^, 0— V(a*—&)=2y; 
and (Art. 30), 

Hence (Art. 31) 



2 -'' — 2 — =y- 



v^vy or ^ia=^h)=J^J:^a^ 



J'- 



V(a^--ft) 



2 

BXAMFLE8. 

1. Required the square root of 7 — 2^10. 
Assuming V^p — Vy^VO — 2^10), and following the 
steps of the preceding process, we have 
^-{-y— 2V^=7— 2V10 
hence a?+y=7, and 2/v/^y=2\/l0 

whence jp^+2jey+y^=z49 

and 4^*^=40 ; 

therefore x^ — 2^+y^=9, 

and X — y=3 ; 

hut ^+y=7; 

therefore 2a?= 1 0, or ar=5 ; 

and 2y=4, or y=2, 

hence the required root is 

V^p — Vy=^V^ — V^. 
2. Find the square root of 4+2^3. 

Here, suhstituting, for a and V& in the general formula, 
4 and 2^3, we have 

V3+1. 
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3. Required the square root of ^27+^24. 
This may be worked by substitution, as in Ex. 2 ; if after 
the manner of Ex. 1 it may be first simplified, thus : 
V27+^/24==V9X3+V8x3=V3(3+ V8) ; 
therefore V(V27+V24)=V^3V(3+V8) . 
Now, Vi^+V^) ifoiind as in Ex. 1. is 1+V2 ; the root 
therefore is ^yS(l+V2)zz^^+^V2, since V2='^4. 

EXERCISES. 

1 . Find the square root of 7 +4\/3. Jns. 2+ V3. 

2 6— 2\/5. >4iw. V5— 1. 

3 7— 2V10. Ans. V5— V2. 

4 2+^3. Ans.^V^+lV^, 

6 I+V2. Jiw. 1+1V2. 

6 23+8^7. Ans. 4+^7- 

7 v'82— V24. Ans. </18— v^2. 

8 11+V72 ^iw.3+V2. 

9 94— 42V5. ^jw.7— 3V5. 

10 3V5+ V40. Ans. V^20+>J/6. 

117. IX. To find such multipliers as witt make binomial 
surds rational. Performing the actual division which has 
been proved possible, in Art. 106, 107, 108, we have 

^ — y 

^^^"=4;»-i— ip^ay+^r^»y>— «— V &c. 
a+y 

And it is plain that the first series will terminate at the 
»th term, whether n be even or odd; the second only 
when n is even, and the third only when n is odd. 
Now, let 4?" = a, y" = 6 ; therefore x = <^a, y =: ^b, 
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ur^»=<J/a"-», 4f^2_.^^«-2^ ^Q. and y^=z^b^, f=: 

'<yv, &c. 

Substituting these values in the above series, we have 



a—h 



^a+syb 



= \>^a— > — .>C^a'->A + ^fl*-3ft2_>^a'-4j3 



= ^a"-' _>^a"-2 b+^oT-^h^ — '^^a""* 6^ 



Hence, by the nature of division, if each of these 
irrational divisors be multiplied by the corresponding 
irrational quotient, the corresponding rational dividend 
will be reproduced; and, therefore, the first of these 
quotients is the multiplier, which will render rational a 
surd of the form ^^a — ^b; and the second and third 
quotients are the multipliers, which will make a surd of 
the form sya+^.b rational ; the binomial which is pro- 
duced having its second term negative or positive, according 
as n is even or odd.'*' 

* In many cases, multipliers may be more readily found than by 
the above general method. Thus, it is plain that a surd of the form 
Sya will he made rational by the multiplier &\J^a""* ; for^a 
X^^«*~*=N>^fl*==«« Also, since the product of the sum and 
di£Eerence of two quantities is the difference of their squares, (Note 
p. S6), it Ibllows that ^^adtz/^b will be made rational by the 
muitlplier ^a =f: /^b. Again, since (a q= 5) X (a* dtz ab-^b^)= 
a^zfifr', a surd of the form ^azi^j^b will be made rational hy 
the multiplier J^a^dtzi^ah^tffb'^. Several of the exercises in 
the text may be worked by this method. 
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BXAMFLE8. 

1. Required the multiplier which' will make ^9+ 
\y 10 rational. 

Here a=z9, 5=10, »=3 ; then, since n is odd, and the 
second term positive, the third form applies to this case ; 
therefore we have ^t^^ — '^ar-^b+^a*-^b^ &c. = 
^^8 1—^90+ -^100. The actual multiplication is as 
under : 

multiplier, ^8 1—^90+^100 

given surd, ^ 9 +^^10 

9_^8 10+1^900 
^810—^900+10 

rational product, 9 + 10= 1 9 

The multiplier might have been more readily found, by 
applying the principle in the Note. 

2. Reduce — to a fraction whose denominator 

yo — ^2 

shall be rational. 

Here the multiplier is plainly ^5+^/2 ; then multiplying 
both terms by this, we have 

3. What multiplier will make 3^-- 4^ rational. 

The multiplier, found by the general formula, is 27^+36' 
+48* +64*, but, by the principle in the Note, we may 
use the two multipliers, 3* +4* and 3*+4*> in succes- 
sion. In fact, the above multiplier is the product of 
these two. 



SURDS. — PROBLEMS. 143 

EXBRCISBS. 

1. Reduce ■ ^^lo ^ * fraction with a rational deao- 

4/3 — 2 
minator. Ans. 7"^^ — ^3. 

2. Convert a+/^b into a rational quantity. 

Ans, a^ — h. 

3. Convert — 5 — ^Vl ^^^ a rational quantity. 

Ans, 2A\, 

4. Convert Vo+V* "^^o a rational quantity. 

Ans. a — h. 

5. Convert aj^b+c/^d into a rational quantity. 

Ans, d^h-^c^d, 

6. Convert 9+2^10 into a rational quantity. 

Ans,4\. 

7. Reduce ~t -5 to a fraction with a rational deno- 

minator. Ans, 2+|V2« 

4/20+/i/l2 

8. Reduce — ^r— to a fraction with a rational 

yO — yo 

8+2x/15 ^ 
denominator. Ans. 2 r =8+2\/15. 

9. Reduce , ; ^ to a fraction with a rational deno- 

b+Vc 

^a(b—y^c) 

minator. Ans. — rr 

0' — c 

10. Reduce ^ J i ^ * fraction with a rational 
denominator. Ans, r^, 

11. Reduce / -rrto a fraction with a rational 

VVa-V6 V2fl+2v'^+6 
denommator. Ans / —7 • 

12. Reduce -577 57^ to a fraction with a rational 

j^o — ^2 

denominator. Ans. ^26+^10+^4. 
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13. Convert p^ into a quantity with 

a rational denominator. ^^^ V(l— *)• 

14. Convert V^(^+^)+ V(^^~^) ipto a quantity with a 

rational denominator. 

Jns. -+^(^^' 
a 

15. Show that !'/J:"t% - = «+^+'/(«*+*'). 
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CHAP. VL— IMAGINARY QUANTITIES. 

Abt. 118. The even roots of negative quantities, as has 
been already remarked in Art. 96, are not assignable by 
any process of Evolution ; and, hence, expressions involving 
such roots have been called imaginary or impossible quan- 
tities. In certain cases, however, a real value can be 
assigned to them, but not by ordinary Evolution. 

119. Since (Art 95) the square root of a product equals 
the product of the square roots of its factors, and since 
—a^ = a^X—i, it foUows that -•— «^=\/a*XV^^l= 
aV— 1 ; 80 also V— *=V'*X V---i Bjid^y^^=:a^'^, 
&c. ; and thus any imaginary quantity may be resolved into 
two factors, one a real quantity, and the other the imagi- 
nary expression V — !• Further, from the nature of 
powers and roots it is plain that the square of\/~l is — 1, 
or that V — 1 XV — 1 = — 1. Attention to this principle, 
and to the above mode of notation, will render all the 
algebraic operations with imaginary quantities very easily 
performed. 

Thus, the sum of a+3b^ — 1 and a — Ub^^^l is 2a+ 
b^ — 1 ; and the product of a^ — b by c^ — d is a/^b^^^ 
XCJi/di/^\=acJi/bdx — \=^—aWbd, Also to divide 

a V^ by V— 1» we have ^^^ = ? These two latter 

V— 1 ^ 

results are real, the imaginary quantities having dis- 
appeared. The same occurs frequently in operating with 
these quantities ; as in the following example, which is 
besides otherwise interesting. 

o 
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Let it be required to multiply a+b^ — 1 by a — b^^T. 
The work is as follows : — 

a+b^^l 
a— V^ 
a^+ab\/^^ 
—abV^+b^ 



a^+b^ 

Hence, conversely^ it appeats that we can resolve a bino- 
mial whose terms are positive into two compound factors, 
which are the sum and difference of a real and an imaginary 
quantity. Thus, since l6a^+9a:^ = l6a^—9x^X'-'\= 
9^2 — i5fl2 X — 1 . ami since the square roots of the terms 
are 4a and Sx^ — I, the factors of the given binomial 
will be 4a+Sa;\^ — 1, and 4a — 3x\^ — 1, or Ss+4a^ — 1, 
and 3ar — 4aV — 1. See Note p. 35. 

120. In order to determine the sign of the product of 
any number of imaginary quantities it is not sufficient that 
we know merely the signs which are prefixed to these 
quantities ; it is essential that we know also how often 
>/ — I is involved ; and hence it is of importance to deter- 
mine the successive powers of this expression. Now 
(V^r=l, (Art. 84), (v^i=x/^=[MV^)^=— 1; 
therefore (V— 1)3=— IxV— 1=— V— U (V— 0*=— 
1 X — 1=1 ; SLnd in the same manner we have, 

1. (v=i)*«=[(v^)*r=i;;=i. _ 

2. (x/— l)*-ti=(v— l)*x^/— 1=^/— 1, 

3. (v=:i)4»>i2--(^— i)4nx(vz:i)2=— 1, 

4. (v^— l)4"+3-.(^_l)4n+2 X V_1=_V— 1. 

It is plain that all the powers of V^^ are comprehended 
in these four forms, since, » being a whole number or zeio, 
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all positive integers are of one or other of the forms 4^, 

4n+ \, 4»+2, 4n+S. Thus 

if Ji=0 these forms are the 0th, 1 st, 2d, 3d, powers of ^/ — 1 , 

. . Ji=l 4th, 5th, 6th, 7th, 

..11=2 8th,9th, 10th, nth 

. . «z=3 12th, 13th, 14th, 15th, &c 

Hence, 

the 0th, 4th, 8th, 12th, 4iith powers of V — 1 ^^^ ^^ch 1, 

.. 1st, 5th, 9th, 13th, (4»+l)th V^. 

.. 2nd, 6th, 10th, 14th, (4«+2)th —I. 

. . 3rd, 7th, 11th, 15th, (4»+3)th —V^, 

and so on of the others.'*' 

BXBRCISBS. 

1. Find the sum and difference of a+b^ — 1 and 
a — b^—i. Am. 2a and 2b^^^. 

2. Add together a+ V— 1 aad c+rfV— T. 

Am. a+c+(b+d)MrIir. 

3. From 4a+26V'— 1 subtract 3o+4V^^. 

Ans. a— 2 V-^. 

4. Multiply V — a* by ^—b^. Ans. — ab. 

5. Multiply V — ^ ^y V — y» Ans. — \/^- 

6. Multiply flV — I by — b^ — I. Ans. ab. 

* The same may, perhaps, be more easily found by actual mul- 
tiplication, after the first four powers are known. Thus, the fifth 
power is j^ — 1, being the product of the 4th, 1, by the 1st, ^~l ; 
the 6th is — 1, the product of the 4th, 1, by the 2iid, — 1 ; also 
multiplying the 3rd power, — y^-Hl, by the 4th power, 1, we find 
for the 7th .~V~1 » multiplying the 4th power by itself we find 
1 for the 8th; the 5th power \/-Il, multiplied by the 4th produces 
^■Hi for the 9th, and so on for the 10th, 11th, and all higher 
powers. 
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7. Find the 3rd and 4tb powers of a\/ — I. 

Ans. — a'v' — 1 *uid a*. 

8. Resolve 2 or 1 + 1 into imaginary factors. 

Ans. l+V^ and 1— V^- 

9. Multiply 2s/^S by 3^^. Ans. —61^/6. 

1 0. Find the 3rd power of a+b\^^. 

Ans. a«— 3«62+(3a2j__53)^ZI 

1 1 . Multiply adb V^ by cdbrf^^. 

Ans. ac — *(fcfc:(arf+6c)V— 1- 

12. Resolve 25a*+165« into imaginary factors. See 
note p. 35. Ans. 502+46^^^ and fia^— 4*V^. 
or 463+5«V^ and 4ft3--5aV'^. 

13. Find the sum and difference of the fractions 

9 . and also of 

a— 6V— 1 a+ V— 1 ' 

fl+5^A^ flT--V--l 
a— V— 1' «+6v^^l 
^ _2«^ 2V=1 ,„^ 2(a»-ft2) 4gftv/~l 
a2+62' a2+62 a^+fe* ' a^+ft* ' 

14. Resolve a+6 into imaginary factors. 

.4iw. Vfl+W^ and V«— ^ft V^^. 

15. Find the cube of — J+Jy^ZTs and — \ — i\A^. 

Ans. 1. 

16. Divide 6^—3 by 2^—4. Ans. |V3. 

17. Simplify the fraction ^jw. \/^^ 

1-V-l 

18. Resolve 100 into imaginary factors. 

Ans. 6+8V^ and6— S-v/Hl or 8+6 V^ and 8— 6\/^l • 

19. Find the continued product of ar+a, ^r+av'— |, 
d? — a, and a? — aV — 1. Ans, x* a*. 
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a+ VlTi _ a2— fca+2a6V— I 

20. Show that ■■ o , ,» . 

a—hnZ—l a^+h^ 

21. Of what number are 24+7>/^ and 24— 7^^ 
the imaginary factors ? Ans. 625. 

2% Divide 3— V^ hy 2+3^^. ^4jw. -^>/^^. 

23. Multiply 6^^-\y 6^^^- ^.e^-^^^^^^- 

24. Raise e"^—^ to the »th power. ^4jw.e""^** 

26. Of what number are 20+15^^ and 20— 1 5 V^ 
the imaginary factors ? Ans. 625. 
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CHAP. VII.— SIMPLE EQUATIONS. 



SIMPLE EQUATIONS WITH ONE UNKNOWN QUANTITY. 

Art. 121. Dbf. I. A statement of equality between 
two expressions, is called an equation ; and the expres- 
sions are called the members or sides of the equation: 
thus, 45+^ = 2a — o is an equation, and its sides or 
members are 46+ <2 and 2a — c. 

122. SchoL The chief use of an equation is to enable 
us to express one quantity in terms of others. Hence, if 
one of the quantities in an equation be unknown, and the 
others known, by expressing the former in terms of the 
latter, its value is determined. It is customary to denote 
unknown quantities by the last letters of the alphabet ; 
while known quantities, if not expressed in numbers, are 
denoted by the first letters of the alphabet. 

123 II. A simple equation is one which contains the 
first power only of the unknown quantity, 

124. Pkop. L Any term may be transposed fiom 
one side of an equation to the other, if its sign be 
changed at the same time. 

Let ^-|-a=&, then x^=zh — a; for this is nothing else 
than subtracting a from both sides (Art. 28). 

Again, let x — a=&, then x:zzh-\-a; for this is nothing 
else than adding a to both sides (Art 27). 

125. II. An equation may be cleared of fractaoos; 
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by multiplyiiig all the terms hj the least common 
multiple of the denommators (Art. 63).* 

For, by this means, each numerator is rendered divisi- 
ble by the denominator^ (Art. 46, 48» 54), and (Art. 29) 
the two sides are still equal to one another. (See Example 

4, Art. 76). Thus, to free the equation, « + o + 7 = ^' 

2 u 4 

from fractions, multiply each term by 13, the least com- 
mon multiple of the denominators ; then we have 

in which the terms are integral. 

126. m. An equation may be cleared of surds, 
by transposing (Art. 124) the terms, so that each 
surd, in succession, may occupy one side, and the 
remaining terms the other side, and then raising 
each side to a power corresponding to the index of 
the surd. 

For (Art. 87, 31) the surds will be made to disappear 
successively, and each result will still be an equation. 
Thus, let 

then, by transposition (Art. 124,) 

N3^(«+*) = c—b ; 
and, by involution, 

«+^ = (c— 6)*, 
which is 'free from irrational terms. If there are more 
surds than one, the process must be repeated. 

* This may also be effected, but not so readily, by multiplying all 
the terms either by each denominator in succession, by tiie pro- 
duct of all the denominators, or by any conunon multiple of 
them. 
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127. Pbob. To solve a simple equation* (1) Clear 
the equation of fractions and surds ;* (2) transpose 
the known terms to one side, and the unknown terms 
to the other, incorporating like quantities ; (3) and 
divide both members (Art, 30) by the coefficient of 
the unknown quantity. 

EXAMPLES. 

1. Given 4 — 9x = 14 — 11^ to find the value of x. 
Transposing, (part 2 of the Rule, and Art. 124) we have 

11^— 9jp=14— 4; 
and, collecting the terms, 

2a:=10; 
therefore, by division (part 3), 

which is the required value. 

To verify this value of x, put 5 for ^ in the given 
equation, and it becomes 

4—45 = 14—55 ; 

that is, 

--41=— 41; 
or, 

41 = 41, 

by changing both signs (Art. 124), or dividing both 
sides by — I. 

When the two sides thus become identical, ^the value 
found for the unknown is said to be that which satisfies 



* That is, of course, when the unknown quantity is oootained 
in the fraotion or surd. Before oonunencmg the solution, we idaj 
sometimes simpUfj an equation, by transposing and inooxpoiatiDg 
like terms, or by division (Art. 30.) 
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the equation^ or for which the equation holds true.* 

2. Given, 3j?2+4^_.- 46a;+2^2 -, q, to find the 

value of *. 

Here, simplifying before clearing of fractions, (Note to the 

Rule) we have 

5-r^f_42 = 0; 

u 

then multiplying both terms by 3, 

15a^— ;r— 126 = 0, or 14^ = 126, 
and by division, ^ = 9 

^' ^^^®'^' 2^=3 "^ T' required y. 

This equation may be easily solved, by taking the sum 

and difference of the terms, and dividing the former of 

4v 20 
these by the latter. We thus find -^ = -r-, 

D 2 

or, 4y = 60, and y = 15. 

4. Given, — ^ : — : — : : 7 : 4, to find jf. 
2 4 

Since, in a proportion, the product of the means is equal 
to the product of the extremes (Eire. VI, 16), it follows 
that 

-f-X4=-^X7, 

whence, we easily find 

a? = 2. 

* It is of great use to employ this test frequently, la the solu- 
tion of equations. Thus, in the above example, if we had for- 
gotten to change the sign of 4, in transposing it to the right side, 
we should have had llx— 9x=18, or 2a:=18, and x=9; and, in 
attempting to verify this, we should have found 4 — 81=14 — 99, 
or 77^^f an impossibility ; which proves that 9 is not the true 
value of X. 
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5. Given, -^ + ^__ = .^L^, required ^. 

Multiplying both sides by 18, we find 

Q , ^ , 126a:— 522 ^ , ,^ 
«^+^+ -5^=12- = ^^+^^' 
therefore, cancelling 8^, and transposing 6, 
126^—522 
5^1^12 ■" 
Multiplying by the denominator, transposing and dividing, 
we find a: := (5. 

c n- ^ — 3 ^ — 4 ^ ^+1 . , , 

6. Given, — Qr-=^ T^ > required the 

value of a;. 

Reducing 2| and 6| to improper fractions, and perform- 
ing the division, we obtain 

2(^^^— 8) 3(^--4)_ ^+1 

~6 19 -^""S"- 

Now, 95 is the least common multiple of the denomina- 
tors; therefore, 

38(jp— 3)— I5(;r— 4) zz 285—19(^+1) ; 
or actually multiplying, 

38a>— 114— 15^+60 = 285—19^—19. 
Collecting the terms, 

42^ = 320; 
and 

Verify this equation. 

7. Given, 3.25;r— 5.007— ^ = 0.2— 0.34;r. 

By transposition, we have 

3.25^i^-;r+0.34if = 5.207 ; 
that is, 

a?(3.25— 1+0.34) =5.207; 
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nvhence, 

2.59x = 5.207, 



8. Given, ajc -ao^ = bx+ 



2a 
bx'\'4a 

Here, 4a is the least common multiple of the denomina- 
tors : multiplying by it, we obtain 

4a^x — Aa^ + l2ba: — 4aH^ =z4abs + Uba;—lOa^—aba; 

— 4a2; 

then, by transposition and addition, 

x{4a^—3ab) = 4aH^—l0a^ ; 
and by division, 

_ 4aH^—\0a^ _ 4ab^—l0a 

"*""" 4a^—3ab "^ 4ar— aft ' 

by reduction to lowest terms. 

ajp — b^ j^ax—^b 

9. Given, — r-r = c + ; required the va- 

j^ax+b c 

lue of X. 

In this case, before squaring, the equation may be sim- 
plified. The numerator of the first term is divisible by 
the denominator. Performing the division, there is ob- 
tained 

i/ax'—b 

h/ax — b = c -1 . 

c 

By transposition and reduction to a common denominator 

this becomes 

c{t^ax — ft) i^ax — ft __ 

c c 
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whence, separating the factors, 

{^ax — h) = c. 

c 

Dividing hy the known coefficient, and then transposing h, 

we obtain 

squaring both sides, and dividing by a, there results 



'=K'+^0" 



10. Given, Va+V^ = i/ax, to find the value of x. 
Transposing V^> su^d resolving the right member into its 
factors, we have 

Va = i/x{i/a—l) ; 
by division. 



Va—i 
and by involution. 



= V^; 



x = 



Wa—iy 



11. Given, r; rr = -, required x, 

j^a — ^{a — X) a ^ 

Employing the same artifice as is used in Ex. 3, we 
shall have 

a — X 1 — a ' 
Squaring this and then inTerting the terms, yre obtain 
g — X __ (1 — o)* 

or, 

1_ * = (!-«)'. 



a -(!+«)«• 
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by transposition, 



X ^ I — 2a+a^ _ 4a 



a" l+2a+a2 "" (l+tt)^' 
hence. 

The solution will not, in general, be simplified by th^ use 
of this artifice, unless when the unknown occurs only on 
one side. 

12. Given, l+-z= /i- +v(-^ + 4-)tofindthe 

value of X, 

Squaring both sides, and cancelling equal terms, we find 

Multiply the left member by x, and the right by its equal, 
^a;^, and there will be obtained 



squaring. 



Hence, 



x^ ^ ax^ a^ a^ ^ x^' 



12^ 

- = - and X = 2a. 

a X 



13. Given, >^(a+^)+^(a — x)z=b; required^. 
Since {a+b)^ = a^+b^+Sah(a+Ii) (Art. 87), we have 
in this case, 

a+x+a—x+S^(a^—x^).(^ii+^+^'^^)zzP ; 

but 

^a + .r + ^a — x = b, 
therefore 

2a+3b^{a^—x^)=ib\ 
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and 

by division, involution, and transposition, 

therefore 



X 



=y-*-(^T 



l;r. 



14. Let (3+y)- = ( lO+y^),- to find y. 
Raising both members to the 2»th power will give 

(3+y)2=10+y2; 

whence, y=J* 

15. Given (02+0)^.= (^^-~^)*; required. 

Involving both members to the 4th power, and clearing of 
fractions, we find 

(a2+c)^.rf(^+6) = a2+e. 

Dividing both terms by a^+c, that is, by ^(a2+c)', we 
find 

hence, 

_; 1. , 

'*'-rf^(a2+c) ^* 

EXBBCISES. 

I. Numerical Equations, 
Given Equations. Answers. 

1. ^+4=7 xzzZ, 

2.^—6=1 xzzl, 

3. 2+^—3+7=10—3 jr=:l. 

4. 07—2= ±8 ar=lO or— 6 

5.y-i=l y=i. 
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Oiyen Equations. Answers. 

6. 5+2jF+3=3+4r a;=— 5. 

7. ar+4±10=0 *= —14 or 6. 

8. 7—3^+8+0?= 12— 3jr+ 8 ^=5. 

9. 3a?+22=31 ;rz=3. 

10. 3x+6—-r+S= 16+^—4 x=z3. 

11. 5t;— 9+4z=0 rzri. 

12. 4+a^--5— 2^+2=5— 2^+6 ^=10. 

13. f— 1=0 *=6. 

o 

14. |— 3=d=li ^=9 or 3. 

15. a;+^x=l6 a;=8f. 

16. 5^—15— 2iP^— 6=0 ' *=7. 

17.4^+26=59—7^ ^=3. 

4 

18. — —or— 40+2;r=0 ^=25. 

19. 4r+18=3a>-6 I1J==^. 

20. 2;p— l=5a:— 19 6=^. 

21. 6^-i=J x=^. 

22. 19a;+13=f=59— 4df te=2. 

23. 5r+l5=— 3ar+35 ^=5. 

24. 4^+12=2^+21—^ ^r=:3. 

25. 2^--iar=6 ^r=:4. 

^ 1 1 

2^-6-6=7 • ^^'^' 

27. 2y-|y-i— 4=0 y=3f. 

^+4 
28.-^1 2=0 ^r=2. 

2^ ^ 

29. -^ + 7=22 ^z=24. 

o 4 

jp+4 ^ — 2 

30. -J- + -^=7 ..., ^=8. 

«, 24r+8 

31. -r-~- =6 *=2. 



160 SIMPLE EQUATIONS. 

Giyen Equations. Answers, 

32. 6(5^r— 6)— 4(44r— 5)+3(3^— 2)— 2ar— 16=0.. *=2. 

33. 10(^+1)— 6:r(i^)=23 *=2. 

34. 1+1+7—^=0 ^=15. 

o o 

35. K^«^)-}(t-^)=li^ *=''5- 

36. _£^ = i^-i2±5 .=5, 

37. — 7 = - :r=12. 

^'' '4 2 3 

38-f + f + f=13 -12. 

39. ^_f + |-44=0 *=60. 

40. |-8J=2(^-l)-^+lf «-8. 

41.0=11-^-4+?^ »=10. 

42. _l + f_f_f +f = *=12. 

^2 3 4^6 

43. ^^+^" = 66 *=I00. 

5 

«-4^-^=' -="• 

45. ?£!^_£+l+8=5 «-«. 

O D 

>.^ ^—5 , _ 284— a? ^ 

46. —r- + 6;r= — *=9. 

4 o 

47. 3a:-^ -^ = 5+ .ar=7. 

*''• 23 + 10 5 +^5^-^^ '-"• 

49 3^-f(l+^) l-^_ 2g+W - 

49. -^ +____ ,_2. 
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Giren Equations. Answers. 

^^ 10+:r 4ar— 9 , , , 

50. 2 ' — 7~-- ^^'^ ^='*- 

X i^2x-^)^{3x^l) _^ x^+2 
^^•30^5=^ •••• ^=^' 

«.=^+!5p=7-l±f ^8. 

54. S|+ ^-|+2^_2f^+13+| = .. a;=— 75^V 

eer — 5+df 2— df , ^ 25— d?2 

55 ! h4=: • xzz2, 

3 4 ^ 5+^ ^ 

^. 9^+20 ^ 44?— 12 

5o« — — ^— — ^— — ;:;:; .«••••••....•••■•• xzzom 

36 4 5* — i 

57. 7-*-f±i=6-^ ^3. 

t t 

,„ l&p— 19 , 11^+21 9ic+\5 

*^- —28— + ■6^+14-= -74— *=^- 

.«. ?^ + f±0£+«=0 .-. 

60. ?:^+ 100 = ^ + 3.86—1.. *= -^19.675 &c. 

lo 5 D 



II. Literal Equations. 

61. 5ir=a ^"T* 

62. | = 4rf y=4W. 

63. ay—h^zhy—c y = j— ^, 

4a+3c 

64. bx — 6fl=3e — 2a — ix * = ^ , . , 

5ac+36c 

65. dr — 6flc=36o — ^ar « = ■ ^ , ^ — . 
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Qirmi BkiuationB. Am«wk«8. 

*— 1 

66. 46— 3(fy+7=4rfy— ay+6+56 y = ii:7i- 

1 h ha 

67. -+-=c ^ = 

a z 



^^ 3a+if , 6 ^ 3 a— 6 

68. — -2- 6 =0 * = — i — . 

y g > jL 

69. 66+aar— l=6+74f+35 ............. «= ^_y , 

70a6— 3«c 

70. |«6+|oc— |c4f=fa(?+2fl6— 6cd? .. xz=, ^^^^ . 

71. 4a«+4««=:16a«— 16a^+4^ *=J«. 

72. x+-x+-xzzr ^ = ^.l^j.« ' 

a« — ha hx bx—a ^ ^^ . 

^^- ""■4~'"*"3'= 2 T" "^""30— 26 

74. — T— + — 1-=:6 jr= /— T 

^^- a+6+7 = ^ ''-aft+ac+^c- 

76. (4+*) (*+ar)— a(6+c) =j-+** *=T- 

". 2^-+T •■ -='• 

V—a* 
78. 6*+o : 4«+6=:3;i^J : 2*— « .... « = j^^j- 

_„ ax , c» , ex , (y-t-A)i4f 

'*• T + T+7~^ = * *-«rf/+6^+i&' 

80. 0— 6*-*=6+a*-« x = J^^- 

81. -±-+-i- = c , = V(1-^). 

6+a; 6 — X \ ^' 

2a-^ 

82. ar+l : jp— 1 : : a+26 : a— 36 4r=-^5p. 
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Given fiqiiations. Answebs. 



a6 
0+6 



84.f + :^ + f + f-* = 0. 
^;f dx fjp ' hx 



(ad+bc)fh+(eh+fg)bd 



III. Equations with surds. 

85. V^zra ar=a2. 

86. V(^+6)=3 07=3. 

87. V^i^— 7=— 3 ^=16. 

88. ^y+5=ll y=216. 

89. (4+^)* =5 ;f=121. 

90. (33^-5)* =(7— y)^ y=3. 

9 1 . V(^+»)=V^+« ar= J(fl2_2a+ 1 ) . 

92. sy{ax+b)=isy(cx+d) ^ = — -. 



93. v'(^+5)+3=8— V^ x=z4. 

94. v'l+V(3+V6^)=2 ^=6. 

95. v'(^+2)xV5=V5a;+2 ar=^\ 

96. (12+^)*=2+;r* x=:4. 

97. ^''(ll+VS^r)— 3=z0 jf=980. 

98. ^(2+x)+V^=^^^^ ^=f. 

99. V(^«^— a)=V^«^V« *=?^«- 

100. >C^{— l+>^(V7ar+2)}=:l ^=5f 

— ^ + x—a=:2x ^=l-a. 

a — X 

102. — -— =2L- ^-.^ — 

V^ X 1 — a. 
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Given Equations. Answbbs. 

103. V(«+^)+V'(«— ^)=* ^=iV(4a— 62). 

104. (7+.;)*+.r*=^~- ^=j. 

105. J [ll+J/_ia— V20+>C/(3^+25)]=3. «=200. 

106. (^+^)*— (^»^^)*=l(^y ••« ^=f|. 

.^^ 3ar— 16 , V3i^— 4 ,/. . o» V 

108. V(«+*)+V-' = V* ^= . o , • 



109. (^2_ft2)|--(a_4.)| ^ =; ^ 

110. (a+^)«+(fl— ^)t=3(a2^d?2)i ^ = fuv^5 

"■• ^■='+^-^ •• — • 

Vflwr+36"" Vap+56 ^""9 a 

^i^.^iziji-j ^-H^. 

1 14. (a+o?)" = (^+5flwr+ 6a)2« * ^'IT 

115. ^(l+^)+i^(l— ar)=^2 ^ = 1. 

^(^+l)+^(^«>-l) "* ^ ^' 

117. fHb£±Vl??f±f!) = 6« ^ = -1(6^1)^ 

a+x—^{2ax+x'^) • • • --^ 26^ ^ 

118. V(l— *)+V(l— ^+V1+*)=V(1+^) .•• ^=if 

119. V(l+«)^+(l— a>+V(l— «)^+(l+«)*=2a. 

120. (««—*«)* +;r(fl«-.l)*=fl2(l—^)* ..*=(J=^y. 



SIMPLE BQUATIOKS. 165 

GNlTen E^oations. Answers. 

h c ^ 4bc /*+A 

121. v-r-+V-^=S?^-T^-2 ^ = 4l~l 

^a+xa—a: a^—a^ \b—c/ 






SIMPLE EaOATIONS WITH MORE THAN ONE UNKNOWN 
QUANTITY. 

128. When, in the expression for one unknown quan- 
tity, another unknown quantity occurs, it is plain (Art 
122) that the value of the former cannot be determined 
unless that of the latter be known. Thus, the equation 

ax+by = c 
being solved with respect to a:, gives 

a 
where, since a, b, c, denote known quantities, x will de- 

* Ninnerical equatioiu of such general forms as Ex. 7% 75, 79, 
84, may readily be solved by substituting particular numbers for 
the letters, in the value of x : thus, if the equation 

T + ll" ■*■ ^■|^-36« = 0. be given, 
we have by substitution in Ex. 79, 
_ (866+0)x 860_ 366X3 60 366X20X18 _ 366X20 ^ 
*■" 270+168+660 1098 "" 61x18 61 

6 X 20 == 120. 

1302+1221 2523 29 



280X87 '~24360'~280 
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pend for its value upon y ; so that, whatever value is as- 
signed to y, X will assume a corresponding value. 

Again, if the equation be solved with respect to y, it 
will give 

c — ax 

and y being expressed in terms of x, it will be dependent 
upon it, and may have an unlimited number of values, 
corresponding to those assigned to x. It is plain, there- 
fore, that other conditions must be given, in order to 
enable us to determine the value of either unknown* and 
consequently that of the other : such conditions are given 
by other equations, which hold true simultaneously with 
the given one, and are hence called simultaneous equations. 

To illustrate this, let us take the equation 
^+y=12. 

Here, the only condition laid down is, that the sum of the 
two unknowns must be 12; and it is obvious that the 
equation can be satisfied by a great many numbers ; 



If*=6, y = 7 


If«=16, y = — 4 


x = 2. y = lO 


*= — 3, y=15 


* = 1. y=:U 


»= — li. y = 134 


* = 3i. y=8| 


* = 8. y = 4 


;r = 2i, y = 9J 


* = 14f y = — 2^ 


&c. 


&c. 



Let us now introduce another condition, namely, that 
the difference of the same unknown quantities must be 4, 
or that 

x—y=z4 : 

then a; and y become at once determinate, and are respec- 
tively 8 and 4. If the equation a — y = 4 be considered 
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by itself there is an infinite variety of numbers which 
would satisfy it. Thus, 

If* = 20, y=16 If ^ = — 3, y=z — 7 

^=7, yz=3 a:= — 1^, yz=— 5^ 

Jt = i, yz=— 3^ a?z=8 yz=4 

&c. &c. 

Among all the above solutions, there is only one, 
namely or = 8, y = 4, which satisfies both equations at 
once. 

129. When each equation contains a separate condition, 
not fulfilled by another equation, nor derivable from it, the 
equations are called independent. Thus the equations 

^ + y=12, jp — y = 4, 
are independent of one another, as they involve separate 
conditions : the equation 2ar + 2y = 24 does not involve 
any new condition, separate from that given by ^ -f* y = 1^« 
and is not therefore independent of it 

In like manner, in the following equations, 
^ + 2y — 35r= 15; 
3ir — 4y + r = 5 ; 
4^ — 2y — 25r=z20; 

the first and second involve separate conditions, but the 
third is the sum of the other two ; it contains therefore no 
new condition : it is not independent, and consequently 
is of no use in determining the values of the unknown 
quantities. 

From this we may conclude, that in order to determine 
the values of unknown quantities, there must be as many 
conditions as there are unknoum qtiantities, and therefore 
as many equations as there are unknown quantities,* 

* If the independent equations be fewer in number than the 
unknown quantities, there are too few conditionB ; and if they are 
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130. Pros. I. To solve simple equxttions containing 
two unknown quantities, (1) If the coefficienta of 
one of the unknown quantities be not the saine in 
both equations, multiply or divide one or both equa- 
tions by such numbers as will render those coeflScients 
the same ; (2) destroy the terms thus rendered iden- 
tical, by adding or subtracting the equations, and one 
of the unknown quantities will be eliminated ; (3) from 
the resulting equation, find the value of the unknown 
quantity whicli it contains ; (4) then the value of tiie 
unknown, which was eliminated, will be determined, 
either by repeating a similar process upon the given 
equations, or by substituting, in either of them, the 
value of the unknown already found. 

1. Given, 2:i7-|-y=35 

5;r— 3yz=27. 
It is here obvious, that if the first equitation be multiplied 
by 3, y may be at once eliminated. Multiplying, we find 
6:r-|-3y=105; 
5^— 3y= 27; 
adding we have 1 1 x=. 1 32 ; 

therefore, ar=12. 

But, from the first equation, yzzdo — 2x ; 

more numerous, they may give conditions which are impossible, or 
incongruous, that is inconsistent with one another ; and, when 
differently combined, may give different values of the unknown ; or, 
though tjiey should not happen to give such conditions, they are 
not required for the solution, and are therefore useless. 

In a series of connected equations, it is not necessary that each 
equation should contain all the unknown quantities which are to be 
determined : but merely that each equation of the series should 
give a separate condition. 
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whence, y=:36 — ^24=11; 

substitution being in this case the more simple method. 
2. Given, 6je+7y=20\, 

8aF—Sy=lS7. 
Here, to eliminate y, multiply each equation by the coeffi- 
cient of y in the other, and there will be obtained 

15^+21y=603, 

564^-2 ly=959 ; 
adding, 7l«=:1562; 

whence* x=:22« 

But, from the second equation, 



y=- 



3 



176—137 39 ,„ 
y=— 3— =y=13. 

3. Given the equations 

-3-4+iy+ar=8-Jy+^V 
*y+i^+2=^-2a?+6. 
Here, 12 and 6 are the least common multiples of the 
denominators; therefore 

8^— 48+6y+124r = 96— 9y+l, 
y— 3.ir+12 = 1— 12*+36. 

By reduction, these become 

20^+15y=145, 
9x+y zz 25. 

Dividing the terms of the first by 5, and multiplying those 
of the second by 3, we obtain 

4x+3y=:29, 
27ar+3y = 76. 
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Taking the first from the second, the remainder, 
23ar = 46, 


gives 

but 

therefore 


^ = 2; 

y = 23—9^, 

y = 7. 




BULB II. 



131. (1) Find an expression for either of the 
unknown quantities from both the equations ; (2) 
and since the unknowns have the same value in each, 
equate the two expressions thus found, and from 
the resulting equation find the value of the unknown 
quantity which it contains ; (3) substitute this value 
in either of the expressions before found for the 
other unknown. 

BXAMFLE. 

1. Given, 2ar+y = 35 

5ar— 3y = 27 

to find the values of x and y. 

The solution will be more easily effected by finding y 

from both equations : this gives 

y = 35—2^, 

5^r^27 
and y = — ^ — ; 

5^p— 27 
therefore 35— 2:r = — - — ; 

whence we readily find 

or =12. 

Substituting this value of x in the first expression for y, 
which is the simpler, we find 

y = 35— 24=11. 
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If we first find x from both equations, we shall have 
35— y _ 27+3y 

whence y = 11 . 

Then, by substitution in the first expression for x, 
_^35_ll_ 
x^ 2 " 

BULB III. 

132. (1) Find an expression for either of the un- 
known quantities, in one of the equations ; (2) sub- 
stitute it instead of that unknown in the other 
equation; (3) from the resulting equation, find the 
value of the unknown quantity which it contains; 
(4) and the value of the other will be determined by 
substitution. 

EXAMPLES. 

1. Given, 24r+y = 35, 

54r— 3y = 27. 
From the first, 

35— y 
x^ 2 ' 

putting this in the second, we have 

5X^^— 3y = 27. 

by multiplication, 1 75 — 5y — 6y = 54 ; 
whence 121 =z lly, 

and 1 1 = y ; 

consequently x = — - — =12. 

2. Given, x+yz=:a. 
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Here, from tihe first equataon* 
which being put in the second, gives 

or a^ — ^2ay+y' — y* = ^ »' 

whence a^-^^ay :iz h, 

and y = — - — ; 

then, by substitution, 

X = a -T — : 

2a 

by rediietion> 

a2+6 



JTZZ- 



2a 



BULB IV. 

133. (1) Multiply one of the equations by any 
assumed quantity ; (2) firom the product, subtract 
the other equation; (3) and, in the^*esult, assign 
such values to the assimied quantity as will make 
first one, and then the otiier, unknown quantity 
vanish. 

Given, 2^+3y=2d, 

6x—2y = 10. 

Multiplying the terms of the first by an assumed quan- 
tity, m, we have 

^mx+Zmy zz 2dm ; 
from this take 

6x—2y^ 10, 
and there remains 

(2m— 5)jF+(3m+2)y = 23m— 10. 
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Now, m being arbitrary, we may take it such that or 
shall vanish : we may therefore put 2m~r5 = ; whence, 
2m = 5, and m = 2^ : we shall therefore have 

(5— 5>+(3x2i+2)y z= 23x2^—10 ; 
or simplifying 9jy = 47J, - 

that is, 19y = 95; 

whence y = 5. 

Again, to make y disappear from the same equation, 
we must have 3»i+ 2= ; therefore m = — f ; hence, 

(— |-5)ir = — V^-10; 
by addition, 1 9ar = 76 ; 

whence ^ = 4. 

134. With respect to the comparative advantages of 
these different methods, it may be observed, that the first 
is in general the most convenient : the second and third 
almost always give rise to fractions, from which the re- 
duced equation must be afterwards cleared. In the first 
method, also, the addition and subtraction can be per- 
formed, when the coefficients are not large numbers, at 
the same time with the multiplication or division, which 
shortens the process considerably. The fourth method 
will often be found the most expeditious. 



JBJkBttUlSitB. 

Given Equations. 


Answers. 


1. .v+y=:5, 


xrz'3. 


*-y=l. 


y = 2. 


2. ^+y=19. 


^= 7. 


y — jei= 5. 


y = l2. 


3. 3^— 2y = 14, 


ar=8. 


x+ y = 13. 


y=z5. 
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4. 4^+2y = Sfi, 
2x^ y = 3. 

5. Sy+6a =: 15, 
6jr— 3y= 9. 

6. 5y— 5a? = 15, 
3jF+5y = 71. 

7. — 4^+3y=:13, 

2y— 6^ = — 8. 

8. 5a^— 2y+4=0, 
4^+y— 28 = 0. 

9. 10*z=2+2y, 
4y = 20—4^. 

10. aop+by t= c, 

dx+fy=:h, 

11. ^+y = ir 
;r— y=:rf 

12. 3*+2y = 4 
4y— 3*+l=0 

13. axzzby, 

*+y = c 

14. 5r— 2xr = i, 
6-?— 6f; = 5. 

15^ x+ny=p 
y+na = ^ 



ar=: 



jra4. 

y=5. 

* = 2. 

y=\. 

x= 7. 
y = 10. 

x= 5. 
y = ll. 
«= 4. 

*=!. 

y=4. 
ah-^ 

y=:i(»-«0- 

y=i 

o+i" 

z = j. 

'-Sin- 



x:^'- 
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Qirm Equations. • 




Amsvebs. 


16. i + J=7. 




«=10. 


3^3 




y= 8. 


17. 3x— 7 = 4+«+y. 




y=103. 


2y+79 = 5*. 




«= 67. 


18. px+y = l. 




l+i»' 


*-?y = 2. 




1— 2p 


19. 2«+.4y=1.2 




*=.02. 


3.4«^.02y = .01 




y = 2.9. 


20. ttx+bg — n. 




4n — m 


46y— 2ojr = m. 






21. x+l=Vi^+2y-l) 
y+l=V(34r+y») 




* = 3. 
y = 4. 


„„ 100—* 100+y 
22. 3 - _ 4 




*=10. 


60— « 60+y 
4 ~ 7 




y=:20. 


23. *+8y = 194. 




«=16. 


1+8* = 131. 

o 




y = 24. 


24. (*+5)(y+7) = (*+l)(y- 
2«+10 = 3y+l. 


-9) +112, 





25. - + - = a " ~ 



* y >»a — nb' 

n , m . m^ — n^ 

-+-=6 y = -T • 

X y mb — na 
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Giyen EqoationB. * Answers. 

26. - + - = m, jc=: . 

* y nh—md 

^ , rf hc^ad 

X y ^ mc^na 

27. ^4-^+^=1, ^-j^. 

2 - 6x+32,+3 +2.^ = 3. 

V(6+ar):V(6-^)::3:2 3^ = 2. 

29. 2^+3y = ^, ^ = |« 

O 4 

^ 6a 

30. 1 + 1-7 = 3, * = i. 
2 2 

2(«+«) 

3* — 1 
32. — ^+3y-4 = 16. y_5. 

b+y Sa+*' - 3a 

<ijc+2by = c. ^_ 3aa— y+g 

36 
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GiTen Xigiutions. Amswbu. 

^A K . o (8a— 26 )a6 ab 

ab^ 

^ + |+lf!4«>-|-24:i8i:8i. y = 4. 

36. x+y = 18.73, x = —38.084. 
0.56»+13.8121y=: 763.4. y= 66.814. 

37. «+y:a::*— y:6, * = J(«+6V^- 
«*— y' = c, y = i(«>— *V^. 

38. 4c* = cy — 26, sszr—. 

be 

'^q A*_S41 4y+13«_12£+8 

, , 2l-4y 18«+18 „i , 

40. Z±t:6 + l2^ = 3^i3-*_3j^ ^^^ 
3a?+4 : 2y— 8 : : 6 : 3. y = 9. 
74? , ^ Sy+6 3«^2 

41. —5- 8 =^~16 '' = ^- 
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Given Equations. Answers. 

42. 4+ ^^ =y+ ,.=7. 

3 y+7 - 6y+27' ^" * 

4a>~2y+3 la— ar+53( ^ 3^ i « 7 

43. ^ ^^ = ^_^_|_7^^. 

2^j,+15:y-2^+15::|-| + |:|-| + ^. 

^=18. 
3^ = 24. 

^ y __ ^ abc(ab+ac — be) 

45. ^^—^(20— or) = V{2/—^) 

V(y— ^)+V(20— ^) : V(y— ^) =5:3, or = 16. 

y = 25. 



135. Pros. II. To solve simple equations containing 
three uriknovm quantities. 

RULE I. 

(I) Eliminate, by the rules of the last Problem, 
one unknown quantity fi*om two of the equations : 
(2) and then the same unknown from the third 
equation, and either of the other two; (3) and firom 
the two resulting equations, find the yalaes of the 
two unknown quantities which they Contain. 
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EXAAfFLBS. 

I. Given, 5x—Sy+42 zz 16, (1) 
7j:+4y—Sz=\9, (2). 
2ar+ y+6z = 46. (3) 
Here z will be most easily eliminated : to effect this, mul- 
tiply equation (1) by 3, (2) by 4, add the results, and 
there is obtained 

43^p— 2y=121. (4) 

Again, doubling (2), and adding the result to (3), we find 
16^+9y = 84. (5) 

Solving (4) and (5) by any of the Rules of the last 
Problem, we find 

ar = 3, y = 4; 
and hence, by substitution in (3), z ziz 6. 

2 Given, ar+2y— 32? = 16, (I) 

3a^-Ay+ zz= 6, (2) 

^+3y+3« = 40. (3) 

Frona equation (1), 

or = 15 — 2y+3z ; 

which being substituted (Art. 132) in (2) and (3), gives 
45 — 6y+92 — 4y+ 2=5, 
15_2y+32r+3y+32 = 40. 

By reduction, these become 

\0y—\0z =: 40, 

or y — z = 4, 

and y-¥^z = 25 ; 

whence we find (Art. 130) 

2=3, yi=7, 

and therefore 

^ = 10. 



180 SIMPLE EQUATIONS. 

3. Given, x+y+z=:29, 

From these we find 

;p = 29— y— «, (I) 

X = 62— 2y— 3«, (2) 

^ = 20— Sy— i« (3) 

Equating (1 ) and (2), and also (I) and (3), and reducing, 

we find 

y+22f = 33, 
2y+Sz=:6^; 
from which we deduce 

2 = 12, y = 9. 
Hence 

BULE II. 

136. (1) Multiply two of the equations by any 
two assumed quantities ; (2) from these products, 
subtract the remaining equation ; (3) in the result, 
assign successively such values to the assumed quan- 
tities as will make two of the unknowns vanish at 
once ; (4) in the expressions for the unknown quan- 
tities deduced from the three equations thus found, 
substitute the values of the assumed quantities, det^- 
mined from the condition that the coefficients must 
vanish ; and the values of the unknowns will be ex- 
hibited in known terms. 

EXAMFLBS.. ' . 

1. Given, as+by+cz=:d, (1) 

afs+b^y+(/z r= <r, (2) 

af's^+l/'^+</'zzzdf\ (3) 
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Multiply the first by any assumed quantity, m ; the second 
by any other quantity, n : then adding the results, and 
subtracting the third equation, we find 
{am + afn—a")x + (6m+ l/nr-¥)y + (cm + diir-e')z = 
dm+d'n—d". (4) 

Since m and n are arbitrary, they may be taken of such 
value that or and y shall vanish from this equation. Now, 
in order that this may take place, their coefficients must 
become zero ; that is, we must have 

am+afn = af\ (5) 
bm+l/n=zb'\ (6) 

On this hypothesis, equation (4) will become 
{cm+(/n—</')z = dm+c^n—d'^ ; 

dm+d'n—d'' 

whence, z = j— ; r-.* 

cm-^cH — (t' 

From equations (5) and (6) m and n can be readily 
determined by any of the Rules of Prob. I. : these 
values are 

^- ai/—a'b ' 
a¥—a% 



By substituting these values for m and n in that of z, and 
then reducing, the latter becomes 

_ d{h'a''—a'U')+d'{aV'—h(^')—d'Xa}/—ha!) 

Again, to make w and z vanish, we must have 

cm^(/n = cf'. 
On this supposition we find, from equation (4), 
{hm-\'Vn—h")y = rfm+d'w— d''; 

R 



182 6IMPLE EQUATIONS. 

the values of m and n, in this case, are 
~ ac/ — fl'c 



n=: 



ac/ — fl'c' 



Substituting these as before in the value of y, and re- 
ducing the compound Action, that value becomes 
_ d{d€l'—dd')'\'d\ad'—C€l'y-d'\ad—CQl) 

Lastly, to make y and z disappear, we require the 
conditions. 

Proceeding as before, we shall find 
dmJ^d'n—d!' 

and by substitution of the values which m and n have in 
this case 

_ d{dV'—yd')^^{hd'—cW)—d"{W—cV\ 

137. These three formulse may be put under more 
S3rmmetrical forms, by performing the actual multiplica- 
tions, arranging the terms with respect to the accents 
upon a, and so as to make the terms alternately positive 
and negative, and by changing all the signs in the nume- 
rator and denominator of the values of x and 2r, whidk 
will not alter those values : the forms thus deduced are 



x-zz 



_ dbfd'—ddV'+cd'hf'—hd'd'+hdd^—cVd" 
- aVd''-adr+cc^V^—ha*d'+hd<^'—cb'c^'* 
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_ adf(/'—a(/d''+oa'd!'—di^(/'+dei^'—cdfaf\ 

^ - aV</'—acfW+c(^W—bc^(f'+b(/d'—€Va!'' 

EXAMPLE. 

Given, 7jF+5y+2« = 79, 

8^+7y+92 = 122, 
a?+4y+5;2r = 55, 
to find X, y, z. 

Comparing these with the three general equations at the 
beginning of the last Art. we perceive that in this case 
an 7, 6=z5, c = 2, d=79; 
0^ = 8, y=7, c' = 9, d'=122; 
a" = l, ft" =4, c^'=5, ci" = 65. 

Substituting these numbers in the general formulae, and 
actually multiplying, we have 

_ 2765— 2844+976--3050+2475— 770 _ — 448 _ 
^— 245_ 252+ 64— 200+ 45— 14""— 112"" * 

The values of the two other unknowns, having the same 
denominator as that of or, are found more readily : they 
are 

y = 9, 2 = 3. 
When one unknown is thus determined, the others may 
be found by the Rules of Prob. I Art. 130. 

138. Either of the Rules of the last Problem may be 
applied, with slight modifications, to equations containing 
four or more unknown quantities. Thus, by Rule II. 
each of the given equations, except the last, may be mul- 
tiplied by an assumed quantity, as m, », p, &c. ; and from 
the sum, the last being subtracted, m, n, p, &c. may be 
determined .so as to make all the unknowns but one 
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vanish. The value of each may be thus found ; or, accord- 
ing to Ri^e I. the unknowns may be eliminated one by 
one. This latter method is generally to be pre£erred to 
any other, in solving particular examples. 

BXAMFLES. 

1 . Given, 2s—3y+2z =13, ( I ) 

4«— 2^ = 30. (2) 
4y+2;r=14, (3) 
5y+3« = 32. (4) 

Here it is evident that, if the difference of (I) and (3) be 
taken, z will be eliminated ; this will give 
7y— 2jr=l; (4) 

and that, if equation (2) be multiplied by 3« and equation 
(4) by 4, and the difference of the products taken, u will 
be eliminated : we thus get 

20y+6^=38. (5) 

Combining this equation with (4), we find 

and jp = 3, ' 

also 4« — 2ar = 30 ; 

hence we find, by substitution, 

« = 9, and z = 5. 

2. Given, 7;r— 2z+3« = 17, (1) 

4y— 2;r+^=ll, (2) 

6y—Sx—2u = 8, (3) 

4y— 5«+2^ = 9, (4) 

Zz+Su = 33, (5) 

Here, eliminating z from equations (1) and (d), we find 

21«+25ii=117: 



SIMPLB BQUATIONS. 185 

whence, by division, 

117— 25i« 

Substitutiiig this value of or in equation (3), we obtain 

_ 117— 25« . _ 
5y = 2u = 8 ; 

which becomes, by reduction, 

35y+ll«=173. (6) 

Again, in order to find another equation which may be 

combined with this one, so as to determine either « or y, 

substitute in equation (2) the value of z, deduced from 

equation (5) ; and, after reduction, there will be obtained 

12y+16«+3^ = 99. 

Combining this with equation (4), and eliminating t, there 
is obtained 

12y+41ii=17L (7) 
From this last equation and (6), we readily find the value 
of « to be 

11 = 3; 
whence, from (6), 

y = 4; 
also, from equation (5), 

;r = i(33— 24) = 3; 

from equation (2) or (4), 

t=l; 
and from (1) or (3), 

EXBRCISBS. 

Givai Equations. Akswbbs 

1. x+y— ar = 23, * = 20. 

^i>— y+;2r=17, y=15. 

x+y+X=:47. zzz 12. 
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Given EquatLoiiB. 

2. x+y+z:=zBS, 
y— ar+tr = 23, 
z — X — y = ]. 

3. ^+y+z=3l, 
4r+y — z = 25, 
X — y — 2= 9. 

4. x+y+2 = 29J, 
^+y— z=18j, 
X — y+z = 13 J, 

5. j?+ y+ ^= ^s» 

jF+2y+3;2r=107, 
3P+Stf+4z =z 137, 

6. JF+2y+;2r= 16, 

3 + 2 + 6- ^' 
24r+4y^-3;^= 7. 

7. t;+4«+3w=18, 
3v— 2«+4tt;= 11, 
4v+6u — 5to= 1. 

8. 2t;+4ti— dto = 22, 
4t^— 2«+5w =z 18, 
6t;+7i« — tt; = 63. 

9. ;r+y=10, 
a;+z:=z 19, 
2f+z = 23. 



10. 



iP — J2r= 1, 
2y+ ;8r=ll, 
2«+3y = 23. 



AN8WVB8. 

y=ii. 
a;=zl7. 

jr = 20. 

y= 8. 

2= 3. 

^=16. 
^ = 23. 

y= 6. 

zz=l2A, 
x = 3. 
y = 4. 
;?=5. 

t;=l. 
t( = 2. 
ii>=3. 

t;=3. 
11 = 7, 
trz=4. 

jr= 3. 

y= 7. 

;7=:16. 
^=10. 

y= 1. 

5f5= 9. 
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CAr&k Sqnations. 

11. ^+ y+ ^ = 30, 

Sx+4y+2z = 50. 
27^+9y+3;2r = 64. 

12. 48f+12y+7^=zl28, 
7z+ 3y+3^= 60, 
5i?+ y+6ar= 68. 

13. Az—6y=:36, 
1x—^y = 22, 

2j2r+ ^ = 68. 

14. 3j:— 4 l-^9y+8;2r = 0, 

— ^ar+4y+20+2;2r = 0, 

liar— 7y— 37— 65r=0. 

15. 35f = 2a;, 
2ar+y = 34, 

y+;2r=18. 



ANSWERS. 

y = -7. 
;2r = 36i. 

;2r=z3. 

y — 6. 

or = 8. 

y=17. 
ar= 8. 
;2r=5 30. 

xzz 2. 
^ = -3- 

;8r= 1. 

Jr=zl2. 
3^=10. 

z- 8. 



16. ^+2;2r = 21. 





^+'-^.= 


:— 66, 




3*+y— «_ 


38 




2 




17. 







or = 24. 

yzz 9. 
;?= 5. 



^ —- — — , , 

fl + ft — c 

2 

a 



;2r = 



ft+ 
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Given Equations. 

20. myzznx, 
pzTizqx, 
«+y+z = a. 

21. ajF+6y=:c, 
ete+ey=/, 
^+A^ = /. 

22. ar+3^ = a, 

y+^ = c.t 

23. J?— 9y+3;ar— 10« = 21, 
2^+7y— ^— « = 683, 
3ar4.y4.5;zr+2« = 195, 
Ax—Gy—2z—9u = 516. 



Anbwxbs. 
ar = 2. 

5^=4. 

;^=6.* 

^=12. 
^ = 20. 
^ = 30. 



0? = 






c^-y 



ae — W* 
fl/" — erf 

a{eU--fg)-d{hl—cg) 
h{ae—bd) 

X = |(a+6 — c). 



^=100. 

y = 60. 

i^ = — 13. 



* ThlB eqnation may also be solved by substituting for c» h, Ac. 
in the last equation, their numerical values in this one, 

t This equation is most easily solved, by subtractiEhg each equa- 
tion severally from the half sum of the three, 
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G^w9n Equations. 

24. x--^ = 2, 

X — z = 3, 



25. 



^ 



= 1, 



= 2, 



xss 

-^=3. 

26. 5a?— 1 Vy+ 13^y;^r = 22, 
4^+ 6Vy+ o^z = 31, 
V2f+ ^z= 2. 



27. 9x^^2z+u = 41, 

4^--3aH-2ic = 5. 
3j^— 4tt+3/=7, 
7z— 5ti=ll. 

28. xtf=za(x+y) 
xz = i(a;+85) 
yz = c(y+^) 



Answers. 
;r = 7. 
y = 5. 
;2r = 4. 



;r = 



or = 



z = 



12 
7 • 
12 

z — —\2. 



xzz 1. 
3^= 4. 
;?=z27. 

or = 5. 
y = 4. 
;2r = 3. 
K = 2. 

r=l. 

2adc 
ac+6c — ab' 

2abc 
ab+bc — ac' 

2abc 
ab^ac — be' 



29. x{x+y+z) = tf2 



3^ = 



A/(a^+b^+c^y 
b^ 

A/ia^-]-b^+c^y 
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Given Equations. 

30. a;ifz = 2d\, 
an/wzz 420, 
yzw = 1540, 
a;zw= 660, 



Answers. 

zzzll. 
w = 20. 



31. Shew that the following equations are not sufficient 
to determine the unknown quantities contained in them, 
either from being incongiruous, or not independent. 



1. Sa^2y=z\4. 

6^—4^ = 28. 

3. 6x+9^=:27. 
8a?+ 12^ = 36. 

5. x+^+4z = 9. 
Bx—2y+l7zzz25. 
x+l4y—zzzU, 



a;+y = 7. 
3ar+3^ = 30. 

x+i^ = 7. 
3;j;— y= 1. 
x+2y = 10. 

2x+3y — »= 16. 
5a?— 2y+7z=i2l. 
Sx-'dy+Sz = 12. 



7. 3a?— 2y+5« = 14. 
2x+y — 8z = 10. 
8a?— 3y+28 = 38. 
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CHAP. VIII.— QUADRATIC EQUATIONS. 



QUADBATIC8 CONTAINING ONE UNKNOWN QUANTITY. 

Art. 139. Dep. I. A quadratic equation, or an equa- 
tion of the second degree, is one in which the unknown 
quantity is in the second power. 

140. II. A quadratic which contains the second power 
only of the unknown quantity, is called a pure quadratic ; 
while one that contains both its second and first powers, 
is called a compound or adfected quadratic. Thus, a pure 
quacfaratic is of the form aa^-zz db 6 ; while a compound 
quadratic is of the form a^^db ^^ = db c. 

141. Schol. It is usual to regard as a compound quad- 
ratic, any equation which contains two such powers of the 
unknown quantity, that the index of one of them is double 
that of the other ; that is to say, any equation of the 
form a4?^"dbftar*= dbc* 

142. III. That quantity which is independent of the 
unknown, is called the absolute term of the equation : 
thus, in the above equations, c is the absolute term. 



* A simple equation is often defined to be one which contains 
only one power of the unknown quantity ; and hence those equa- 
tions which contain more than one power are called compound. 
In this view, all pure equations of the second, third, &c. degrees, 
are considered simple equations, and solved as such. We hare, 
however, considered them as belonging more properly to another 
class of equations. 
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143. Pbob.L To solve a pvre quadratic. Simplify 
the equation by applying Art. 127, and extract the 
square root of both members. 

For, the general form being 

ax^ = dbc, 
where c represents the aggregate of all the known terms, 
we have by division, 

x^ zzdkz - and a? = db / ± - 
a ij a' 

EXAMPLE. 

Given, / — r-^ + / r = 4, to find the value of x, 

itj x+2 nj X — 2 

Squaring both sides we have 

— + ^ + 2=16; 

clearing of fractions and transposing, there is obtained 
12^2 -64. 

whence 

V12 V3 3^ 

144. II. To solve a compound quadratic, 

RULE I. 

(1) Simplify the equation, by applying Art. 127 ; 
(2) divide both members by the coefficient of the 
higher power of the unknown quantity ; (3) add to 
both sides the square of half the coefficient of the 
lower power of the unknown quantity ; (4) extract 
the square root of both sides ; (5) and, from the 
resulting simple equation, determine the values of the 
unknown quantity. 
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The reason of this rule maybe explained as follows: 
dividing both members of the general equation 

by a, and putting, for brevity, 

I c 

we obtain 

x^dtzpx 1= dcg'. 

Now, the terms of the left member are plainly the two 
first terms of the square of a binomial, whose first term 
is X (Art. 97) ; and since fx is twice the product of the 
two terms of the binomial, the second term must be ^ .- 
the square of this is Jp^ which, being added to both sides, 
gives 

The left member is now a complete square ; therefore, 
by evolution, and Art 96, we have 

;r±^ = ±V(±y+ip2) . 

and^by transposition, 

X = =Fip±V(±^+ip2.)^ 

Since ^, and the quantity under the radical sign, are 

• T^ equation cur* db 6ar = =h c, is no less general than =t ax* 
zfcr *jr = db c ; because, if the first term be negative, it can be 
rendered positive by changing the signs of all the terms. 

t This formula, expressed in words, gives the following rule : 

Having prepared the equation as in (1) and (2) of the rule 
in the text ; to the half coefficient of the lower power of the 
unknown, with its sign changed, annex by the signs dtz the square 
root of the sum of the absolute term, and the square of the half 
coefficient. 

Thus, if it be required to find x firom the equation xS-^lOtx = 24, 
we have p = 10 and q = 24, and therefore x =: 5zbV (244-25) = 
5± V49 = 5±7 = 12, or — 2. 
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both affected by the double sign, it is plain that the above 
general fonnula includes the foUoTving cases ; 

1. When x^+pjp = +q, or =: < or 

l-ip-v(j+ip^). 
, iP+V(g+ip'h 

2. When x^-^x = +y, ar = < or 

ip-v(?+ip»). 

;-ip+v(-?+^») 

3. When orArVx = — g, ^ = ^ or 

• v(-?+^) 

. iP+V(-j-Hi»») 

4. When «*-tP* = — j, am^ or 

ip-V(-y+ii»») 

In the third and fourth of these general values, if ip^ < ^j 
the quantity within the vindulum will be negative, and 
therefore (Art. 96) the values of x will be impossible, or 
imaginary. The first and second forms will always give 
real values. 

EXAMPLE. 

Griven, 

— + -^+6i = 1^+20-— > 

to find the value of x. 

Here, applying parts (1) and (2) of the rule, we find 

^2+8^ = 33 ; 
then (3) the square will be completed by adding to both 
sides the square of the half coefficient of x, that i 16 : we 

thus get 

;i:'«+8^+16=33+16, 

or 

^2+8iP+ 16=49; 

hence (4), 

^+4 = db 7 
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and (5), 

^ = ±7 — 4; 
therefore, 

jF= + 7 — 4 = 3, 
and 

;p = — 7 — 4 = — 11. 

Applying the rule in the note, we have 

jr=— 4=bV(33+16)=— 4dbV49 = — 4=b7=3, or —11. 

Verifying this equation, we find 

9+24 = 33, 
and 

121—88=33. 

RULE II. 

146. (1) Simplify the equation, by applying Art. 
127 ; (2) multiply both members by four times the 
coefficient of the higher power of the unknown quan- 
tity ; (3) add to both members the square of the 
ooeffident of the lower power of the unknown quan- 
tity, in the original equation ; (4) extract the square 
root of both sides ; (6) and, from the resulting simple 
equation, find the values of the unknown quantity. 

The reason of this rule may be shown as follows : 
resuming the general equation 

(wr^ ztzbxzzdtzc, 
and multiplying both members by 4a, we obtain 
4fl^^2db4a64r = =1= 4ac. 

Now it is plain, as in the last Art., that if 6^ be added 
to both sides, the left wiU be a complete square : we thus 
get 

4a^af^±Aaba;+bf^ = d= 4ac+b^ ; 
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and by evolution, 

whence, by transposition and division, 
_ qF6=iV(=i=4(ic+5^) 



* This method of solving quadratics is taken from the *' Hja 
Ganita," a Hindoo Treatise on Algebra, of the date of about the 
beginning of the thirteenth centmy, and made known in Europe, 
through a translation from a Persian copy, by Mr. Edward 
Strachey, of the Bengal Civil Service. An account of this curious 
work, and of another treatise on collateral subjects, called " The 
Leelawuttee," wiU be found in Dr. Button's Mathematical Tracts, 
vol. n, pp. 161-179. 

Subsequently, Dr. Thomson, having never seen or heard 
of the Hindoo mode of solution, published, in a Belfast perio- 
dical, the following rule, which, though the demonstration of 
it is the same as that in the text, is yet^ in a practical point of view, 
quite different from the Hindoo rule, as it gives the vahiesofx 
without any intermediate work, such as comi^eting the square, 
extraoting the root, &c. It was not till several years after that 
Dr. Thomson became acquainted with the Hiadoo method. 

** Reduce the given equation to the form ax^-^-bx := c ; then, to 
And Xf to the coefficient of the second term with its sign changed, 
annex, by the double sign =ii:, the square root of the quantity 
obtained, by adding together the square of that coefUcient and four 
times the product of the absolute term and the coefficient of the 
first term ; and divide the whole expression thus obtained by twice 
this last-mentioned coefficient." 

Applying this rule to the equation 3r'-{-5r = 42, we have at 
once 

_ -^±^(25+504) _ — 5dbV529 _ --5db23 _ 
*— 6 "^ 6 — 6 "" 

3, or— 4|. 

The second rule may also be inunediately derived from the first. 
Putting the original equation imder the form 

o I 6 I c 

a a 

and completing the square, by adding to both sides the square of 
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EXAMFLB. 

Given. a?2+§a?— 3=25^, to find the values of x. 
Simplifying part (1), we have 

3^+2^=85 ; 
then (2) multiplying by 4x3, or 12, we find 

36a?3+24a?=1020, 
and (3) 

36x2+24c+4=1024; 
hence« by evolution (4) 

6a?+2 = db32; 
therefore 

6j: = 30, or— 34, 
and 

a? =5, or — 5§. 

Applying the Rule in the Note, we should have 

—2dbV( 1020+4) — 2zfc32 . 
^ = g =___ = o,or-5f. 



the half coefficient of ar, that isg-, we obtain 



a 4a' a 4a' 

hence, by evolution, 

2a a 4a' 

Adding the fractions under the radical sign, extracting the root of 
the denominator, and then transposing, we find 

^ _ qF^=iV(±4flc+6') 
2a 

The following method of deriving the same formula, will be a 
useftd exercise in managing surds. In the original equation ax^ 
zt:bx = ztx, it is plain that a«'^(xv^a)' ; so that the first term 
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146. By employing the first of the two preceding Rules, 
fractions will be introduced into the operation, whenever, 
in equations reduced to the form x^zk:px = ± ^, the co- 
efficient o or - is odd or fractional. In such cases the 
^ a 

second Rule should be used, as fractions will not occur 
till the last. The first Rule is preferable when, in equa- 
tions of the form ax^dnzbx =z ±c, a is a large number, as 
the operation by the second Rule is then tedious and 
troublesome. 

MISCELLANEOUS EXAMPLES. 

1. Given, 6x — 30 = Sjt^, to find the values of x. 
By transposition and division, 

^2— 2jr=— 10; 

therefore by Rule I. 

^2_2ar+l=— 9. 

of the binomial is x^/a : also that bxz^(x\/a X r-r- ) X2 ; so that 

h h^ 

the second term of the binomial is —-- : hence, —.will complete 

2Va 4a 

the square ; we therefore have 

^ '^ 2-v/a 4<1 4a 

hence, by evolution, 

_.2Va 4a 

Transposing, and dividing by t^a, we find 

and by reduction, 

=Ez6dbv'(±4ac4-62) 

'= 2^ 

the same as by the two former methods. 
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By evolution^ 

or— l=dbV(-9); 
whence 

both of which valaes are imagmary, as is obvious from 
the general values 3 and 4, Art. 144. 

2. Given, 5^+4jir z= 25 ; required *. 

Here Rule II. is to be preferred ; therefore, 

100^^8+80^+16 z= 6 16. 
Evolving, transposing, and dividing, we have 

X = r^ = 1 .87516 . . or —2.67156 . . . 

3. Given, v^(;p + 21) + >C^(;p+21) = 12, to find the 
values of x. 

Completing the square, we have 

V(a:+21)+>J/(a;+21)+i= 12i=V J 
by evolution, 

vn*+2i)+i=dbj, 

whence 

>J/(^+21) = 3, or —4 ; 

whence 

X = 60, or 235. 

^. 3jr — 10 6jf2 — 40 

4. Given, 3^r — — =2+-- r-, to determine a?. 

Multiplying by 2x — 1, and simplifying, and again by 
9 — 2x, and simplifying, we find 

8;r2— 124^ = — 368; 
by division, 

;pa— — 0? = — 46. 
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Appyling Rule I. which is in this case the simpler^ we 
find 

o 31 961 ,, , 961 225 

2 ^ 16 -^"T^ 16 - 16 ' 



by evolution, 
whence 



31 ^15 

4 4 



^ = 4, or 11|. 



5. Given, ^+"^[^1 I] - (^—2)8, to find the values 
JF — V(^2 — 9 J 

of a;. 

Here (Art. 117), 

by evolution. 






o 
Taking the right member positive, and making various 
reductions, we find 

Ar2— 8^ = — 15; 
which gives xzz6, or 3. 

Again, taking the right member negative, and reducing as 
before, there results 

Szt^lV"^ 
^ = 5 •' 

these two values are imaginary ; the two others are real. 

6. Given, 24r2+3^— 5V(2a?2+34r+9)+3 = 0, to findjr. 
Here the quantity imder the radical sign exceeds the 
quantity outside of it, by 6 ; therefore, if 6 be added to 
both members, the first unknownte rm wiU be the square 
of the second : adding, we have 

2;p»+3^+9— 5^(2^2+3^+9) = 6 
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solving this equation by the usual method, aad then 
squaring, we have 

2^a+3j:+9 = 36,orl. 
The first of these gives 

;p = 3, or — 4^ ; 
and the second, 

^= -^ • 

7. Given, ^*— 2^+;p= 132. 

It is plain that the equation will not be changed, by 
adding je^ to the left member, and then subtracting it; 
this gives 

a^— 2x^+0;^— a;^+x = 132, 
or (;p2_^)2_(^2_^) 3- 132. 

Solving this equation, we find, for the two values, 

a?2— or = 12, and x^—a; = — 11 : 
the first equation gives 

^ = 4, or — 3 ; 

1±V43V(— 1) 
the second, ;f = — ^ . 

8. Given, (^3-^;)*+ (a«_^)*= ^'. to find *. 
By transposition, 

(--S)-?=-("--p)^ 

squaring, transposing, and reducing by Art. 75, we find 
2^2 .f^A_a\ . x^—a^ , 

-vy(-^5-)+^r-=«. 



X' 

that is. 



x^ V(a?* — fl*)H ' — = 0. 
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which is a complete square. Evolving, transposing, clear- 
ing of fractions, and squaring, we find 

a^x^ = x^ — a* ; 
whence, x^ — a^x^ =s a*. 

Solving this quadratic, we find 

and 

^1 ± V5> 



'=-V(^> 



9. Given, 1 = - ; required the values of x. 

X a — X c 

Q jp 

Multiplying all the terms hy , and transposing, we 

find 

(a — x\^ b a — x^ 
X / c' X ^ 

Completing the square, and extracting the root, we have 

X 2c 2c ' 

therefore, 

2ac 



""2c+6dbV(62+4c2)' 

49^2 4s 5 

10. Given, — 1- -^ —49 = 9+ -; required x. 

4 ^ w 

Here, it is easy to see that the square will be com] 
on both sides, by adding-^ : this gives 

X* 

49a?2 49 6 1 

— -49+^=9 + - + ^; 

evolving and reducing, we find 

7*2—6* = 16, and 7x^+ex = 12 : 
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the solution of these two equations gives 

4? =2, or — f ; 
and 

SB = ~^'^^ — = 0.949 . . , or — 1 .8062 . . 



EXEfiCISES. 

I. Ture quadratics. 
Given Equations. Answers. 

1. 2|^— 1=8J *=db4. 

o 

2. ^+^2-,i26 ar = db6. 

.A 

3. ^+ofezz5^2 ;r = ±iVa*. 

4. ^2— 17 = 130— 2af2 ar = db7. 

5. 3^2— 4 = 28+ar« jr = db4. 

6. ;r2_6^+9 ^ 25— 30^+9^« ^ = 2. 

7. y2 — 9^6 y = db3a3. 

8. .+^{a3+^)=-^,f!-3-^ . = ±_|. 

o+V(«*— ar»)~ 1+6* 

v(o+«)— •(«—«) ~ "ft'i+r 

11. ar»— 2*+l=9 «=4,or— 2. 

,2. ^;f+;;+^f =9 .=i. 

V(4«+ 1) — ^4^ 



II. Compound quadratics. 
Given Equations. Answers. 

1. JT*— 6^ = 56 ^=11, or— 5. 

2. 5^^—10^ = 75 ;f = 6, or —3. 

3. 2*2+32^+110 = * = — ll.or— 5. 
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Given Eqiutions. Answers. 

4. 2jf2— 3^ = 54 a? = 6, or — 4i. 

5. 6a:2— 44? = 156 s=ze,OT—^. 

6. 3;r2— 5« = 2 4r=2, or— }. 

7. ^— 13a:+40 = ^ = 5,or8. 

8. 6a;^+6a; = 4 x = J, or — |. 

9. a?»+16jp+48 = * = — 12, or--4. 

10. *3_204?+84 = *=14,or6. 

11. 4^—20^ = 336 4r=12, or— 7. 

12. 2a?3+3;l^— 2 = ;r = i, or— 2. 

13. jr3+12ar+35=r0 a:=— 5. or— 7. 

14. 8;p2 — 48^ = — 180 4?= 10, or 6. 

15. y2~y+3 = 45 y = 7, or-^. 

16. 6^2_5-i.+ i=o ^ = i, orj. 

*7. J-^ + i = i ^=i,or-^. 

18. 6^2+36ar = 600 a? = 8, or— 15. 

19. jF2_8-ir=14 ^=4d=V30. 

20. _+3i = -+8 ;r = 3,.or— 2i. 

21. — +350— 12i? = 4?=70,or50. 

22. *^— ^^ = 1^ 4; = i. or— J. 

23. a? rr^=2 ;r = 2, or^. 

24. 17*2+19^=1848 ^ = 9^, or 11. 

25. 4? = 1+— arz=ll,or— 10. 

X 

26. 2*2+26^+40 = — 20 jp = — 10, or— 3. 

27. 6y2— 33^^+45=0 y = 3,or2i. 

28. 3ar— i^2-io jr = 6±2^(— 1). 
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Girea Equations. Answebs. 

29. 2;r«+15 = 3x ^^8=fcV-lll 

4 

30. 4r2— 4?=11342 ;p = 107, or — 106. 

31. a?2— aiF+19=13 .... ^=z 4. 732.., or 1.268... 

32. 4^— ?5l=^— 46 = ar=:12, or— 1. 

J? •* 

4x J? — 5 4ar4-7 
''• T+1^2^^ . = 3,or-8.7. 

34. 24r«— 31ar+14 = — 1 ^=15, or^. 

4^ 

35. -;r- +ar—50J=t429i ar = 20, or --30. 

o 

^^- 1^=3^ ^=14,or-10. 

„^ 16 100—9* „ ^ . «, 

37. ;^ 3 = * = 4.or2iV 

38. — —+?— 6 = X = 1.14. ., or —0.34. 

39. (*+6)«— (a?+6)2 = (a?— 2)» .... * = 7, or— 1. 

^- i:^-4:6=ii *=8±v6oi. 

41. jr+2V^=24 4?= 16, or 36. 

42. 2«*— 7«a— 99=0 x:=z3,or f~. 

43. V««+V«3 = 6^« a? = 2,or— 3. 

^' l+vS"="v^ ;•• ^=^'^'^^- 

46. V*3 — ^2V* = * «=4, orl. 

46. *a+13+^(jp»+13) = 66 .. ^ = =1=6, or ±V51. 

47. .£+2—1^=0 x = 4,or-^J. 

48. ^t/*+^>^«« = 6 « = 32, or— 243. 

T 



58. 
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Giyen Equations. Anbivsm. 

49. (j^-^)»— 3(a>-6)l = 40 . . . . ^ = 9, or 5+(-^)t. 

50. jr^— 4jr"=10 * = <^(2 =b V14). 

51. jr«+3*»=:810 *=8,or^^^5a 

52. f_:^-22i = ^ = 49.or'ft. 

53. 5;r«—90ar'— 270=945 ^=3, or ^^ 

54. ^*— 74a?«+1225=0 jr = db 5, or db 7. 

55. ^— x^=a 4?= /-^--^'^- — I— ^• 

56. ;r2— %?ar— j=0 i?=|>dbV(pH?)- 

57. ?+- — H=0 ^=l=tV(l-Hi«). 

a X a 

2^(a — x) a - , 

3a— 2jr 4 * » a 

59. =z2ax — cx^ « z= 

c e 

60. x^—7x^=z8 ar=2, or— 1. 

b^-2 

^^' .A_.=JL ^=49,or25. 

x—5 20 

62. x*—2x+eA/(x^—2x+6)=z\ 1 . . 4?=!, or ldt:2VJ5. 

63. V(^+5)=^^Ji^ ^=4,or-21. 

64. 3*2_^-.3io4^* ^=64. or (— V)^- 

65. 3j?2 +8*2— 240^=1762 .... ^=4ii=tV(16a2+3ft^). 

66. V^+W«-^)=V6 x = ^^^^^5=±). 

^„ ^ . , , «c=bV(a*c*— 4fl6) 

67. -+i^"^=c ^= 5 — • 



75 
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Giyen Equations. Answers 

69. aa+2V{n^^+naa;^)=:ni3x-'\),.af=z -^or-^ — 

12a 

71. V(«+*)+V(fl— *)=5;^^^^q:^ .. a? = fa, orf« 

n p 

72. w^ar^ — mnX'^'pqx — ^»p=0 ^=:-» or 

73. v^(2iP+7)+v^{3^— 18)=V(7j?+1) .. ^=9, or — 3f 

74. f±:i^ = f!=f .=4,orl 

-4 i: -I /— 6zhV(4ac+5^)\ | 
. ew? ' — 6af ' = c ^ = 1 ^g 1 

,4fl3_^» 

76. ^(^-a3) = ^6 ^=i*=*=ynr25" 

77. v'^— 3^=40^-* 4?=4, or(— 5)t 

78. .«r+V* : x^^^x : : 3V»+6 : 2t^x a?=9, or 4. 

80. (^p-.2)2— /— (a^2)«— a: = 90. 

5db3V— 3 
^*. a; = 6, or — 1, or . 

81. a?+5=V(^+5)+6 a? = 4, or —1. 

82. v'C^+eoj+vC^^+Q) = 

2V(a^+60a;«+9ar+540)+89 ^^^ ^^ _5 

• V(a;+60)+V(^^+9) 

« . * 6 

83. . . ., -,4 



6=fcV(J*— 2aJ) 
^•"•^^ 
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QUADRATICS CONTAINING TWO UNKNOWN QUANTITIES. 

147. The following form is the most general under 
which quadratics with two unknown quantities can appear. 

Now, if we eliminate a?^ from these equatbns, and 
deduce an expression for ir. that expression will containy 
and y ; and, therefore, when this expression is substituted 
in either of the original equations, the resulting equation 
will contain y^, y^, and y: hence, the solution of the two 
given equations implies the solution of an equation of the 
fourth degree. But when the first powers of the unknowns 
are wanting, and the equations have the form 

oar^+han/+cy^=:d, 

they can be solved as equations of the second degree. 
Besides these, there are equations of various forms whicli 
can be solved by applying the general rules of eKmination 
already laid down. There is not, however, any general 
method of solution, which will apply to all equations 
of this class : their solution is effected by adopting various 
artifices of analysis, which wiU be best illustrated by 
particular examples. 

Such equations are caUed komoffeneous, each term on the left 
side being of two dimensions with respect to the unknown quan- 
titles, (Art, 17). It is worthy of remark, that if equations be 
given homogeneous, every step in the process of solution, if it be 
correct, wiU give a homogeneous equation ; and thus a simple test 
IS afforded of the accuracy of the various operations. 
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EXAMPLES. 



1 . Equations of the fonn 

in which the unknowns are similarly involved, will be best 

resolved by putting 4r = Zf, deducing two expressions for 

y*, equating them, and clearing of fractions : in this way 

we get 

(/dz^+l/d2+f/d=ad'z^+bdfz+cd\ 

or (a'd—ad')z^+(l/d-^d')zzzcdf—(/d. 

This quadratic will give z; y and x can then be determined. 

2. Equations of the form 

ar+fzza, (1) 
^y=6, (2) 
may be solved as follows : 

From the square of (1), subtract four times the nth 
power of (2), extract the square root of the remainder, 
and there is obtained 

combining this with equation (1), we find 

3. Equations such as 

x+yzza, (1) 

^+y»=fe, (2) 

may be resolved by cither of the foUowing methods : 

From the cube of (I ) subtract (2), and there remains 

3x^y+3ay^=^a^—^, 



or 



3(ar+y)*y=3fl^y=a3— 6 . 
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hence, 

03—6 

X = .• 

Say 

and by substitution, transposition, and division by 3a, 
therefore (Art. 144), 



^ a M — a* 

^""2 J ^Y2a 
hence. 

Otherwise put ^ = v+2, y = v — z ; then, substituting 
these in (2), we find 

, fr— 2t;» 

2* = — » 

6v 
and 

^ /ft— 2©3 

therefore, 

/ft— 2t;3 /ft--2©« 

Now, 

;r4-y = 2v=:a; 

therefore, 

a 
" = 2= 
hence we have 

4fr— fl3 



or 
and 



-2 V 3a ~2 V 12a ' 

a /4ft— fl^ 

y=2=^y-i2S- 



QUADRATIC EQUATIONS. 211 

This mode of solation is not applicable to powers above 
the fifth, as a cubic equation would be produced. 

4. Given, ^+y : » — y :: 13 : 6, 

By a well known property of proportionals, 

2^:2y:: 18:8, 
or 

^ :y :: 9 : 4; 
therefore, 

4r =: 9y, and x^^~ 
4 

Substitnting this in the second equation, we have 

j^«+^=25; 

whence (Art. 144), 

y = 4, or— 6^; « = 9, or— 14^. 

5. Given, 15f±y==3, (1) 

9«^9y = — 18. (2) 
From (1), 

10*+y = Zxy, 
and from (2), 

y=*+2; 
then, by substitution and transposition, we have 

3j?2— 5^ = 2 ; 
whence (Art 145), 

ar=2, or— 1-; y = 4, or^. 

6. Given, a?*— 24r3y+y« = 49, (i) 

^<— 2^yHy— ^+y* = 20. (2) 
Equation (2) may be put under the form 



y = 
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Solving this quadratic, we find 

x^ — y^ = 5, or —4 ; 
also from (1), 

x^ — y = =i= 7 : 
by subtraction, 

y*— y = 2, or— 12; U, or — 3. 
Solving this quadratic for these four values, we find 
y = 2, or — 1 ; x = ±3, or db V^. 

2 ' tj 2 ' 

ldb3V5 _^ /16±3V6 

y=— ^ "==^y— 2— _ 

y = 2 ;a.=±y=— ^ . 

7. Given, ^2^.y24.ar4.y — i8, (1) 

2^y=12. (2) 

Adding the two equations, and solving the quadratic 

which results, we find 

af+y = 6, or— 6; (3) 

hence, from (1) 

^«+y2=13,or24; 

from this taking (2), and evolving, we have 

a^-y = ±l, or=h2V3; (4) 

combining (4) with (3), we find 

or = 3, or 2, or — 3=i=iv/3 ; 
and 

y = 2, or 3, or — 3 qp V 3. 

8. Given, xy'\-xy^ = 12, 

X'\'xy^ =18. 
Equating the expressions for x, deduced from these tvo 
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equations, dividing by , and then reducing and trans- 

posing, we find 

2y»— 5y = — 2; 
whence, 

y=2. orj; 
and therefore, 

or =2, or 16. 

9. Given, a?*+^=34;, (1) 

d+f/^ = x. (2) 

From the square of (2) subtract (1), and in the remainder 
substitute for yi an expression deduced from (2), and b}' 
transposing and dividing, we shall obtain 

JT— ari = 2; 

which gives 

^ =: 4, or 1 ; 
and therefore, 

yzrS, orO. 

10. Given, Vy+V^ ' Vy — V^ • • V*+2 : 1, (1) 

From (1) 

therefore, 

V^+Vy = *+3V*; (3) 

and from (2), 

y + Vy— V^ = Ss+v^+Vy : 
by transposition, 

y-^Vf—V*y = ar+V*. (4) 
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The addition of (3) and (4) gives a quadratic; solving 
it, we have 

Vy+l=±(2V^+l); 

whence, 

Vy = 2V*# and Vy = — ^*^^ — 2. 
From the first of these values, and from (3), we find 

whence, a:=l, 

and therefore y = 4. 

From the second value, and (1), we obtain 

—i^x—1 : —S^jt—2 : : ^/jr+2 : i, 
or 

V^+2 : S^x+2 : : V*+2 : 1 ; 
hence, 

3Va?+2 = 1, 



and therefore 

whence 

and 


EXBKCI8B8. 




I. 

Given Equations. 
1. »+y = dx—3y. 


Pure quadratics. 


ir = 4. 
y = 2. 


2. »y+y> = 126. 
5y=2«. 




* = ±I3. 


3. *«+y* : **— »* : 


:17:8. 


ys3. 


4. ic—y:</x—/y'. 
t/xy =: 16. 


:8:1. 


* = 2«,or9. 
y = 9or35' 
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Qirea Equations. Answers. 

5. — 5— f-5-^=7, jr=6. 

^^-^-^=9. y = 3. 



II. Compound quadratics. 
Given Equations. Answers. 

1. 4jty = 96— ary, a? = 4, or 2, or 3dbV21. 

ir+y = 6. y = 2, or4, orSqFVSl. 

^— y = 2. y==3, or---j%. 

3. ^—^=4, "^ ^=2, or 5. 

^^^7+2^ y=:6,or3. 

4. jr+4y =14, ar = 2. or —46. 
4^^2y+y = 11. y = 3, or 15. 

6. iT+y = a, jr = 2LL 1£. 

xy=6. ^^ a:^,/(a2-46) 

6. or+y = fl, ^ = 2iv^ L. 

• « , « a=F^/(2c--fl2) 
ar2+y2 ^ c. y^ 2 ' 

7. 6r«— 6*y+2ya = 12, y = ±3,or±-lp. 

vol 

3jr«+2^— 3ya = — 3. jr = db 2 =f -^. 

v31 
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Given Eq[iistiOBB. 




Anbwebs. 


8. 


^2+03^=12, 




*=±3.or±l. 




xy—2y^ = 1. 




3, = ±l.or=bij. 


9. 


(ir+5^)^ = 144, 
(ar--y)y = 14. 




y=:±7.orv^. 


10. 


a^+yS — a-^^ 




0— 2i 




^+» = 25, 




0—25 


11. 


a?y=6. 




«=:3, or2. 
y = 2,or3. 


12. 


a?+y=20, 
^+y8=2060. 




«=ll.or9. 
y5=9,orll. 


13. 


*+y = 24. 




or = 9, or 15. 
y=15.or9. 


14. 




or = 9, or 6j. 
y = 4,or6i. 


15. 




280, 


y = l. 


16. 


jF— y = 8. 
jf*— y* = 14660. 




^=11, or— 52. 
y = 3,or— 60. 


17. 


JF— 3^ = 2, 

^a 85—36^ 




jF = 6, or 1.7. 
y = 3, or --S. 




y« 9y 


18. 


r«+3^ = 152, 
^i|-^3 =: 120. 




«=:5, or3. 
y = 3, or 5. 
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Given Equations. 


Answkks. 


a:«-Hy«=41. 


y = A.orV~. 


20. ;r+y+ar=:21. 

«'+y*+«* = 189. 


X = 12, or 3. 
y = 6. 


y* = ;r«. 


* = 3, or 12. 


21. *»+y= 17060. 
*+y=10. 


«=3. 

y=7. 


22. ^•♦''rzy-. 


._4«+l=F^f8a+n 
2 



23, 2**— 3^+3ya - 5, 
3*«+ay— 2y» = 12. 
V(y'+1)+1 _ ^(;p+9)+3 



-1^^^(80+1) 
■^ 2 • 

* = ±2,or±f£^29. 
y = ±l.ord=^v'29. 



24 







y = 



_ 3±jv/105 



6 
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CHAP. IX.— SOLUTION OF PROBLEMS. 



Art. 148. The object of an algebraical problem is 
to find the value of some unknown quantity, by means of 
the relations which it bears to others that are known ; and 
since equations have the same object (Art. 122), it is plain 
that problems may be expressed by equations. In order 
to effect this, the data of the problem, or the known quan- 
tities, and the required or unknown quantities, are denoted 
as is explained in Art. 122 ; and the same operations are 
then performed on these quantities, as are described by 
the conditions of the problem. It is, of course, assumed, 
that these conditions must be such as to establish a mutual 
dependence between the known and unknown quantities, 
and as to be expressible by means of the ordinary opera- 
tions of Algebra. With respect to the number of equa- 
tions which the conditions will give, it is sufficient to 
refer to Art. 129. 

The chief difficulty in the solution of a problem con- 
sists in adapting the operations to be performed to the 
conditions given by the problem ; that is, in the reduction 
of the problem to algebraical language. For this, how- 
ever, no fixed Rule can be laid down ; and it must there- 
fore be learned by practice.* 

* Considerable difBlculty is often felt in the first attempts to 
translate the conditions of a question into algebraic language. To 
remove this difficulty, the Miscellaneous Exercises, pp. 56, 57- 
have been given, chiefly by way of preparation for this chapter. 
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When it happens, from the nature of the question, that 
fractional parts of an unknown are to be taken, it will be 
better to represent the unknown by such a multiple of 
Xy y, &c. as will avoid fractions. The answers which are 
obtained should be verified by trying if they will fulfil the 
conditions of the problem. 

MISCELLAKBODS FBOBLEMS. 

1. What number is that, whose half exceeds its third 
part as much as 7 exceeds the number itself ? 

Let dr represent the number. 
Then the excess of the half above the third of the number, 

is - — - ; and the excess of 7 above the number itself 
2 o 

is 7 — X : therefore, by the conditions of the question, we 
have 

X ' ^ ^„ 

which gives 

To avoid fractions, we might take 6ar for the number ; we 
should then have 

3a?— 2^ = 7— 6^; 
whence, 

or = 1 , and 6a; = 6 ; 
the number required. 

2. Of a bequest of £4755, B got three times as much 
as A, C as much as A and B together, and D as much as 
C and B. Required the share of each. 

Here, the other shares being expressed in terms of A's, 
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let X represent A's share ; then B's is 3^, C's is xA^Zx, 
and D's is 4r+3;r+3^ .• then, by the question, we have 

^+3^+^+3^+4?+34r+34r = 4755 ; 

which gives A's share £317; B's, £951; C's, £1268; 
D's, £2219. 

3. If a steam-carriage, starting from London, travel 
26 miles per hour ; &nd one from Liverpool, 24 miles per 
hour ; in what time will they meet, and what distance will 
each have travelled, the distance by the railroad being 
supposed to be 200 miles. 

Let the number of hours required be x. Then 26ir 
and 24^ are the respective distances travelled ; therefore, 
according to the data, 

26;r+24^ = 200; 
whence, 

^ = 4. 
They meet in 4 hours ; and the distances passed over are 
104 miles, and 96 miles. 

4. If A can do a piece of work in a days, and B in 6 
days ; in how many days will they do the work, if they 
both work at it together ? 

Let X be the number of days. Then, in one day, A can 

do - of the work ; and B, - : therefore, in x days, they 
a o 

X X 

can do -, and t> of the work. 
a 

Therefore, representing the whole work by 1, we have 
the equation 

a ^ b ' 
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whence, ' x = — 7-7 ; 

from which particular solutions may be deduced. 

5. How many gallons of spirits, at 9 shillings per gal- 
lon, must be mixed with 20, at 13 shillings, so that the 
mixture may be worth 10 shillings per gallon ? 

Let or be the quantity at 9 shillings. Then 9^ shillings 
is its price. 

Also, the whole quantity is ^+20, and its price is 
10(2;+20) shillings; and 260 shillings is the price of 20 
at 13 shillings. Then 

9a?+260 = 10a?+200; 
therefore, 

^=60; 
and the whole quantity is 80. 

6. A person being asked the hour, answered that it was 
between 5 and 6 o'clock, and that the hour and minute 
hands were exactly together. What is the time ? 

Let X = the time past 5. Then, as the minute hand makes 
12 revolutions for one of the hour hand, we have 

12: 1: :6+ar:4r; 

whence, the time is easily found to be 27' 16^" past 5 
o'clock. 

7. A general, ranging a division of his army in the form 
of a solid square, finds he has 34 men to spare ; but, in- 
creasing the side by one man, he wants 59 to fill up the 
square. How many men had he P 

Let X and or -|- 1 be the numbers of men in the sides of 
the two squares ; then, 4r*+34, and ^2^2;r+l — 59, are 
the numbers of men in each. Hence, we easily find the 
number of men to be 2150 ; and the numbers in the two 
sides» 46 and 47. 
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8. There is a number consistmg of two digits, which 
is equal to four times the sum of those digits ; and if 9 be 
subtracted from twice the number, the digits will be in- 
verted. Required the number. 

Let the digits be x and y : then the number is 10^?+^) 
and the number inverted is 10y+*, Therefore, by the 
question 

10j;+y = 4(d?+y). 
and 

2( 10j?+y)— 9 = lOy+or ; 
from which two equations we find the number to be 36. 

9. A merchant sold a quantity of brandy for £39, and 
gained as much per cent, as the brandy cost him. Re- 
quired the price of the brandy. 

Let X = the price of the brandy ; then de39 — x is the 
gain. Also, 

39—0? : or : : ^ : 100 ; 
whence, 

:r2 = 3900—100^, 
or 

;p2+ 100^ = 3900. 

Solving this quadratic, we find 

X = 30, or —130 ; 
the price is therefore dESO.* 

• This negative value shows (Art. 5), that the question must be 
modified. It will be as follows : 

«* A merchant sold a quantity of brandy, by which he hti £S& 
more than the first cost, and found that his loss was as much per 
cent as the brandy cost him. Required the price.'^ 

The equation will now be 

a:« = 3900+100ar; 
and the values of x will be 130, and —30 : the price is therefore 
£180. The value — 30 shows that this question must be modified ; 
when the conditions are changed, it will, of course, be as in the 
text. 
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10. A rectangular bowliBg-green is of a certain size ; 
and if it were 5 feet broader, and 4 feet longer, it would 
contain 116 feet more ; but if it were 4 feet broader, and 

5 feet longer, it would contain 113 feet more. Required 
its length and breadth. 

Let X = the length, and y = the breadth ; then the 
area =: ^^. Also, 

(^+4)x(y+5)=^y+116, 
and 

(^+5)x(y+4) = ^+113; 

from which we find 

4r = 12, y = 9. 

11. A vintner sold 7 dozen of sherry, and 12 dozen of 
claret« for £50 ; and finds that he has sold 3 dozen more 
of sherry for £10, than he has of claret for £6. Required 
the price of each; 

Let ar= the price of a dozen of sherry, in pounds; 
then — = number of dozen of sherry for £10, and 

X 

3 = number of dozen of claret for £6 : therefore, 

X 

6 -T- ( 3} = the price of a dozen of claret. Hence, 

X 

72^ 
7^+ — — ;r- = 50, From this we find that the sherry 

was £2, and the claret £3. 

This might also be solved as follows : Let the prices be 
X and y : then, by the question 

7x+l2y = oO, 
and 

X y 
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Deducing two expressions for x from these two equa- 
tions, equating them, and solving the resulting quadratic, 
we find y = £3 ; and therefore, from the first equation, 
4? = £2. 

12. The fore- wheel of a carriage makes 6 revolutions 
more than the hind-wheel, in going 120 yards ; but if the 
circumference of each wheel be increased one yard, it will 
make only 4 revolutions more than the hipd-wheel in the 
same space. Required the circumference of each. 

Let X and y be the number of yards in the circranfer- 

r^v ,. 1 .1. 120 ^ 120 120 ^ 120 

ences of the wheels ; then and — — r# and — r-r. 

X ^+1 y y+1 

express the number of revolutions of the wheels : we hare 

^, , 120 120 ^ ^ 120 120 ^ _, 

therefore =z 6, and = 4. From 

X y dT+l y+1 

the first of these, we find xy = 2^x — ^20y ; from the se- 
cond, xy = 29^? — 1 — Sly. Equating these two, deducing 
an expression for x, and substituting it in the equation 
xy = 20(jF — y)t a quadratic is obtained. Solving it, we 
find y = 4, and therefore j? = 5. 



1. What number is that whose half and third part to- 
gether are equal to 20 ? Ans, 24. 

2. What is that number whose quadruple exceeds its 
half by 14? ^jw. 4. 

3. What number is that, the double of which increased 
by 6, is equal to a P Ans. i(fl-4). 

* The questions which are solved in general terms, should be 
illustrated by examples with particular numbers. 
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4. What number is that from whose doable if a be 
taken, the remainder will be 5 P Ans. iia+b), 

5. What number is that, -and T of which together are 

a b 

equal to c P An8» — — - 

6. My coat and hat together are worth £3 10s.; but 
the latter is only one-fourth the value of the former. 

Ans. The hat is worth Hs. the coat worth £2 I6s. 

7. Divide 56 into two parts, having the ratio of 11 to 17. 

Ans. 34, 22. 

8. Divide £150 between two persons, giving the one 
£14 more than the other. 

Ans. The shares are de82 and £68. 

9. What is that number, from whose treble if 4 be sub- 
tracted, three-fifths of the remainder will be 12 ? Ans, 8. 

10. Divide £300 among three persons, giving the se- 
cond £9 more than the third, and the first £15 more than 
the second. Ans. The shares are £89, £98, £113. 

Solve this question in general terms, by putting 300 = c, 9 = a, 

15 = 6. 

c - 2a— b C'\-a—b c+fl+26 
Ans. The shares are — r > — g — » g 

By means of these solve such questions as the following : 

1. A cask which holds 100 gallons Ib flUed with a mixture of 
wine, water, and spirits ; there are 15 gallons more of wine than 
of water, and 25 gallons of spirits more than of wine. 

Ans. Water 15, wine 30, spirits 55. 

2. Three workmen. A, B, C, were cutting a drain 159 perches 
long, of which B cut 15 perches more than A, and C 24 perches 
more than B. How much did each cut? 

Ans. A cut 35, B 50, and C 74 perches. 
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11. Required a number, the half of which is as much 
less than 100, as its double exceeds 100. ^^his. 80. 
The following is the general statement of this question : 

Find a quantity x, such that mx may be as much less than a, as 
nx is greater than b, 

Ans, X z= — ; — 

12. A post is one- third in mud, one-fourth in water, 
and 10 feet above water. Required its length. 

Ans. 24 feet. 

13. A fish was caught whose tail weighed 91bs., its head 
as much as its tail and half its body, and its body as much 
as its head and tail. Required its whole weight. 

Ans. 721bs. 

14. If two persons start at the same time from London 
and Glasgow^ and travel, the former 36 miles per day, and 
the latter 30 ; in how many days will they meet, and how 
far from London, the whole distance being 396 miles ? 

Ans. In 6 days, and 216 miles from London. 

15. The sum of the three sides of a triangle is 75 ; the 
base is 11 feet longer than one side^ and 16 feet longer 
than the other. Required the three sides. 

Ans. 34, 23, 18. 

16. Find two numbers such that their sum shall be a, 
and the one m times as great as the other. 

Ans. — — r and — r-:- 
m+1 »+i 

17. Divide a into three such parts that the second may 
be m times, and the third n times as great as the first 

a ma na 

l+m+« 1+w+n' l+»i+»* 

This is the general statement of such questions as the following: 

In a company of 45 persons, there are three times as many 
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English, and fire times as many Irish, as Scotch. Required the 
nmnber of each nation Ans, 5 Scotch, 15 English, 25 Irish. 

18. At a certain election a persons voted^ and the suc- 
cessful candidate had a majority of b persons. How many 
voted for each ? Ans. ^{a — b) and i(a+6). 

19. A man, at the time he was married, was three 
times as old as his wife ; but after they had lived together 
16 years, he was only twice as old. What were their 
ages on their wedding day ? 

Ans. The woman's 15, the man's 45. 

20. A cistern which holds 820 gallons, is filled in 20 
minutes by three pipes, of which one conveys 10 gallons 
per minute^more, and the other 5 gallons per minute less 
than the third. How much does each pipe convey in a 
minute? Ans. 22, 7, 12. 

21. Having bought a certain quantity of brandy at 19 
shillings a gallon, and a quantity of rum exceeding that 
of the brandy by 9 gallons, at 15 shillings a gallon ; I find 
that I paid one shilling more for the brandy than for the 
rum. How many gallons were there of each ? 

Ans, 34 of brandy, and 43 of rum. 

22. A man and his wife usually drank out a vessel of 
beer in 12 days ; but when the man was from home, the 
vessel lasted the woman 30 days. In how many days 
nfould the man alone drink it out ? Ans. 20 days. 

23. It is required to divide 34 into two such parts, that 
the difference between the greater and IS shall be to the 
difference between 18 and the less, as 2 is to 3. 

Ans. 22, 12. 
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24. The perimeter of a triangle is 43 ; but one side is 
10 inches longer than the other, which is three inches 
longer than the base. Required the sides. 

Ah8. llie sides are J 2, 9, 22. 

25. If A can perform a piece of work in a days, B in 
b days, and C in c days ; in how many days will they have 
finished the work, if they all work at it together ? 

Ans. In -—-- — — days. 

ab+ac+bc 

26. If A can perform a piece of work in a days, B in 
b days, G in c days, and D in d days ; in how many days 
will they finish it, if they all work at it together ? 

abed • 



Ans. In 



abc+abd+bdc+adc 



27. At what time, between 1 1 and 12 o'clock, are the 
hour and minute hands of a clock exactly together ? 

Ans. 5-^ minutes before twelve. 

28. A hare is 50 leaps before a greyhound, and takes 
four leaps to the greyhound's three ; but two of the grey- 
hound's are as much as tibiree of the hare's. How many 
leaps must the greyhound take to catch the hare ? 

Ans. 300. 

29. Find two numbers in the proportion of 3 to 4, 
whose sum is to the sum of their squares as 7 to 50. 

Ans. 6 and 8. 

30. Find two numbers in the proportion of 9 to 7, so 
that the square of their sum and the cube of their differ- 
ence shall be equal. Ans. 288 and 224. 
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31. In 1830, A's age was 50, and B's 35. Required 
the date at which A's age is double of B*8. 

Jhts. 1810.* 

32. A father's age is now treble of his son's ; what are 
their present ages, the age of the father 7 years ago having 
been five times that of the son ? Ans, 14 and 42. 

To find a general solntion for this question, let 3=m, d^zrij and 

«(n— 1) 

7=a ; then ar= • 

n — m 

33. A merchant has two kinds of wine; one costs 36 
pence per quart, and the other 20 pence : he wishes to 
make a mixture of 50 quarts, which shall sell for 30 pence. 
How much of each sort must he take ? 

Ans. 18f quarts of the one, and 31 J of the other. 

34. A composition of copper and tin, containing 100 
cubic inches, weighed 505 ounces ; how many ounces of 
each metal did it contain, supposing a cubic inch of cop- 
per to weigh 6i ounces, and one of tin 4^ ounces ? 

n/lns, 420 copper, 85 tin. 

35. From each of 16 coins an artist filed the worth of 
half a crown, and then offered them in pa]rment for their 
original value ; but being detected, the pieces were found 
to be worth only 8 guineas. Required their original value. 

Ans. £10 8s. 

36. One person says to another, " Give me dElOO, and 

* If this question were enunciated as foUows, " In 1830, A's 
age was 50, and B*s 35 ; when will A's age be double of B's;" the 
answer, x = — ^20, would show that the date is before 1830, and 
therefore that the words "when will A's age be" are incorrect, 
and must be changed for the words " Required the date at which 
A's age is." See Art. 5 and 6. 



230 SOLUTION OF PROBLEMS. 

then I shall have as much as you." " No," answered the 
other ; " but do you give me £100« and I shall have twice 
as much as you." How much has each ? 

Ans. The one £500, and the other £700. 

37. A wine merchant sold at one time 20 dozen of port 
wine, and 30 of sherry, and for the whole received £120 ; 
and again, at the same prices, 30 dozen of port, and 25 of 
sherry, and for the whole got £140. Required the price 
of a dozen of each sort. jlns. £3 and £2. 

38. Required a fraction, to the numerator of which if 
4 be added, the value is ^ ; but if 7 be added to the deno- 
minator, the value is J-. jhu. ^. 

Or for a general solution : 

Sequired a fraction, which, if a be added to its numerator, will 
become b ; but if c be added to its denominator, will become d. 

ad'\'bde 

Ans. — 7T~' 
a+oc 

39. A bill of £120 was paid in guineas and moidores, 
and the number of pieces of both sorts used was 100. 
How many were there of each sort, the guinea being 21, 
and the moidore 27 shillings ? Ans. 50 of each. 

40. A man and his wife could drink a barrel of beer in 
15 days. After drinking together 6 days, the woman 
alone drank the remainder in 30 days. In what time 
woiild either, alone, drink a barrel ? 

Ans, The man in 2 If days, the woman in 50 days. 

41. With 28 bushels of barley, at 2s. 4d. per bushel, a 
farmer would mix rye at 3^., and wheat at 4^ ; so that the 
whole mixture may consist of 100 bushels, and be worth 
Zs. Ad. per bushel. How much rye and wheat must he 
take ? Ans. 20 of rye, and 52 of wheat. 
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42. A countr3rman being employed by a poulterer to 
drive a flock of geese and turkeys to London, in order to 
distinguish his own from any he might meet on the road, 
pulled three feathers out of the tail of each turkey, and 
one out of the tail of each goose; and, upon counting them, 
found that the number of turkeys' feathers exceeded twice 
those of the geese by 15. H9.ying bought ten geese, and 
sold fifteen turkeys, by the way, he was surprised to find, 
as he drove them into the poulterer's yard, that the num- 
ber of geese exceeded the number of turkeys in the 
proportion of 7 to 3. Required the number of each at 
first. Jns. 45 turkeys, and 60 geese. 

43. A number consisting of two digits, when divided 
by 4, gives a certain quotient, and a remainder of 3 ; when 
divided by 9, gives another quotient, and a remainder of 8. 
Now, the value of the digit on the left hand is equal to the 
quotient which was got when the number was divided by 
9 ; and the other digit is -^th of the quotient got when 
the number was divided by 4. Required the number. 

Jns, 71. 

44. If A and B can do a piece of work, in 8 days, A and 
C in 9 days, and B and C in 10 days ; in how many days 
can each alone perform the same work ? 

Ana. In 14||, 17ff, 23^ days. 

45. A boy spends his money in oranges. If he had 
received 5 more for his money, they would have cost a 
hal^enny less each ; but if 5 less, a halfpenny more each. 
How much did he spend ? Ans. 2s. 6d. 

46. There is a field in the form of a rectangular paral- 
lelogram, whose length exceeds its breadth by 16 yards ; 
and it contains 960 square yards. Required the length 
and breadth. Ans 40 and 24. 
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47. There are three numbers, the difference of whose 
differences is 5 ; their sum is 44, and continQed product 
1950. Find the numbers. An9. 25. 13, and 6. 

48. Having sold goods for £24, 1 gained as much per 
cent as the whole cost me. Required the cost. 

Ans. £20, or — 120. 

49. There are two square buildings, that are paved with 
stones a foot square each : the side of one building exceeds 
that of the other by 12 feet; and both their pavements 
taken together, contain 2120 stones. What are their 
lengths separately ? Ans. 26 and 38. 

50. A person bought some sheep for £72, and found, 
that if he had bought 6 more for the same money, he 
would have paid £1 less for each. Required the number 
bought, and the price of each. 

Ans. The number was 18, and the price of each £4. 

51. The difference between the hypotenuse and base 
of a right-angled triangle is 6 ; and the difference between 
the hypotenuse and perpendicular is 3. Required the 
sides. Ans. 9, 12, 15. 

52 ► There is a field in the form of a rectangle^ whose 
length is to its breadth as 6 to 5 ; one-sixth of the whole 
area being planted, there remain for ploughing 625 square 
yards. Required the dimensions of the field. 

^ns. 30 by 25. 

53. Two messengers were dispatched at the same time 
to a place 90 miles distant ; the former of whom, by riding 
one mile an hour faster than the other, arrived at the end 
of his journey an hour before the other. Required the 
rate of each per hour. 

Ans, 10 and 9 miles per hour. 

54. A regiment of soldiers, consisting of 1066 men, is 
formed into two squares, one of which has 4 men more 
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in a side than the other. Required the number in each 
side. Am, 21 and 25. 

55. A company at a tavern had £8 15«. to pay ; but 
before the bill was paid, two of them went away, and in 
consequence, those who remained had each 10«. more to 
pay. How many persons were in the company at first ? 

Jns, 7 persons. 

56. Find two numbers whose product is 300, and such 
that if 10 be added to the less, and 8 subtracted from the 
greater, the product of the sum and remainder shall also 
be 300. Ans. 20 and 15. 

57. A labourer is engaged for n days, on condition that 
he receives p pence for every day he works, and pays q 
pence for every day he is idle ; at the end of the time he 
receives a pence. How many days did he work, and how 
many was he idle ? 

Ans. '^: and "^"- 



P+9 P+9 

58. A poulterer bought 15 ducks and 12 turkeys for 5 
guineas, and had two ducks more for 18^. than he had of 
turkeys for 20 shillings. What was the price of each ? 

Ans. Ss. and 6s. 

59. The sum of the numerator and denominator of a 
fraction is equal to 6 times the fraction ; and the sum of 
the numerator and denominator of its reciprocal is equal 
to 1^ times its reciprocal. What is the fraction ? 

Ans. J. 

60. It is required to find the three sides of a right-angled 
triangle, from the following data : the number of square 
feet in the area is equal to the number of feet in the hypo- 
tenuse, together with the sum of the feet in the other 
two sides ; and the square described upon the hypotenuse 
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s less than the square descrihed npon the sum of the two 
sides, by half the product of the base and area. 

Ans, Hypotenuse 10, the sides 6 and 8. 

61. A man travelled 105 miles, and found that, if he 
had not travelled so fast by 2 miles an hour, he would 
have been 6 hours longer in performing the same journey. 
How many miles did he go per hour ? ^ns. 7. 

62. A farmer bought two flocks of sheep for £65 13«. 
one containing 5 more than the other : each sheep cost 
as many shillings tis there were sheep in the flock. Required 
the number in each. Ans. 23 and 28. 

63. The joint stock of two partners, A and B, was 
£416; A*s money was in trade 9 months, and B's 6 
months : when they shared stock and gain, A received 
£228, and B £252. Required each man's stock. 

Ans. The stocks are £192 and £224. 

64. Two persons, A and B, travelled on the same road 
and at the same rate to London. At the 50th milestone 
from London A overtook a flock of geese, which travelled 
at the rate of 3 miles in 2 hours, and 2 hours afterwards 
he met a stage waggon which travelled at the rate of 9 
miles in 4 hours. B overtook the flock of geese at the 
45th milestone from London, and met the stage waggon 
40 minutes before he came to the 31st milestone. Where 
was B when A reached London ? 

Ans, 25 miles from London. 

65. In comparing the rates of a watch and a clock, it 
was observed, on one morning, when it was 1 2 by the clock 
that the watch was at 59 minutes 49 seconds past 1 1 ; and, 
two mornings after, when it was 9 by the clock, the watch 
was at 59 minutes 58 seconds past 8. The clock is known 
to gain ^ second in 24 hours. Find the gaining rate of 
the watch. Ans. 4.9 seconds in 24 hours. 
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66. Jf A and B together can perform a piece of work 
in a days, A and C together in b days, and B and G to- 
gether in c days, find the time in which each can perform 
the work separately. 

. 2abc , „ . 2abc , 

Ans. A m — -— =• days; B m . , . days ; 

ac+bc — ab ^ ab+bc — ac ^ 

C in-r-j — days. 

ab+ac — be 

67. A detachment of soldiers from a regiment being 
ordered to march on a particular service, each company 
famished 4 times as many men as there were companies 
in the regiment ; but these being found to be insufficient, 
each company furnished 3 more men, when their number 
was found to be increased in the ratio of 17 to 16. How 
many companies were in the regiment P 

Ans, 12 companies. 

68. The product of the sum and difference of the hypo- 
tenuse and a side of a right-angled triangle is equal to 2 ; 
and 4 times the sum of the squares of the hypotenuse and 
this side is equal to 5 times the sum of these two lines. 
Find the three sides of the triangle. 

Ans. 1|, |, and^V5 
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CHAP. X.— METHOD OF INDETERMINATE 
COEFFICIENTS. 



Abt. 149. If it were required to resolve the fraction 
into an infinite series^ without actually dividing. 



a+bx 

we at once see (Art. 81) that the series will consist 
of the powers of a? multiplied by certain coefficients, 
the indices of the powers of x, beginning at zero and 
increasing by a unit in each successive term. That 
such development is possible, will also appear from 
Art. 92, since the given expression is the same as 
a{a+ba;)~^. It is not, however, obvious what the co- 
efficients will be ; but it is plain that they are independent 
of or,* and are expressed in terms of a and b* Let us then 
assume the coefficients to be A, B, C, D, &c. and we shall 

have — ^ = l+Aa+Ba;^+Cx^+Dx^, &c., 

an identical equation, the assumed series being merely 
the supposed result of the operation indicated by the left 
member. To determine these coefficients, miiltiply both 
members by the denominator, and arrange the terms by 
the powers of a? ; we thus obtain 



a = a+Aa 



+A6 1 +Bb 



x^+Da I ar* &c. * 

+C6l 



* That the left member is of the same form as the right, will be 
plain when it is written thus, a+0x+0x*+0x^ &c. 
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Now, in order that this equation may be satisfied by its 
members being rendered identical, the terms containing x 
must vanish. This will take place, whatever be the value 
of Xj when the coefficients of its powers are equal to zero ; 
that is, when 

Aa+h = 0, from which we deduce A = ; 

a 

Bii+A6 = B = — A- = ^; 

b P 

Ca+Bb = C=— B- = — 2-; 

a (T 

T>a+Cb=zO D = — C-=z^; &c. 

a a* 

The series will therefore be 

a+bx a a^ a^ a* 

the same as would be obtained by actual division, which 
in this case would be more direct. 



This indirect method of determining the development 
of a series, is called the method of assumed er indeter- 
minate coefficients. It is applied to the same purposes as 
the direct methods in Art. 81, 91, 99, and to various 
others in the higher mathematics.* 

The general principle of the method consists in as- 
suming unknown coefficients, and then deducing two 
expressions or series of the same form, which, by the 
nature of the process by which they are obtained, are to be 
identical with one another. A series of equations, giving 

* Undetermined co^cients, or coefficients to be determined, would 
be a better name than indeterminate ; as that word has, in other 
parts of Algebra, a different signification. 
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the values of these coefficients, is then ohtained by 
equating the corresponding terms, or their coefficients, 
and thus rendering the expressions identical. 

150. If the series A+Bor+Car^+Djp^ &c. be equal to 
the series A'+B'^+Cx^+jyor^ &c. for all values of ar, 
then will the coefficients of x in the two series be re- 
spectively equal to one another. For, equating these two 
series, and transposing all the terms to the right member, 
we have 

= A'— A+(B'— B>+(C'— C)x2+(iy_D)^ &c. ; 

which cannot be true universally, unless 

A'— A = 0, B'— B = 0, C— C = 0, ly— D = 0. 
Hence, A'zz A, B' z= B, C = C, IK = D &c. 

151. A series with indeterminate coefficients, is gener- 
ally assumed to proceed according to the ascending in- 
tegral and positive powers of x, beginning with a^ ; but 
in many series this is not the case : the error in our 
assumption is then shown, either by some impossible 
result, or by those terms which do not exist in the ac- 
tual series becoming zero in the course of the calculation. 

Thus, if it be required to develope g , assuming 

the same series as before, we should have 

0=_l+3Ax+(3B— A)xa+(3C— B)x3+(3D— C)x* &c. 

which would give = — 1, A = § &c. The first of these 
is absurd, and from the others nothing can be deter- 
mined ; the form of the assumed series must, therefore, be 
modified. 

Putting r under the form - X -^ • let the assumed 

oar — X* x 3 — x 
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series express the latter factor ; then 

i X :A- = - (A+B;r+C^2+D^) &c. 
X 3 — X X 

from which we find, by the usual process, 

A= J, B = l, Oznij, I> = bS:' &c. 



then 



^ = \ {i+\^+i7^^+^^ &C.) 



^x—a^ 



or 



3^ = i^'+K+^*'+Aj^ &c. 

Again, if we assumed 
\—x^ 



= A+Bar+C^2+x)^+E<p4+F^+G^, &c. 



we should find the true series to be 

1—2x2+3^— 5^«+8^ &c. 

the coefficients B, D, F, &c. of the odd powers of x be- 
coming zero. The series above assumed will, therefore, 
answer the purpose as well as if we had assumed 

, ]~f^ ^ = A+Cara+E^+Crar« &c. 

in which the terms that contain the odd powers are 
wanting. 

152. The following miscellaneous examples will serve 
to illustrate some of the applications of this method : 

Ex. 1. Required the development of ^(jofi+x'^). 

Assume V(«*+*^) = A+Bx+C4r8+D;r3+ &c. 
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Squaring both sides so as to obtain quantities of the same 
form, we find 



a'+x^-A'+aARar+aAC 


*«+2AD 


«3+2AE 
+2BD 


+ B« 


+2BC 


+ C» 



Hence, equating the corresponding coefficients, we get 
A-' = a2, 2AB = 0, SAC+B^ = 1, 2AD+2BC = 0, &c. 
The first of these gives A = a, the second B zz ; the 
others give by substitution the respective values, C = — 

D = 0, E = — -—"I &c. the series required therefore is 

VCa^+or^) = a+ g^ ^^' ^®® Example l,Art.99. 

2. Let^ = ay+6y2^c.^3^ ^^,^ required the value of 
y in terms of x. 

Assume y = Aar+Bar2+Ca;*+ &c. 

then ay = aA;r+oBjp2+flC4;*+ &c. 
hf- 6AV+26AB^+ &c. 

C3^= CAV+&C. >-=0; 

&c. &c. 

— ar = — X 

hence 

a A— 1 = 0, or A = -; aB+ftA2=0,or +B = r, 

a or 

aC +2bAB+cA^= 0, orC = ~^ &c. 

a* 

We have therefore 

X hx^ , (2b^—ac)x^ „ 
y = -r- + ^^ r— ^ &c. 
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3. Let it be required to resolve the fraction 
6x3— 2a:^6 



, « . IX. . r.v/ *.x into partial fractions, whose deno- 
(jra + l)(ar+2)(dr— 3) 

minators shall be the factors of the given denominator. 

6^— 2;r— 6 A+Rp , C , D 
Assume .„,,.. , ^. . Tr'= ^ , , H nr + 



(^a:^+\)(a;+2)(x—S) "" ^2+1 ^ -p+2 ^ ^r— 3' 
Adding the partial fractions^ and comparing the coeffi- 
cients of the like powers of x in the numerator of the 
results, and in that of the given fraction, we find the 
following series of equations for determining the assumed 
coefficients ; 

B+C+D = 6, A— B— 3C+2D = 0, 
A+6B— C— D = 2, 6A-f 3C— 2D = 6. 

These equations give A = 1, B = I, C zz 2, D =z 3 ; and 
the partial fractions therefore are 

a;+l 2 3 

4. Resolve --— ... . i. x/, . r into its partial 

fractions. 

A+Bjc+Cx^ _ P Q 

Assume p^a^)(i+j^)(i^.^^) - 1^.^^. + 1^^^ + 

; then 



l+cx' 

A+Bar+C^2 = P(l+6^)(l+C2r)+Q(l+aa^)(l+c:r)+R 

{l+ax){\+bai). 

The equation being identical, or true for any value of jr, 

let 1 +as = 0, or a; = , then 
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Aa2— Bo+C 



whence P = 



(a — 6) (a — c) 



Similarly if 1 +ftjr = 0, or jr =z — -, and 1 +c^ = O, or 



X -=, , we shall find 

c 

_A62_^B6+C Acg— Bc+C 

^- (a_6)(6— c)' " («— c)(ft~c)' 

The three partial fractions will be obtained by dividing 
these values oi P, Q, and R, by 1+^^, 1+^^* a^d 1+cjr, 
respectively. 

The two preceding examples, as well as some of the 
exercises that follow, will serve to illustrate the nature of 
an important branch of analysis, the decomposition of 
rational fractions ; it is impossible to enter further on the 
subject here. 

EXERCISES. 

a 

1 . Convert t-; — into a series. 

2. Convert ; r into a series. 

1 — X — x^ 

Jns. l+Sx+4x^+7r^+l]x^+\Sx^+29x^ 8lc. 

3. Convert V(l — ^) iJ^to a series. 

X x^ 3^ 3.5^* 8.5.7^^ 

2 2.4 2.4.6 2.4.6.8 2.4.6.8.10' 

_. a+bx . , 

4. Convert— T-T-TT — t—t ^^ito a series. 

a+f/x+cx 
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5. Let X'ziy — ay^+^^ — &c. required the value of ^ 
in terms of x. 

Ans. y = x+aa;^.+(3a^—b)jc^&c. 

6. Resolve 2 7 i Tq ^^^ partial fractions. 

7. If X =y— ^ + -^ — &c. find^ in terms of x, 

X^ 

8. Find the fractions of which -—3 — --r r:r is the sum. 

^'**' 3(«— 2) ~2(ar— 1) "^ 6(a?+l)' 

9. Let ^^—3^+^= 0» required the value of y in a 
series of ascending powers of x. 

X 0^ ixfi 

10. Expand 7^ in a series of ascending powers of x. 
. 3 11 ^ 7.11 - 72.11 , . 7'.11 . „ 

1 1 . Resolve r — -— rr — —r-T — \ — T into its partial fractions. 

(a?+a)(^+6)(^+c) 

. 1 1 . 

^'^' (a_6)(fl— c)(^+a) (a—A)(6— c)(^+&) "^ 

1 



12. Find the three fractions whose sum is 

1 1 

Am, 



x^ — a** 

I 



U\x—a) Aa^(x+a) 2a\x^Ji-a^y 
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CHAP. XL— PROPORTION AND PROGRESSION. 



Art. 153. Def. I. Ratio is the relation which two 
quantities of the same kind have to one another, with re- 
spect to the number of times the one is contained in the 
other- 
Ratio is expressed by two dots, or by the sign of divi- 
sion : thus, the ratio of a to ft is expressed by a:h» 

a -r- ft, or -. 
ft 

154. Cor. A ratio is not altered by multiplying or 
dividing its terms by the same quantity (Art. 67). 

155. II. The terms of a ratio are called the atitecedent 
and consequent, 

156. III. If the second of four quantities is contained 
in the first as often as the fourth in the third, the first is 
said to have to the second the same ratio as the third to 
the fourth. 

157. IV. When the second of four quantities is con- 
tained in the first oftener than the fourth in the third, the 
first is said to have to the second a greater ratio than the 
third to the fourth. 

Thus, 4 : 2 is a greater ratio than 4 : 3, and 8:5a less 
ratio than 7:4; because ^>f , and f§<f4- 

158. V. The ratio of one quantity to another is said 
to be compounded of two or more ratios, when the num- 
ber which is the measure (Art. 46) of the ratio in question 
is equal to the product of the measures of the other ratios. 
Thus, the ratio of 3 to 108 is compounded of 6 : 3, 8 ;4, 
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15 : 6, 12 : 4, or of any others *whose measures are factors 
of 86. Also, the ratio ace : b4f is compounded of a : b, 
c: d, e :/i* 

15&. VI. A compound ratio whose measure is the pro- 
duct of two equal factors, that is, the second power, of 
the measure of another ratio, is called the duplicate of 
that ratio. In like manner, the ratio of two quantities is 
said to be the triplicate ratio of two other quantities, 
when its measure is the third power of the measure of the 
ratio of two other quantities. Thus, 3 : 75 is duplicate 
of 4 : 20, and 3 : 192 is triplicate of 4 : 16. 

160. VII. Proportion, or analogy, is the equality of 
ratios, and quantities having the same ratio are called pro- 
portionals. Thus, if a : 6 be equal to c \d, these quanti- 
ties constitue a proportion, which is written aihxicd, 

a c 

or r = :7-t 



* For if 6 be contained x times in a, and d be contained y times 
in c, and / be contained z times in e, bdf will be contained xyz 
times in ace. Hence we might define compound ratio thus : In 
any number of ratios, if the product of the antecedents be taken, 
as also that of the consequents, the products are said to hare to 
one another a ratio compounded of the other ratios. 

t When there axe four quantities, such that the difference of the 
first and second is the same as that of the third and fourth, the 
quantities are called equtdifferent. The term arithmetical pro- 
portion is sometimes applied to such quantities ; and for the sake 
of distinction, proportion as defined above, is called geometrical 
proportion. 

It follows, from the definition of equidifferent quantities, that the 
sum of the means is equal to that of the extremes ; for if a, b, c, dy 
be four such quantities, then a — b = c — d ; therefore, a-f-rf = 6-f-c. 
Also, if «, 6, c, be three equidifferent quautities, then b — a = c — b ; 

whence, b = ^^J^, that is, the middle term is half the sum of the 

extremes. This is generaUy called an arithmetical mean. 
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161. VIII. A continual proportion, sometimes called a 
geometrical progression, is a series of terms such that 
each term has the same constant ratio to the one next 
following. Thus, a, ar, ar^, ar^, ar^, ar^, .... af~^, is 
a series of continual proportionals, in which r is the com- 
mon ratio, and ar"^"^ the last term.* 

162. Cor, If three quantities be continual propor- 
tionals, the ratio of the first to the third is duplicate of 
the ratio of the first to the second ; and if there be four 
quantities, the ratio of the first to the fourth is triplicate 
of the ratio of the first to the second. For, let there be 
the two series, 

ar'^, ar, a ; 
ar^, ar^, ar, a ; 

then the measure of ar^ : a is r^ and of ar'^ : ar is r ; 
also, the measure of ar^ : a is r^, and of ar^ : ar^ is r. 
Hence, the ratio of the squares is duplicate, and of the 
cubes triplicate, of the ratio of the first powers. f 

163. IX. Three or four quantities are said to be in 
harmonical proportion, when the first has the same ratio 
to the last that the difference of the first and second has 
to the difference of the last and last but one Thus, a, h, c, 
are in harmonical proportion, when a: c: : a — b : b — c ,• 
and a, b, c, d, are in harmonical proportion, when aid:, 
a — b : c — d. 



* The terms arithmetical and geometrical, commonly applied to 
proportions and progressions, are improper, as they lead tg a mis- 
conception of the nature and connexion of these series. The 
terms equidifferences, and continual proportionals, are much more 
expressive of their nature. 

t The ratio of the square roots is called sub-duplicate, and of the 
cube roots tub-triplicate of the ratio of the first powers. 
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164. X. An equidifferent series, sometimes called an 
arithmetical progression, is a series of terms which in- 
crease or decrease by the same common diflference. Thus, 
the numbers 20, 17, 14, 11, 8, 5, 2, form an equidiflferent 

series : and also a, a+(2, a-|-2(/, a-\-Zd, a-f4(/, 

a + (« — )<^; in which d is the common difference, and 
a-f-(a — y)d the last term. If the series were a decreas- 
ing one, the last term would be a — (n — \)d. 

165. Cor. In an equidiflferent series, the sum of the 
two extremes is equal to the sum of any two terms equally 
distant from them, or to twice the middle term, if the num- 
ber of terms be odd : for, in the above series, if we take 
the first and fifth terms as extremes, we have a-|-(a-|-4(?) 
= a •{- d + [a + M)-2(a + 2d) ; and a -|- (a -|- 2d) = 

2(a +d), or a+d= ^+(^+^^\ See Note to Art. 1 60. 



166. Theor. I. If four quantities be propor- 
tionals, their like powers and roots will also be 
proportionals. 

Let a:b: :c :d, be a proportion ; then (Art. 160) 

?- zz i: whence (Art. 31, 67), ^ = ^, or (Art. 160) 
d or 

a"" lb"* lie": d*. 



167. II. If four quantities be proportionals, the 
product of the means is equal to the product of the 
extremes ; and if the product of two quantities be 
equal to the product of two others, the four quan- 
tities will fonn a proportion. 
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a c 
Let the proportion be a:b : :c: d; then r = j; and 

b d 

clearing of fractions, ad:= be. Again, let mq =z np ; di- 
vide both sides by nq, then — = -, or m : » : ; p : y. 

168. Cor, 1. Hence, if the proportion consist of three 
terms, the product of the extremes is equal to the square 
of the mean, and conversely. Hence, also, a mean pro- 
portional between two quantities is the square root of 
their product ; for in the proportion ai b: :b :c, b^ zz ac, 
and b = ^"^^ This is called a geometric mean, 

169. Cor. 2. Hence, also, any three terms in a pro- 
portion being given, we may find the fourth from the 
equation ad = be. 

170. III. If four quantities be proportionals, 

they are also proportionals when taken alternately or 

inversely. 

d c 
Let a : & : : c : rf, or - z= -, be the proportion, and let 
b a 

both sides be multiplied by - ; then - = -, and therefore 
^ "^ c c d 

a:c : :b :d. 

Again, let a :b::c:d; hence (Art. 167), ad=: be, and 

therefore b : a : i d : c. 

171. IV. In a proportion, the first term is to 
the second increased or diminished by any mul- 
tiple of the first, as the third is to the fourth in- 
creased or diminished by any multiple of the third. 

Let a:b::c:d; then inversely (Art. 1 70), b:a::dic; 
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hence, -=z - and (Art. 27, 28) - ± m = - =tm .• whence 
a c a c 

bdt=ma ddtimc 



and therefore 
and inversely. 



hdtzmaxax :dd=mc: c; 



a : ft ± ma : : c : c? ± mc. 



1 72. Cor, Hence, a : c : : b z±z ma : ddh mc, therefore 

— =: -rri ; but - = -, therefore 6: rf:: 6 zbmairfzfcmc; 

c ddoimc c d 

and alternately, ft : 6 ± ma : : rf : rf ± mc. 

., . a h+ma . a b — ma . , 

Also, since - = -r-: — , and - = -; , we have, al- 

c d-\-mc c d — mc 

ternately, b+mai ft — ma : ; d+mc : d — mc. 

Hence, if m = 1, ft+a : ft — a : : d+c : d — c ; and from 
the last proportion in Art. 171, a: bdhai : d: ddhc, and 
ft±a : aiidztic :c. Also, ft : ft ± a : : rf : rf ± c, and 
ft±a:ft::rf±c:(?. 

173. V. When any number of quantities are 
proportionals, as one antecedent is to its consequent, 
so is the sum of all the antecedents to the sum of all 
the consequents. 

Let there be any number of proportionals, 

a:b : :c:d::e :/; 

then adzz be, and afz=be; also ab = ba; therefore, 

ab+ad+af=z ha+bc+be, 

or 

a{b+d+f) = b(a+c+e); 

whence (Art. 167), 

a : ft : : a+c-^-e : b+d+f- 

174. VI. If the first and second terms of a pro- 



250 PROPORTION AND 

portion be multiplied or divided by any quantity, 
as also the third and fourth, the quantities which 
result will be proportional. 

Qi C 

Le^; the proportion be - = - ; therefore (Art, 67), 

c 

ma n , , c d 

— I = - ; whence, ma : mb : : -: -. 

mo a n n 

n 

175. Vn. If the first and third terms of a pro- 
portion be multiplied or divided by any quantity, as 
also the second and fourth, the quantities which result 
will be proportional. 

r, ma mc ^ ma mc 

For _ = _. and^ = -^; 

n n 

whence, ma : — : : mc : -. 

n n 

176. VIII. In any nmnber of proportions, if the 
corresponding terms be multiplied together, the pro- 
ducts will be proportional. 

Let there be any number of proportions, 

a __^ c ^ __ 9 *__^. 
b" d' f "h' k^Hi' 
then 

aei __ cgl 
bfk dhm ' 
hence, aei : bfk ii cgl i dhm, 

177. Pros. I. To find the sum of an equidifferent 
series. Multiply the sum of the extremes by the 
number of terms, and take half the product. 
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Let a be the first term, d the common difference, and s 
the sum of the series ; then 

s = a+(a+d) + {a+2d) + (a+3d)+ia+4d)+(a+5d) + 
(a+6d), &c. 

Now, the last or nth term is a+(« — l)d, the last but 
one is a+(» — 2)d, the last but two «+(« — 3)(?; also, the 
first a+(n — n)d. Hence, by reversing the terms, the 
series may be thus written : 
5 = [a+(„— l)J] + [a+(»— 2)rf] + [a+(«r-3)rf] 

+ [fl+(»~»)^. 

Adding this series to the last, we find 

28 = [2a+(n—\)d] + l2a+(n—l)d-] + [2a+(n—l)d] + 

&c. to n terms. 

Whence, as each term is 2a+(n — l)d, and as there are n 

terms, we have 

2s = nl2a+(n—l)d], 



and therefore » =-[2o+(»— l)d]. 


(2) 


Now let the last term 




a+(»^\)d=l. 


(1) 


therefore » = -(a+/). 


(3) 



178. Cor. Hence, and, from Art. 165, it follows that, if 
m be the middle term of a series, s=z nm, (1). Also, if 
p and q be terms equally distant from the extremes, s = 

-(p+g), (2). These two formulae facilitate, in many 
cases, the summation of series. 

179. Cor. From the equations 5 = -(a+/)^ and l:=ia 

+(« — l)rf, any two of the quantities, «, », «, /, d, may be 
found, when the other three are given. 
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EXAJiFLSS. 

1. Find the sum of 12 terms of the series 

3, 7, II, 15, &c. 

Here, a = 3, rfzz 4, « = 12, /= 3+(l2— 1)4 = 47 ; 
hence, 5 zz ^^ (3 +47) = 60 X 6 =z 300. 

2. If the first term of a progression he 14, and 28 the 
sum of 8 terms, what is the common difference ? 

Here, from the formula, 

28 = f(28+7rf), 
we find rf = — 3 ; 

whence, the progression is 

14, 1 1. 8, 5, 2, —1, —4, —7, &c. 

3. If the sum of an increasing series be 147, the first 
term 7, and common difference 7 ; required the number of 
terms. 

Substituting these numbers in the formula for s, we find, 
after some reductions, «*+«z=42; a quadratic, which 
g^ves n = 6, the number of terms required. 

180. II. To find the sum of a series of continual 
proportionals. Multiply the last term by the ratio, 
and divide the difference between this product and the 
first term by the difference between the ratio and 
unity ; observing that the last term becomes zero, in 
an infinite decreasing series. 

Let a be the first term, r the ratio, n the number of 
terms, and s the sum of the series; then 

8 = a+ar+ar'^+ar^+ar^ +ar'^'^. 
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Multiplying both sides by r, and from the result sub- 
tracting this equation, we have 

sr — s z= ar"* — a ; 

flr" — a 
whence, «= :: (1) 

putting flr^' = /, this becomes 

f^ — fl 
, = _. (2) 

When r is a fraction, as ft increases, r" and ar*^ will 
decrease ; and when n becomes infinite, the last term will 
become less, with respect to a, than any thing assignable, 
and is therefore to be taken as nothing : in this case 
therefore, we have 

— fl « 

' = ,— i=T=;- (3) 

181. Cor. From the equation 8=z -, any three of 

the quantities s, r, /, a, being given, the fourth may be 
found. See " Application of Logarithms,'^ 



BXAMPLES. 

1. Find the sum of 8 terms of the series 
2< 6, 18, 54, &c. 

Here rt=2, r = 3, « = 8; 

we have, therefore, by substitution in formula (1), 



2. Find the sum of the infinite series 
Here flz=l,r = — §, 
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hence, from formula (3), 

#z=--L.=r|. See Art. 81, 82. 

3. Insert three means between the extremes 4 and 324 
Let the terms be 

a, ar, ar^, ar^, ar^ ; 
then a z= 4, and ar^ =z 324 ; therefore H =81, and hence 
r = 3 : the intermediate terms, therefore, are 12, 36, 108. 

182. III. To find an harmonicdl mean^ and an 
harmonical third proportionaL 

Let a, b, c, be three harmonical proportionals ; then 

(Art. 163), 

a I c : : a — b : ft— c ; 

and therefore (Art 167), 

2ae 
a6+6cs=2ac, and 6z= — -— : (1) 

a+c ^ ^ 

that is, an harmonical mean between two quantities is 
twice their product divided by their sum. 

From the same equation we deduce, 

which is a third harmonical proportional. 

183. Theor. The reciprocals of quantities in 
harmonical progression are in arithmetical progres- 
sion. 

Let a, b, c, d, &c., be in harmonical progression, then 
a I c :: a-^b : b — c ; therefore (Art. 167) ab — ^ac=ac— ^, 
Dividing both members by abc, we find 
1_1_1_1 
c b b a 
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Agam bid:: h — c i c — d; therefore bc—hdzzdb — dc. 

Dividing by bcd^ we have -j = -r. now - 

^-^ d c c b c b 

has been shown equal tor- . Thus the quantities 

a 

-, -=-, -, -;, which are the reciprocals of a, b, c, and d, have 
abed 

a common difference, and are therefore in arithmetical 

progression. 

184. Cor. 1. Since the sum of any number of quan- 
tities, is not deducible from the sum of their reciprocals, 
there can be no general expression for the sum of an har- 
monic series. 

185. Cor, 2. Hence we can find the nth term of an 
harmonic series. For if a and b be the first two terms of 

auch a series, - and ^ are the contiguous terms of an 
a Q 

arithmetic progression, and therefore is the com- 
mon difference; hence (Art. 177, 1,) 

the nth tennis — h («— 1) (t 1= ^^ ^^-r" ^• 

a ^ ^ \b aj ab 

The nth term of the harmonic series therefore is 
ab 
(^n—i)a—{n—2) b' 

186. Cor. 3. Hence also if the extremes, a and /, and 
the number of terms n be given, the intervening terms 
can be found ; for since the reciprocals are in arithmetic 

progression, j will be the last term, and b being the 
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common difference, we shall have 

i = i + («-l)6. 

hence b zz 



The arithmetic means are therefore 

a^(n^l)aC a ^ (n— 1) a/* ^' 
adding these fractions, and then taking the reciprocals, 
-we obtain for the harmonic means, 

(n— l)a/ (n— 1) al (n—l)a l 

a+(n—2)l' 2a+{n—d)e 3a+(n— 4)/ ^' 



SUMMATION OF SERIES BY THE METHOD OF INDETER- 
MINATE COEFFICIENTS. 

187. The following simple method of summing series, 
will be found of very general application. It presupposes 
a knowledge of the nth term ; but this can be readily as- 
certained in most cases by inspection, or by the rule for 
finding the nth term of an arithmetic series. It is always 
applicable when the nth term can be expressed by a series 
of positive and integral powers of n. 

EXAMPLES. 

1. Required the sum of the series I'+S^+Sj&c to 

n terms. 

Since (Art. 177,) the nth term of the series 
1+3+5 &c. is 2n— 1, 
the nth term of this series will be (2n — 1)*. 
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Assume 
13+33+58+&C.. .. (2«— 1)3=A«HB««+Cii»+Dtf.*(l) 
Now since the series is trae for all values of «, it will 
be true when n becomes n+l ; substituting n+l for n, 
we have, since the (»+ 1 )th term of the series 

1+3+5 &c. is 2»+l, 
l»+3«+5»+ &c. . . . (2a— l)3+(2«+l)3 = A («+l)*+ 
B(n+1)3+C(a+1)«+D(n+1) (2.) 

Subtracting series (1) from (2), developing the powers 
and incorporating, we find 

8n3 +12«2+6«+l n 4An« +(6A+3B) n^ + (4 A+3B+ 
2C)n+(A+B+C+D). 

By equating the coefficients we deduce the following 
values, 

A = 2,B = 0, C=z — 1,D = 0, 

which being substituted in (1) give 

13^38+58+ &e. . . .(2«7-l)8=2n4— n2 = n«(2n2— 1) 
for the required sum. 

2. Required the sum of the series 

1 X3+3X5+5X7. . . .to « terms. 

The first factor of each of these being the terms of the 
series 1, 3, 5, &c., the first factor of the last term will be 
as before (2n — 1) : the second factor evidently exceeds 
the first by 2; the last term therefore is (2ii — 1)(2»+1). 



^ The reason of this assumption is manifest ; there can be no 
term which does not contain n : for, if there were, it would remain 
when n ^ 0, but this is impossible, as the series then becomes 0. 
Nor can there be a higher power than n* ; because the highest 
power in the greatest or nth term is n^, therefore, n being the 
number of terms, the smn of the series must be less than n(2n — 1)', 
the highest power in which is n«. 
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Assume 

1X3+3X5+5X7+ &c (2ji— 1){2«+1) = A»»+ 

B««+C« 
substituting fi+ 1 for n we have, 

1X3+3X5+5X7+ &c (2ii— l)(2ii+l)+(2«+l) 

(2«+3) = A(«+l?+B(«+l)2+C(«+l) 
subtracting, developing, and equating the coefficients 
we find 

A = iB = 2.C=— 1 
which, being substituted, give for the required sum 

Similarly all series of this kind may be summed hy first 
finding the nth term, and assuming for the result, a series 
beginning with a power of n, whose index exceeds by unity, 
the highest index in the nth term. 

SUMMATION OF 8BBIBS BY SUBTRACTION. 

1S8. Certain arithmetic series may be reacUly summed 
by the following method, which will be best understood 
from a few examples. 

EXAMPLES. 

1. Required the sum of the series 

h + ; — ^ &c. to infinity. 

2.6.8^5.8.11^8.11.14.^ . tu mum ; 

Omitting the last factor from the denominator of each 
term assume 

1.1. 1 o 
2l+ 5l+8Tl^^-='"- 
hence, by transposition 
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5:8+8Ti + nT4 + *''='"-o 

subtractiiig these equations from each other, term by- 
term, we have 

1- 1- 4- &C. = — ; 

2.6.8^ 6.8.11 ^ 8.11.14 ^ 10' 

therefore 

2.5.8 ^ 5.8.11 ^ 8.11.14 ^ 60 

To find the sum of n terms is somewhat more difficult, 
the method is as follows : 

As the nth term is evidently equal to 

1 

(3ii^l)(3«+2)(3»+5): 
we commence by assuming 

^—4- ^—4- h &C. t 

2.5^ 5.8^ 8.11 ^ (3i^— l)(3ii+2)^ 

(3«+2X3»+5)~ •'5.8^8.11 ^11.14^ 

1 1_ 

(3«+2)(3ii+5) " ^ 2.5 

Proceeding as before we find 
6, 66 
2.5.8*^5.8.11 "*"8.11.14 "*" 

(311—1 )(3«+2)(3«+5)^ (3ii+2)(3ii+5)"" 10 ' " 2.5.8 

, 6 6 J 

"^5.8.11 "^ (3«— l)(3»+2)(3ii+5) " 10 

1 . 1 , 1 ,» 

(3ii+2)(3«+5) ' • ' 2.5.8 "*" 5.8.11 "^ 

1 J_ 1 

(3ii— 1)(3«+2)(3»+5) "■ 60 6(3ii+2)(3ji+5)' 
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If in this result we make n infinite we find, as before, 

the sum of the series to infinity to be -r-. 

It is necessary in finding the sum of n terms to con- 
tinue the first series to n + I terms, in order that it may 
coincide with the second series, except in the first tenn ; 
and the second series, being formed by rejecting the first 
factor, from the denominator of each term, must end in 

1 
(3n+2)(3n+5)* 
2. Sum the series 
2.3.4 



1.3A7 + 3:5:7:9" + 5:7:9^1 + ^'; '° ^^°^^- 

As before assume 

The second equation is obtained by observing that the 
numerator of each term is less by 1 than the numerator 
of that term in the upper series, which has the same de- 
nominator ; consequently we have to'subtract the series 
included in the vinculum from both sides. SubtractiDg 
as before, the lower series from the upper we have, 
12 18 24 2 

• Q C "7 O I A T O I 1 • ** • ■"■ Tc "T 



1.3.6.7^ 3.5.7.9 ' 5.7.9.11^ '""15 
lliis latter series may be found, as in the last ezample» 



60' 
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12 . 18 . 24 _^.J._^ 



•• 1.3.5.7 " 3.6.7.9 ^5.7.9.11 "" 16 ' 60"" 20 
dividing both sides by 6, vre find 

2,3,4,. 1 



1.3.5.7 ' 3.6.7.9 ' 5.7.9.11 ' 40 

The sum of n terms may be found as before. 
The rule may be briefly stated as follows : assume a 
series = m, omitting the last factor from the denominator 
of each term ; from it subtract another series, formed by 
omitting the first factor from the denominator of each term 
of the original series ; and then proceed as in the above 
examples. 



FILING OF BALLS. 

189. As an additional illustration of the above theory, 
the method of finding the number of balls in a pile may 
be adduced. These piles are either square, triangular, or 
rectangular ; the balls being all of equal size. 

The square pile is a square p3rramid, and each layer 

of balls is a square whose side exceeds that of the one 

above it by one ball. Hence, the number of layers 

is the same as the number of balls in one side of the 

lowest layer : on the top there is evidently only one 

ball. It is therefore plain that the number of balls 

will be the sum of n terms of the series l*+2^+3^4" &c* 

. . . . n^, n being the number of layers. This sum, found 

, , :.. 1 ^ .,, , n(n+l)(2«+l) 
by the precedmg method, will be -^r-r . 

190. In the triangular pile the base, and consequently 
each layer, is an equilateral triangle, whose side exceeds 
that of the one above it by one ball, there being plainly 



262 PILING OF BALLS. 

only one ball on the top. Each of the horizontal layers 
consists of a number of rows, regularly decreasing by 
unity from the number in the outside row down to 1, 
Hence it is plain that the number in the nth layer will 
be the sum of the series, 

n(«+l). 

2 
(»— 1)« 



1+2+3+ n=z 



(«— l)th .. 1+2+3+.. («—l)z= 



2 



(«— 2)th.. 1+2+3+ ..(w— 2) = ^" 2)(« 1) 

&c. &c. &c. 

2x3. 
In the second layer the number will be 1+2 . . = — r- 

'X2 
first • 1 . . ='"o"' 

Hence the series we have to sum is 

1X2+2X3+ («_i)»+n(n+l) 

2 ' 

where » denotes the number of layers, or, which is the 

same thing, the number of balls in one side of the bottom 

layer. The sum of this series will be readily found to be 

«(>i+lXn+2) 

2.3 

191. In the rectangular pile, each layer is a rectangle, 
whose sides respectively exceed the sides of the one 
above it by one ball, the number of layers being evi- 
dently the same as the number of balls in the shorter 
side of the base. Let n = this number, and n-^rm = the 
number on the longer side, where m denotes the di£Pe- 
rence, which manifestly remains the same in all the 
layers. The top layer is a single row of balls, but for the 
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sake of uniformity it may be considered a rectangle, whose 
sides are 1 and l+m. The number of balls in the bottom 
layer is «(«+»») ; in the next, («— l)(»+»i — 1), and so 
on to the top, which is l(l+m): hence the series we 
have to sum is 

l(l+m)+2(24.m)+3(3+m)+ n(n+m). 

The simplest method of doing this is the following : 
taking off the brackets it becomes 

12+22+32+ &c +n2 

' +m(l+2+3+ &c «) 

The former series has been already shown 
_ n{n+l)i2n+l) 
"" 6 

and the latter = — ; hence the sum is 

n(n+\)(2n+\) , n(n+\) n(n+l) 

6 "^ "2 — — 6 — ^ "^ l+3w); 

or if instead of n+i», the longest side of the base, we write 

/, we have 

i i(«+l)(3^— «+l) 
6 • 

If / = », the pile becomes square^ and we have the 
same result as before, 

«(«+l)(2n+l) 
6 • 

We might have obtained the above result in another 
manner ; for if we cut off n rows from the longer side of 
the base, by a line terminating at the first ball on the top, 
we shall have a square pile of n layers whose sum is 
11(11+ l)(2it+l) 
6 
and m triangles reclining on it ; each consisting of n rows 
of ballsy whereof » is the number in the longest, and 1 in 
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the shortest side ; or in other words, each triangle is the 
sum of the series, 

1+2+3+ &c....nz=^^^±ll 

and as there are m of these triangles, the sum of them 

all is m — - — , and therefore the number of balls in the 

whole pile is, as before, equal to 

«(«+l)(2n+l) . ^«(«+l)_ n(n+l) (3 /— «+l) 
6 '*"'" 2 6 ' 

192. Should the pile be incomplete, the easiest method 
of finding the number of balls is, first, to find the number 
in the complete pile, and afterwards to find the number in 
the wanting pile, and to subtract the one sum from the 
other. Thus, if it were proposed to find the number of 
balls in an incomplete triangular pile of 21 layers, one 
side of the bottom layer being 40 ; we first find the num- 
ber there would be in the pile, if complete, which b 
found by the formula, 

«i!±i|^±HI= (in this case) 

I°>i^i<ii = 40x41x7 = 11480: 
o 

the number of layers ought to be 40, but by hypothesis 
there are only 21, therefore there are 19 wanting, conse- 
quently the number of balls wanting to complete the pile 

. 19x20x21 ,^ ,^ ^ ,^^^ 
IS = 19X 10x7 = 1330. 

Hence the number of balls in the incomplete pile is 114S0 
—1330 = 10150. 



265 



QUESTIONS IN FB0GKB8SI0K* 



1. Four numbers are in geometrical progression; the 
sum of the first and second is 15, and the sum of the 
third and fourth is 60. Required the numbers. 

Let Xf iry, xy^, xy^, be the numbers ; then 
x+xy = 15, 
xy^+xy^ = 60, 
or y^(^+^) = 60 ; 

that i», 15^3 = 60 : 

hence, y = ± 2, 

and therefore x = 5. 

The numbers, therefore, are 

5, 10, 20, 40. 

2. The base of a right-angled triangle is 6, and the 
sides are in arithmetical progression. Required the 
sides. 

Let the sides be 6 — x, 6, 6+x ; then (Eucl. I. 47), 
36— 12^+^2+36 = 36+12^+^2. 
Hence we find ^ = f ; and the sides therefore are 
4i 6, 7i. 
But if the first term of the progression be 6, and the 
other sides 6+ar, 6+2*, then 

36+24^+4*2 -. 36+36+12*+** ; 

hence* ** +4* =12. 

Solving this equation, we find 

* =3 2, or — 6 ; 
and the sides, therefore, are 

6, 8, 10. 
The ambiguity here arises from the data of the problem 

Aa 
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not being sufficiently limited : the algebraic language is 
more precise than that of the problem. 

3. Two persons, A and B, set out together from Lon- 
don, to travel round the world, a distance of 23661 miles, 
the one going east and the other west, A goes one mile 
the first day, two the second, and so on. B goes 20 miles 
a day. In how many days will they meet, and how far 
will each travel ? 

Let X be the number of days ; then B goes 20ar miles : 
and to find the number A goes, we must sum the series 
whose first term is 1,] common difference 1, and number 
of terms x ; this is 

- (l+4r) = number of miles A goes. 

Hence, by the question, 

^y^+20jr = 23661. 

Solving this quadratic, we find 

ar= 198, or— 239. 
They travel 198 days; A goes 19701, and B 3960 miles. 

4. A person makes a mixture of 51 gallons, consisting 
of brandy, rum, and water, the quantities of which form 
an equidifferent series, and the number of gallons of 
brandy and rum together is to the number of gallons 
of rum and water together as 8 to 9. Required the 
quantity of each. 

Let X — ^y, X, a?+y, denote the quantities of brandy, 
rum, and water ; then, by the question, 

3^ = 51, and /. x = 17, 
and 2af— y : 2^4-y : : 8 : 9 ; 

or substituting for x its value 

34-^ : 34+y : : 8 : 9 
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whe&ee, y = 2, and therefore x = 16. The quantities, 
therefore, are 15, 17, 19* 



SZBACISnS. 

1 . Find the sum of n terms of the series of natural 

numbers, 1, 2, 3, 4, 5, &c. ^ n(n+\) 

Ans. —^. 

2. Find the sum of n terms of the series of odd num- 
bers, 1, 3, 5, 7, &c. Am. n^. 

3. Find the sum of » terms of the series, of even num- 
bers, 2, 4, 6, 8, &c. Ans. «(»+ 1 ). 

4. Required the sum of 9 terms of the progression 
11, 9, 7, &c. Ans. 27. 

5. If the sum of 9 terms of. an equidiflferent series be 
171, and the common difference 4, what is the first term ? 

Ans. a. 

6. If the first term of a progression be 2, and the sum 
of 8 terms 100, what is the common difference ? Ans. 3. 

7. Insert three arithmetical means between the ex- 
tremes ^ and J. Ans. f , -5^, J^. 

8. Insert two arithmetical means between — 3 and 3. 

Ans. — 1 and 1. 

9. Find the sum of 7 terms of the series, 1, 2, 4, 8, &c. 

Ans. 127. 

10. Find the sum of 12 terms of the series, 1, — ^3, 
5, — 27, &c. Ans. —132860. 

1 1 . Find the sum of the infinite series, 1, ^, ^, ^» -^^ &c. 

Ans. 2. 

12. Find the sum of 20 terms of the series, J, 2, 4« 
8, &c. Ans.2^^—\. 
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13. If the first term of an arithmetical progression be 
3^, the common difference l^, and the sum 22, find the 
number of terms. Ana, 4. 

14. Find the sum of §+iV+^+"^» ^°* ^ ^ terms; 
and of 1+1+2+1, &c. to 6 terms. See Art. 178. 

Ans. ^ and 13f 

15. Sum the series 1+3+9, &c. to 9 terms. 

Ans. 9841. 

16. Sum the two series 1 — J+^, &c. and 4+3+ J, 
&c. to infinity. Ans. f and 16. 

17. Sum each of the series, 3+^+6. . . . and 3+7+11 
.... to 20 terms. Ans. 345 and 820. 

18. Find the 12th term and the sum of 12 terms of the 
series, 1 +3+9+27+. . . . Ans. 177147 and 265720. 

19. How many terms of the series, 19, 17, 15, &c., 
amount to 91 ? Ans, 7, and 13. 

20. Insert three geometric means between 39 and 3159. 

Ans. 117,351,1053. 

21. Find the sum of n terms of each of the series 
13+12f+12i+....,andi — t— V— 

.ans. ^(79— n), and^(13— 7ii). 

22. In an arithmetical progression the 5th and 9th 
terms are 13 and 25, find the 7th term. Ans. 19. 

23. How many terms of the series .034, .0344, .0348, 
amount to 2.748. Ans, 60. 

i}..^! M— — 2 It*— 3 

24. Sum the series ^ 1 f- to » 

n n n 

terms. . n — I 

Ans. -^. 
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25. Insert three arithmetic means between 117 and 477* 

Am. 207, 297, and 387. 

26. There are n arithmetic means between 1 and 31, 
such that the 7th : (n — l)th : : 6 i 9; required n, and 
write out the series. 

Ans. n = 14 ; and the series is \, S, 5, &c. 

27. Insert three geometric means between the extremes 
5 and 405. Ans. 15, 45, 135. 

28. Rnd the sum of the infinite series, -A — ? 

X x^ or 

^ o ^ I 
T, &c, Ans. 



jr*'™ ^+1 

X hx b^x 

29. Find the sum of the infinite series, ^r H — o- 

— ^, &c. Ans. -4-r See Ex. 1, Art. 81. 

30. Required a geometric mean between 20 and 45. 

Ans. SO. 

31. Find an harmonical mean between 2 and 6. 

Ans. 3. 

32. Required an harmonic third proportional to 6 and 8. 

Ans. 12. 

33. Find the value of the decimal .333 &c. 

Ans. ^. 

34. Sum the mixed circulating decimal '247^95'. 

8257 
'^"*' 33300" 

35. If P and Q denote the pth, and ^th terms respec- 
tively of an arithmetic series, find the first term, and 
the sum of series. 

p—q 
Q(2p^fir^\)—V(2q—n—\) n 
p—q 2 
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36. If the first and second terms of an harmonic aeries 
be 5 and 4, find the tenth term. Jsu. f$. 

37. Insert two harmonic means between 6 and 24. 

Ans. 8 and 12. 

38. The sum of three consecutive terms in harmonic 
progression is 1^, and the first term is ^ ; find the series. 

^^' h h h ^• 

39. In a geometric series the {p+q)i}i term =m, and 

the (p — ^)th z= n ; find the pth term and also the yth, 

— n ^ 

Am. |}th = i^mn, ^ =: m(-) «. 
jti 

40. In a geometric progression if P and Q denote the 

pih and gth terms> find the nth. 

/P""*\;b 
Ana, "^ 



(q-W 



41. The difference between two numbers is 48» and the 
arithmetic mean exceeds the geometric by 18 ; find the 
numbers. Ans. 49 and 1. 

42. If the (/>+S')th term of an arithmetic series =iw, 
and the (p — ^)th = n, find the |ith term and also the ^. 

Ans. —5—, and m — -^ (m— «). 

43. Sum the series, — — + __ jl. — ^— — to 

Tu, oum tucBcrico, ^3g^ T 3579 T 5.7.9,11 

infinity, and also to n terms. 

i»r4«^4- 1811+23) 
Ans. ^. and 3 i.3,5(.2„+4)(2,+3)^2n+5)- 

44. What is the common fraction answering to the 
decimal .2424 &c. Am. 3^. 

45. The sum of three continual proportionals is 35, 
and the mean is to the difference of the extremes as 2 to 3. 
Required the numbers. An$. 5, 10, 20. 
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46. A gentleman divided £210 among three servants, 
the shares being in geometric progression ; and the first 
had £90 more than the last How much had each ? 

Jns. dei20, £60,£30. 

47. Of three continual proportionals the sum is 14, 
and the sum of the first and second is to the sum of the 
second and third as 1 to 2. Required the numbers, 

Ans. 2, 4, 8. 

48. From two towns 168 miles distant, two persons, 
A and B, set out to meet : A went 3 miles the first day, 
5 the second, 7 the third, and so on : B went 4 miles the 
first day, 6 the second, 8 the third, and so on. In how 
many days did they meet ? Ans. 8. 

49. Four numbers form an equidiflferent series ; their 
sum is 32, and the sum ol their squares is 276. Required 
the numbers. Am. 1 1, 9, 7, 5. 

50. A traveller sets out and travels 1 mile the first day, 
2 t^e second, 3 the third, and so on : in 5 days after, 
another sets out, and travels 1 2 miles a day. How long 
and how far must he travel to overtake the first ? 

Afis, 3 days, and 36 miles. 

51 . A person bought 47 sheep, and gave 1 shilling for 
the first, 3 for the second, 5 for the third, and so on. 
What did all the sheep cost ? Ans. £1 10 9s. 

52. If a body move for ever as follows : namely, 20 
miles the first minute, 19 miles the second minute, 18^, 
the third, and so on in geometric progression. Required 
the greatest distance it can reach. .^ns. 400 miles. 

53. A number consists of three digits, which are in 
arithmetica 1 progression ; andthenumber divided by the 
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sum of its digits is equal to 26 ; but if 198 be added to it, 
the digits will be inverted. Required the number* 

Am8. 234. 

54. The sum of three numbers in harmonical propor. 
tion is 13» and the product of their extremes is 18. Re- 
quired the numbers. Ana. 6,4,3. 

55. Sum the series l'+2'+3' &c. to n terms. 

56. Sum the series 1X2+2X3+3X4+ &c. 

o 
67. Show that l»+2»+3»+. ...«» = ( I +2+3+. . . . 
«)« 

58. Sum the series ^-7-+ t^ + o , » &c. to infinity. 

2.0 0.0 o.Xi 



59. Sum the series ;r-;; + r-=-+ z-7: &c. to n terms, 

0.0 0.7 7,V 

and also to infinity. j . ^ « I 

60. Find the number of balls in a triangular pile of 30 
layers ; and also in a square pile. 

Ans. 4960, and 9455. 

61. Find the same in the rectangular pile, length of 
base == 60, and breadth = 30. Ans. 23405. 

62. Sum the series l«+32+52+ (2»— I)*. 

(2it~-l)2«(2n+l) 
1.2.3 

63. Sum the series l^x 4^+32 x 6^+52 xS^ &c. 

^ 8(>»6+432«s+710«*+180n3— 370n^— 72ii 
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64. Sum the series 1x3^3x5^+5x7*+ {2n 

— l)(2ii+l)«. ^^^ «2(2„2+3)+^i6„2_4), 

o 

65. Find the number of balls in a rectangular pile, the 
length and breadth of the lowest row being 52 and 34. 

Ans. 24395. 

66. Find the number of balls in an incomplete square 
pUe, the side of the base being 24, and of the top 8. 

Ans, 4760. 

67. Find the same in a complete triangular pile of 
20 layers, and an incomplete rectangular pile of 12 layers, 
the length and breadth of the base being 40 and 20. 

Ans. 1540, and 6146. 

68. Show that the number of balls in the two lowest 
layers of a complete triangular pile, equals the number in 
the base of a complete square pile of the same number of 
layers. 

69. There are two complete piles of balls, one tri- 
angular and the other square, such that the whole number 
of balls in the former is to the whole number in the latter, 
as 6 is to 1 1. Required the number of balls in each pile, 
the bottom row of both haying the same number of balls 
in a side. 

Ans. 816 in the triangular; 1496 in the square pile. 

70. Sum the series -rr-r + ttt^ + i-m &c. ad infini- 

2.3.4 ^ 3.4.5 ^ 4,5.6 

turn. . 1 

71. Sum the8erie8 5J-g+ 3^^ + g3|^+&c. to 
infinity. . 7 
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72. Find the sum of the series l+2r+St^+if^+ &c. 
to infinity. «r"+^_(«4.1)r»+l 

^"'' (r^=^o^- 

5 6 7 

73. Find the sum of the series r-jr^ + 77^-7 + 577 

8 3 

+ T-r-^ + &c. to infinity. Ans* r. 

4 0.0 i 

74. Sum the series ^ 4 



1.3.5.7 ' 3.5.7.9 ^ 5.7.9.11 ' 

&c. ad infinitum, ^ 1 

Ans.-^. 

75. Sum the series l*+2*+35+. ... to « terms. 

^ 2n6+6n«+5»*— n* 
^'^- 12 • 

f^— 1 

76. Find the sum of n terms of the series 4f+ 

n 

imi ,.+ J?:^ ^+ &c. ^«. ('>-i)^->^+*-. 

« n n(l — ^r)* 

77. Sum the series — ;jw,— ; — rr; + 



V'2(l+V2) ' (l+v^2)(2+V2) 

(2+V2)(3+V2) + ^- *° "^*y' ^- 72- 

78. If »i, «2» «3,. . . • . . *r, he the sums of r arithmetic 
series, each continued to n terms, the first terms heiog 
1, 2, 3 and the common differences 1, 3, 5,. ... re- 
spectively, required the sum of *i, «2» s^., ,. s,. 

Ans. ^i«r+l). 

79. Sum tbe series 1.2.3+2.3.4+3.4.5+ &c. to n terns- 

Ans. «("+l)("+2)(>i+3) 
4 
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CHAP. XII.— LOGARITHMS. 



A&T. 193. Dbf. I. When the several terms of a series 
of numbers are considered as powers of some common 
root, the indices of those powers are called the Logar- 
ithms of the numbers to which the powers are equal. 
Thus, if we consider r^, J, J, J, 1, 2, &c. as powers of 
the common root 2, we shall have 

^^=2-* 2=2^ 

J=2-3, 4=22, 

i=2-2, 8=23, 

i=2-^ 16=2S 

1=20. 32=2«, 

where the indices —4, — 3, — 2, — 1, 0, 1, 2, 3, &c. are 
the logarithms of the numbers -^^ ^, \, &c. 

But the same numbers may be considered as powers of 
the common root 4, and we shall then have 



*=4-». 


4=41, 


\-^-K 


8=4i, 


i=4-> 


16=4», 


i=4-». 


32=44, 


1=40. 


64=4», 


2=4>; 





&c. 
where the indices — 2, — |, — 1, &c. are the logarithms of 
the corresponding numbers. 

194. Schoh If it be required to find what power of 4 
is equal to 13, it will appear from this table that since 13 
is between 8 and 16, the index of A, that is, the logar- 
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ithm of 13, will be between f and 2; and, from Arts. 86, 
100, that if such an index cannot be exactly found, it 
may be approximated to. Hence, logarithms may be 
calculated for all numbers. 

195. II. The common root, of which other numbers are 
taken as powers, is called the base of the system of logar- 
ithms. Thus, in the examples of Art. 193, the bases aie 
2 and 4. 

196. Schol, Any number may be assumed as the base; 
and it is plain that every base will give a different system 
of logarithms : but the base which has been found most 
convenient is 10. Logarithms constructed to the base 10 
are called, for the sake of distinction, common logarithm* 
Hence, the common logarithm of a ntanber is the index of 
the power of 10 which is equal to that nwnher. The only 
other base to which logarithms have ever been constructed, 
is the number 2718281 S28459... This was the base 
chosen by Baron Napier, the inventor of logarithms; 
and hence these are called Napierian logarithms. Since 
0^=1 it is plain that, in every system, the logarithm 
of 1 is 0. 

Taking, therefore, 10 for the base, its powers will be 
as follows : 

100=1, and 10-i=^=a; 
10^=10, 10-»=3^=-01; 
102=100, 10-3=^^=-001; 
10»=1000, 10-*=t^j4to='0001; 

10^=10000, 10-fi=.nn)W='<^<^l' 
&c. 

The severed indices are here the common logarithmi of 
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the corresponding powers.^ It is plain that the logarithms 
df all numbers between 1 and 10, that is, numbers of one 
figure» are between and I ; that the logarithms of num- 
bers between 10 and 100, that is, those consisting of two 
figures, are between I and 2 ; and in general that the 
integral part of the logarithm, which is usually called the 
characteristic, is always a unit less than the number of 
digits. Also, it is plain that of decimals between * 1 and 
•01, the logarithms are greater than — 2, and less than 
— 1, or that they are — 2 increased by some fraction; and 
those of decimals between 01 and -001, are —3 increased 
by some fraction ; and, in general, that the logarithm of 
a decimal consists of a positive fraction combined with a 
n^ative integer, greater by 1 than the number of zeros 
prefixed to the significant figures of the decimal. Thus 
if — 3+726401 be a logarithm, the corresponding number 
will be a decimal fraction, having two zeros prefixed to its 
significant figures. It is usual to write such logarithms 
with the sign — over the integral part, omitting the sign 
+ before the fractional part. Thus 3-726401 means 
— 3+-726401.t 

• By reasoning, as in Art. 194, it might be shown from the 
above table, that logarithms may be approximated to when the 
numbers are not exact powers of 10. This will also appear from 
the following example. Suppose the logarithm of 5 to be required, 
or fix)m 10* = 5 to find x ; first, x is plainly greater than J ; let 
X =1, then since 10* = ^100, and 5=^125, § is less than 
log 5. Let x = l; then 10* = ^1000 ; but5 = ^«^625 .-. | 
is greater than log 5 ; log 5 is therefore between | and f , or 
^ and ^, that is between -666666 and -749999. This number is 
afterwards found to be -696970. See Art. 205. 

f When we have such a number as — 3+ -726401, it might appear 
more natural actually to incorporate the two parts, which would 

Bb 
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197. III. The moduha of a syBtem of logarithms la a 
constant multiplier, bj means of which, when the logarithm 
of a number in one system is known; its logarithm in 
another system may be found. 

198. Schol I. It follows from Art. 35, 41, that the log- 
arithm of a product is equal to the sum of the logarithms 
of its factors ; and that the logarithm of a quotient is 
equal to the diflPerence of the logarithms of the dividend 
and divisor: that is, log ahczzloga+logh+logc; and 

log j=z log a— log ft. 

Also, from Art. 88, 94, it follows, that the logarithm of 
the nth power of a number is n times the logarithm of the 
number ; and the logarithm of the nth root, the nth part 
of the logarithm of the number: or that log 6" = n log b ; 

11 "* m 

log 6"»=- log h; and log i*z=r- log h. 
n n 

199. Cor. Hence, it is plain that the subtraction of 1 
from any logarithm, gives the logarithm of the quotient 
obtained by dividing the number by 1 ; the subtraction 
of 2, the logarithm of the quotient obtained by dividing 
the number by 100, &c. ; and, therefore, that the logarithms 
of decimals will differ from the logarithms of integers 
composed of the same figures, only in the characteristic. 
It is this property of 10 which makes it the most conve- 
nient base. 

give — ^2*273599 ; but the mode of notation explained in the text, 
enables us to make the same logarithm serve for all nnmben, in- 
tegral, fractional, and mixed, which consist of the same flgureS) « 
will appear in Art. 199. 
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200, Sehol, II. If there be a series of quantities in 
geometrical progression, their logarithms will be in arith- 
metical progression. 

Let b, c&, c*b, c^b, &c. be a geometrical progression ; 
and let ^« j/, be the logarithms of b and c: then (Art. 198) 
the progression is the same as ' 

a*, «'♦'', a'*2*'^ «*♦»*', &c. 
in which the logarithms 

X, #+«', r+2^, df+3j/, &c, 
are in arithmetical progression. 

201 • PnoB, I. To expand a' in a series cuxording 
to the powers of x. 

Assume a*:=:h+kx+lx^+mj^+nx*+ &c, 
squaring both sides we have 



a^'=zh^+2hkx+k^ 
+2 hi 



x^+2hm ar^+ P x^+ &c. 
+2 A/ +2km (1) 

+2hn 
also putting 2xfoTX in the first series we obtain 

a^'=h+2 kx+4 Ix^+S mx^+\6 nx*+ &c. (2) 

Hence (Art. 149) equating the coefficients of the like terms, 
we find 
h^=h, OTh=l;2hkzz2k or kzzk ; k^+2 A/=4 /. or /= 

y^ ; 2 hm+2 kl=S m, or wrzy^ 

Substituting in the original series these values of the co- 
efficients, we find 

a'=l+kx+^ + j^+jjjj &c. (3) 

In this k is yet unknown; to find it, put a^\+b, and 
we then have 
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or, if the multiplications indicated be performed, and M, 
N, &c. be put for tbe coefficients, which a^, af, &c. then 
have, 

^- Y+ y— j+ &c. V ^+Mjr2+Na:»+ &c. 

As this value of a* must be identical with the former, we 
have, by equating the coefficients, and since 5=a — 1, 

*=^ 2 + T-T+ ^'=-1 2- + -3 

&c. 

If we represent by e that value of a which makes A: =1 
we shall have 

and if in this series we put ^=1 we find 

or, by actual calculation of the values of the several terms, 
e = 2-718281828459.... 
202. Schol, A power having an unknown quantity 
for its index, is called an exponential quantity ; and the 
formula, series (3) last Art., giving the development of a* 
is usually known by the name of the exponential theorems- 
it is of great importance in analysis. 



203. II. To find the logarithm of a number. 

Let N be any number, and x its logarithm to the base 
a, so that 0*= N ; then it is required to determine x* 

Raising both sides to the power whose index is y, we 
have 
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Expanding both sides by the exponential theorem we find 

where 

Jc = (a— 1)— I (a— l)2+i(^l)'—i («-!)*+ &c. 
and 

je = (N— IM (N— 1)«+^ (N— 1)3^ (N-l)*+ &c. 
as proved before. 

Equating the coefficients of y on both sides of the above 
equation, we have 

kx zz k, and x zz — 

We have, therefore, 

.„^ XT _ (N-1)- j(N-l)»+^ (N-l)3-i (N-1)* 3,e. 
^ " (a- l)-i (or^yy+i (a-l)3— i (fl-l)4 &c. 
The numerator of this fraction is independent of the 
base a, and will be the same in every system of logar* 
ithms; but the value of the denominator will depend 
upon a, and will be different in different systems. It is 
the reciprocal of this denominator which is called the 
9iodulu9 of the system : putting the modulus = M, and N 
= 1 +n we have 

log(l+») = M (n— |a«+ J»»— i«4 &c.) 
and therefore, 

log (I— n) = M (— «— in2— in»— J»* &c.) 
Hence, by subtraction, and Art. 19S, we have 

log (l+»)— log(l— n) =logi±?=2M(n+in3+}n»&c.) 

Now, since in this equation n may have any value, let 
1 .V 1 L 2N+2 

^ = 2N+1^^^^^+'^ = 2N+I' 
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, - 2N ^. , \+* N+1 

Hence we have, by substitution, and Art. 198, and trana- 
posing log N. 

6(2N+1)« ■*" 7(2N+1)7^^7 

This formula will give the logarithm of any number, that 

of the next less number being known. 

204. The modulus M may have any value. In Napier- 
ian logarithms, it is taken equal to unity : for calculating 
these, therefore, we have the general formula 

log (N+1) = log N+2 (^ + — J^ + 

5(2N+1)5 ^ 7(2N+1)7 j 

in which N must be taken, successively, equal to the na- 
tural numbers 1, 2, 3, 4, &c. We thus find 

log 2 = 2(1 + |j + ^-L + ^-1, &c.) = -693147. 

log4 = 2 1og2 = 1-386294. 

log 5 = 2(i + 3^ + ^5 ^^)+ ^^S 4 = 1-609438. 

log 10 = log 2 + log 5 =r 2-302586. 

&c. &c. 

205. III. The logarithm of a number in one system 
being given^ to find its logarithm in any other 
system. 

Let N be a given number, and let y, x, be its lo- 
garithms in two systems whose bases are a, e ; so that 
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ii» = N,e»z=:N; 
and let the logarithms of N in the two syetems be denoted 
by log« N, and loga N respectiTely ; then x =: log« N, 
and y =: loga N. Now it is plain that 

^ = a»; 
and therefore, by taking the logarithms of both sides, to 
the base e 

* = ylog,a, 
whence 

or substituting the above values of x and y, 

log^N 

or 

log.N = log.NXj^^ 

This equation expresses the constant ratio which the 
logarithms of N have to each other, in the two systems. 

206. Since the only systems in use are the common 
and Napierian, let 

a = 10, e = 2-718281828459. . • • (Art. 196); 
then we have 

that is, ihe commoft logarithm of any number is equal to the 
Napierian logarithm of the same number, multiplied by the 
reciprocal of the Napierian logarithm of 10 : this multiplier. 



— rrr, is therefore the modulus^ 



log, 10' 

Now log, 10 = 2-3025850929. . .. ; 
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therefore, M= r-^r;. = '4342944819. .... 

log. 10 

which is the modulus of the commoa system. The com- 
mon logarithms may, therefore, be calculated either by 
substituting this value of M in the general formula of 
Art. 204, or by multiplying the Napierian logarithm by 
the modulus. The former method is, of course, by far the 
more direct and expeditious : in this way we have 

log 2 = -86858896(1 + L + ^^^ &c.) =-301030. 

log 4 = 2 log 2 =-601060. 

log 5 = -86858896(1+ ^+ ^c )+ log 4=- 698970. 

log 10 = log 2+log 5 = 1-000000. 

The logarithms of all numbers are calculated in the same 
manner ; and thus a table of logarithms is formed, for the 
purpose of simplifying arithmetical calculations (Art 198). 
The method of using these is explained in books of tables. 

APPLICATION OF LOGARITHMS. 

1. Raise 9 to the ninth power. 
Here log9» = 91og9; 
but log 9 =-9542425, 

and -9542425 X 9 = 8-5881825 = log 387420489 .\ 9« = 
387420489. 

2. Extract the 7th root of 67943. 

Log 67943 = 4 8321447; log {^67943 = flog 67943 
=•6903064 = log 4-901245 /, -^^67943 = 4-901245. 

3. Find a fourth proportional to the 6th power of 9, 
the 4th power of 7, and the 5th power of 5. 

Let or be the number ; then 
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"^^Xfi* . ... 

X = — ^- /. log ir = 4 log 7 

+5 log 5—6 log 9 =z log 14* 12 nearly, ,*. ir = 1 4* 12 nearly. 

4. From the equation 2* = 1976 find x. 

Here ir log 2 =z log 1976 .-. a -i2ii?Z? = 10'9nearly. 

log 2 

5. (nven a** =: c ; required x. 



Let 


fr'rry. 


so that 






Orrc; 


then 






* log i = log y 


and 






log 6' 



also 

ylog« = logc.-.y = ^. 

hence 

log (log c)— log (log g) 

"" log 6 

6. In the expression 8 = — (Art. 180) 

required n. 

Clearing and taking the logs, of both sides, we have 
log a+w log r = log (*.r — 1 +«) 
hence 

__ log {s.r — l+g) — ^log a 
"" log r 

an expression for the number of terms in a Geometric 
series. 
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EXEECI8S8* 

1. Given a'zzb; find s. Ans, x = r-^- 

log a 

2. Given e** = c; find or, Ans. x = , , ■ -. 

6 log a 

3. Given 20* = 100 ; find a?. Am. x = 1-537. 

4. Given log 2 = -301030, find those of 25 and -0125. 

Ans. 1-397940 and 2-096910. 

5. From the equation (4)' z= 54 1, find x, 

Ans. ^ = 17-917. 

6. Given a"" ft"* =z c ; find ar. 



' m log a+n log i* 

7. From the logarithms given in the last Art. find those 
of 8, 32, 20, 50, and 40. 
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CHAP. XIIL— THEORY OF QUADRATIC 
EQUATIONS. 



Abt. 207. Dsv I. Any number which, being substi- 
tuted for the unknown quantity in an equation, renders its 
two sides identical, is called a root of the equation. 

208, We have seen in Art. 144 that one general form 
of a quadratic equation is 

x^+pxz::q, or JF^+psp — q = 0. 
Now, if r be a root of this equation, that is, a value of s, 
we shall have by substitution, 

r^+pr=:qs 
whence 

or 

hence, 

that is, 

{x — r)(ar+r+p) = : 
from which last equation it follows, that, i/r be a root 
of the equation x^+P^ = <1> ^^ ^rf^ member is divisible 
by X — ^r ; and conversely, if x — r divide the left member 
without remainder, r is a root of the equation. 

209, Since a product becomes zero when either of its 
factors becomes zero, (a? — ^)(^+r+/>) = both when 
jr — r = 0, which gives x zz r, and when ^+r+|? =z 0, 
which gives or z= — r^-y .• hence, r being one root, — r — p 
is the other ; and hence a quadratic has two roots. 

210, Since x^+pa--^={x — r){x+r+p,) it follows 



x^+psszr^+pr, 

x^ — r^+px — pr = ; 

i^+rKx--r)+p(x^-r) = ; 
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that a quadratic equation is the product of two factors, 
which are of the first degree with respect to x. 
21 1 • Addiog together the two roots we have 

hence, the sum of the roots of a quadratic equation is 
equal to the coefficient of the first power of the unknown 
with its sign changed* 

212. Since r^+pr — q = 0, transposing and changing 
all the signs we hare 

— r3 — pr = — q, or r ( — r— p) = — q ; 
and, therefore, the product ^of the roots of a quadratic 
equation is equal to the absolute term with its sign changed,* 

213 The general value of x (Art. 145,) 
qF:6±^/(62±4ac) 
2a 
includes the four following forms : 

1.1 N 2a ' 

[ ax^dtz 6a? = +c ^ = < or 

^•^ i 5db^/(&«+4ac) 

V 2fl 

r — 6db^(fc2— 4gc) 

3 ) \ 2a * 

' \ ax'^z^hxzz^ — c ;r = -<or 

4- J i »db^/ ( &«->4ac) 

^ 2a 

In the four values of the first two of these forms, since 
the quantities under the radical sign are hoth positive, 
the square root can be extracted either exactly or approxi- 



* We might also deduce these properties inunediatelj firom the 
general values in Art. 144. The work is left as an exercise fsx 
the student. 
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m«itely^ and therefore the roots of the equation are real : 
and since V(6*+4a<?) is necessarily a greater number 
than b, the roots will be positive when the sign of the 
radical is +, and negative when the sign of the radi- 
cal is—. 

Again, in the four, values of the last two of these forms, 
in order to render the evolution possible, and the roots ' 
real, we must have b^ >4ac ; but if b^< 4ac, the roots are 
both imaginary : and since ^^{b^^^w) is a less number 
than b, the roots will be negative when b is positive in the 
equation, and positive when b is negative.* 

If we suppose b* = 4ac, or c = — » in the equation ax^ 

dcbjp = — c, the radical quantity vanishes, and the two 

values of x are in the one case — r^-, and in the other-- ; 

2a 2a 

the roots are then equal to one another, and the equation 

is a square. 

214. We might deduce these results from the principles 

established in Art. 211, 212 ; for if r, r', are the roots of 

the equation a^+pa: = q, we have 

or pz= — [r+r^), and q = — rr^ : 

the roots have therefore different signs, since their pro- 
duct is negative. Also, since the sum of the roots is 
negative when p is positive, and positive when p is nega- 
tive (Art 211), that is, when or^ — px = q, it follows that 
the root which is the greater number has a different sign 
from p. 

Again, in the equation jc^ztips = — q, q being negative, 

^ This Art. may be illustrated by examples taken from com« 
pound quadratics, p. 203, et seq. 

Cc 
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the two roots will liaye the same siga, since their prodoct 
is positive ; but as their sum has always a different sign 
from p, they are both Q^;ative when p 13 positive, and 
both positive when p is negative. 

215. If we compare the results to which we have ar- 
rived in the last Article with the signs of the terms of the 
general equation, we shall perceive that there is always a 
connexion between the number of positive roots, and the 
number of changes of the signs from + to — , or from 
— to +• Thus, in the equation 4?^+/)jr+9 = 0, since 
the root that is the greater number is always of a different 
sign from p, and since in this case the product of the roots 
is positive, the other root also must be negative : thus, 
there is no positive root, and no change in the signs of the 
terms of the equation. 

Again, in the equation a?^ — p^+q = 0, the root that is 
the greater number must be positive ; but the product 
is positive, and therefore also the other root : there are 
then, two positive roots, and two changes of sign in the 
equation. And in the same manner it may be shown, that 
of the equations aP+pup — ^ = 0, and x^ — px — y = 0, 
having but one change of sign, there is one root positive, 
and the other negative, 

216. From the general principles established in the 
preceding Articles, it follows, 

1^^ That when a quadratic is reduced to the form 
x^-A=px = ± J, its roots may be found by inspection, 
whenever they are such as can be determined in finite 
terms. 

2ef, That when the roots of a quadratic are given, the 
equation will be formed by putting the difference between 
the unknown quantity and these roots equal to zero, 
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transposing all the terms to one side, and finding the 
product of the results. 

3^, That the factors of a quadratic expression vrill be 
found by putting it equal to zero, and solving the equa- 
tion that results. 

SXAMPLSS. 

1. Find, by inspection, the roots of the equation 

jp^— 7a; = 44, or x^ — 7a?— 44 = 0. 
Here it is required to find two numbers, whose product 
shall be —44, and sum +7 : the numbers plainly are 1 1 
and —-4. We know from the last Art. also, that one 
root only is positive ; and from Art 214, that that is the 
greater root. 

2. Required the quadratic equation whose roots are 
5 and — 7. 

Here or = 5, ^ = — 7 ; therefore, transposing, we have 
X — 5 = 0, and ar+7 = : multiplying, we find x^+2x — 
35 = 0, or j?^+2a;=i35; which is the required qua- 
dratic. 

3. Find the factors of 22:— 15+ar2+a(3— or). 

The roots are here found to be a — 5, and 3 ; hence 
the factors are x — a-^-o, and a; — 3. 

BXBRCISES. 

1. Required the factors of pq^'\ 2 mq. 

Ana, q , and q . 

2. Required the factors of {a+h)x+a^ — 9aj+(6 — i)a 
+(4 — &)5. Ajm* a^— 4+^, and x — 5+«. 
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3. Required the factors of the expression 

a a — 9 ^ 

a+2 ■" 3a— 20 l3' 

Ans, a — Il,a4-d4. 

4. Required the factors of x^—bxSQOO. 

5. Required the quadratic whose roots are 10 and — ^9. 

6. Required the quadratic whose roots are \ and ^. 

7. Required the factors of a^^Za — 28, 

8.. Required the factors of 2a^c — Zcx^ — hH — tfc*+ 

9. Required the quadratic whose roots are 7 and — ^5. 

10. Required the factors of 3400+ 11 lor— or^ 
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CHAP. XIV.— SOLUITOK OF GEOMETRICAL 
PROBLEMS. 



Abt. 217. A line may be represented by a number, 
expressing how many linear units the line contains. Thus, 
the line AB 

A B 

may be represented by any number, as 7 ; meaning that 
the line contains 7 inches, 7 feet, 7 miles, or 7 linear units 
of any kind. In the same manner, the line AB may be 
represented by any letter, as «; the letter being understood 
to denote a number of linear units. Also, if the two ad- 
jacent sides of a rectangle be represented by any numbers 
or letters, the product of those numbers or letters will 
express the number of superficial units in its area : thus, 
if a and b represent the adjacent sides, ab will represent 
the area. Hence, if a be the side of a square, its area 
will be represented by a*. In the same manner, if a, b, c, 
represent the number of linear units in the length, breadth, 
and thickness, respectively, of a solid, the number of its 
solid units will be expressed by the product abc. Con- 
versely, any single letter may be represented by a line, 
the product of two letters by a rectangle, and the product 
of three letters by a solid. 

A rectangle may, however, be represented by a single 
letter as a; and if one side of such rectangle be repre- 

sei^ted by », then the other will be . Also if a repre- 
sent the area of a square, ^a will represent the side. 
Conversely, it is not necessary that every product of two 
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factors should be geometrically represented by a rectangle, 
and every product of three factors^ by a solid : for ab 
may represent a line, which is a times the line b, that is, 
which contains a times as many linear units ; and ahc may 
express a rectangle, which is a times the rectangle he. 
And as geometry is only concerned with the three dimen* 
sions of length, breadth, and thickness, it is plain, if a 
product consist of d-^n factors, they cannot all denote 
lines ; and n of them, at least, must be taken as forming 
a coefficient to the geometrical magnitude expressed by 
the others. 

The directions that have been given in Art. 148, for 
the solution of algebraic problems, are applicable also to 
the solution of geometrical problems. In order to trans- 
late the conditions of a problem into equations, the prob« 
lem must be supposed to be resolved, and relations 
sought out between the given and required parts: for 
the purpose of extending these relations, and discovering 
new ones, additional lines may be drawn, or figures con- 
structed. For this, however, or for the method of trans- 
lating the conditions into algebraic language, no general 
rule can be laid down. 



PROBLEMS. 

] . To divide a straight line, so that the rectangle con- 
tained by the whole and one part, shall be equal to the 
square of the other part. (Eucl. XL 11.) 

. Let AB = a, d a c b 

AC = ^ ,-. BC = 

tt — X ; then, by the question, a (a — a) = ^2. whence -r'+ 

aj:=:a^. Hence we have (Art. 145) 
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or , = _|±f^ = «i^|z±). 

Here, if the sign + be taken* a; is positive (Art 213), 
and less than a ; but if the sign — be taken, it is negative, 
and greater than a : that is to say, the conditions are ful- 
filled, not only by a point C within the line, as the enun* 
elation contemplated, but also by a point C^ on its con- 
tinuation. The position of the point was supposed to be 
such that, in order to find it, something was to be taken 
from AB ; whereas the point may also have such a position 
that, to find it, something must be added to AB (Art. 6fi), 
To answer this new condition, the question may be easily 
modified thus: 

In a given straight line, or its continuation, to find a 
point such that the rectangle contained by the given line 
and the segment between one of its extremities and the 
required point, may be equal to the square of the segment 
between its other extremity and the same point. 

/ a^\ a 
If the value of x be put under the form Vl «^+ j ) — ^i 

it is plain that we shall have (Eucl. II. 11) 

^^a2+^A-.|=:EF— EA = AH. 

If a square be described on EF+EA = CF, instead of 
upon EF — ^EA = AF, and upon the opposite side from 
AG, BA produced will meet a side of the square in a 
point H', which will give AB.BH' = AH'^ : this construe- • 
tion answers to the negative value. ^ 

If we had at first supposed the point to have also the 
position C, and put BC, or BC =: x, we should have had 
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AC=:a — X, AC'=:jr — a: then (a — j?)*=(Mr, or (4? — of 
=: oor^ either of which would give 

3a . 5a« 3a . tf^/6 

both positive values. 

2. Given the difference of the perimeter and diagonal 
of a square^ to find the side and diagonal. 

Let one side AB = x ; then perimeter 
= 4ar : also let d = difference of perimeter 
and diagonal ; then BC = 4x — (f. 



Then (Edcl. I. 47) 2x^^{Ax—d)^\ ^ j, 

hence, x =— ^ = ^^^+/^^ (Art. 117). But BC 

= \x—d = x^/2 ; therefore BC = i^i+^^h^^ 

d{2V2+l) 
7 ' • 

3. Given the line bisecting the vertical angle of a 
triangle, and the segments into which it divides the base, 
to find the sides. 

Let AD = «, BD = 6, DC = c, AB = 4r, 

ACzry, 

Then (Eucl. VI. 3)b i c : : x : y,.\ca ^ / I \ q 

b 
= hy, and xzz—. Again (Eucl, VI. B), 

xyz=.bc+a^, .\x = — — . Hence, -^ = — I — ; whence 

y = y *f!±±^ and therefore . = i J ^^^ = 
b^c+a^b 

4. In a right-angled triangle, given the difference of the 



.zA. 



J 
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legs, and the difference of the li3rpotenu8e and one leg, to 
find the hypotenuse and legs. 

Let CB— BA = a, CA— AB = ^ AB a 

= a. Then s^ = (4?+6)*— (a? + a)^ or 
af«+2(a— ft>=6a-^«; whence (Art. 146), 
26— 2a ± ^/ (8i2— 8fl6) 

^= 2 = 

^— «±^(26*— 2a6) =AB; and therefore BC = 6=fc 
V(26»— 2flA), and AC = 26— a ± V(2^— 2a6). 

When the triangle is isosceles, a = 0, and or = 6 (1 =b 
V2), which is obviously greater than the other value of Je ; 
and therefore, of all right-angled triangles upon the same 
hypotenuse, the isosceles is the greatest. , 

5. Given the perpendicular of a triangle, the difference 
of the segments of the base, and the ratio of the sides, to 
determine the triangle. 

Let AD = a, BD— DC = d, and AB : i 

AC : : 3 : 2. Also, let AB = or, AC = y, 
BC =zz. Then, « : y : : 3 : 2 ; therefore 

ar=-^,5^ = ^. Now (Eucl. VL K), 

dz = (x + ^(ar-D=*«-l^; hence. »' = ^. 

Also (Eucl. L 47), 

^ - «a . /^+^V^ 4a^+tP+2dz+z^ _ 9dz 
"""^^2/"" 4 ""5* 

therefore, clearing of fractions, and transposing, 
6z^—26dz = —20 o2— 6 rfa, 

26 rf db ^/ (676 rfa— 4000^—1 00 (f>). 




which gives z = 
by reduction, ;? = 



10 
26 (f=i=4^/(36(fi— 25d«) 
10 
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Now, or' = —7—, therefore we have 
o 



-*y- 



25 "■ 



±5^/13 rf«db2 rf V(36rf«— 25 a^) : 
but y = } X, therefore 



y = =b JV13 rf2 db 2 d2^/{36 rf2_25o2). 

6. To bisect a triangle by a straight line drawn fit)m a 
given point in one of its sides. 

Let ABC be the given triangle, and P the given point ; 
bisect BC in D, and make (Eucl. VI. 12) 
PC : CD : : AC : CE; then PC.CE = AC. ^ 

CD = J AC . CB, therefore AC . CB = yV 

2PC.CE. But (Thomson's Eucl. VI. 23. //\^ 

Note) AC . CB : PC . CE : : ACB : PCE; * * D ^ 
therefore ABC = 2 PCE, or PE bisects the triangle. 

Now, to determine the point E, let BC = a, AC = h 

CP = d, and CE = ^; then rf : j a : : b: x : henceur zr— . 
When rf = f 5, a? = a ; or E coincides withB (Euc. 1.38). 

7. To produce the diameter of a given circle, so that 
the tangent to the circle from the extremity of the pro- 
duced part shall have a given ratio to a given line* 

Let m : n be the given ratio, 
and J) the given line; from A 
draw AD perpendicular to AB, 
and determine AD by making . 

m : » : : 6 : AD = 6 ~; join ED, 
m 

and make EC = ED ; draw the 

tangent CF, and join FE : then (Thomson's Eucl. I. 47, 
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bn I 
Cor. 5) AD = CF = — Let now the radius = r, BC=^ : 
m I 

then CF = — = V(ar+r)2— r2 ; .-. a;^+2ra: = -^ = 

— 2rdbv/(4r«+4^) db^V(r«m«+i*»')-2r 
whence, x = = 

m 
If » = », CF=:6, andxs:— rdb-v/(r«+&*); and if also 6=2r, 
^ = (±^5— l)r. 

8. Given the hase, b, and the altitude, a, of a triangle, 
to find the side of the inscribed square. . ab 

a+b 

9. Given the difference, d, between the diagonal of a 
square and one of its sides, to determine the square, 

Jns, ( 1+^/2) rf =? the side. 

10. Given one side, a, of a right-angled triangle, and the 
sum of the hypotenuse and other side, b, to find the hypo- 
tenuse and other side. 

Ans. Hyp. = -^-, side = —^. 

11. Given the sum, s, of the perimeter and diagonal of 
a square to find the side. j^. , _ 4g±g^2 

14 

12. Given the ratio, m : n, of the tvro sides of a triangle, 
and the segments, a and b, of the base, made by a perpen- 
dicular, to find the two sides. 

13. To divide a given straight line, a, so that the rect- 
angle of the two parts may be equal to a given square, b^. 

Am. The expression is q=*=^("T — ^y 
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14. Given the breadth, a, of a street, and the perpen- 
dicular heights, b, c, of the houses on opposite sides, to 
find a point in the street, so that one extremity of a ladder 
being placed at it, the other will reach to the top of each 
house. 

Ans. The distance of the point from the side of the 

street is, _ — • 
2a 

15. Given one side, a. of a right-angled triangle, and 
the alternate segment, h, of the hypotenuse, to find the 
whole hypotenuse and the other side. 

Ans.llY^., ^ '-; side, ^ g — '- 

16. Given the hypotenuse, a, of a right-angled tri- 
angle, and the difference, d, between the other two sides, 
to find tbe sides. 

Jns. Base = J rf ± ^A/{2a^—d^ ) ; perp. = — f i ± 

17. Through a given point in a given circle, to draw a 
chord of a given length, a. 

The segments made by a diameter being x and a — dr, 

we have __ a ± V («* — 4 be ) 
x^ -^ . . 

18. In a rectangle given, a and 5, the difference be- 
tween the diagonal and each of the sides, to find the sides 
and diagonal. 

Ans, Diag. r= a+^=bV2a6; the sides, &dbV2(i^, 
adbV2a6. 

19. Given two sides, a and b, of a triangle, and the 

difference, d, of the segments of the bai^e, made by a per* 

pendicular, to find the base. ^ ^ a* — J* 

Ana. Base = — j— • 
d 
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ANOTHER METHOD OF EXTRACTING THE CUBE ROOT. 



(1) Point off the given number into periods of three 
figures in each, commencing at the units' place ; (2) find 
the greatest cube in the first period, and place its cube 
root as the first figure of the answer; (3) subtract this 
cube from the first period, and bring down another period, 
or three zeros, if there be not another period ; (4) in the 
column marked A, place three times the first figure of the 
root ; (5) in the column B, place three times the square 
of this figure, and two dots to the right of the result ; (6) 
find how often this number is contained in the result of 
(3) omitting the last two figures, and place this number as 
the trial figure of the root ; (7) place it also to the right 
of the number in column A ; (8) and multiply this num- 
ber by the trial figure placing the unit figure of the result 
under the last dot ; (9) add the result to the number above 
it; (10) and multiply the sum by the trial figure; (11) 
if this figure do not turn out too large,'square it, and place 
the square under the last number in column B ; but if it 

* The following Bule is a particular case of a general method of 
solving equations, discovered by the late Mr. Homer. It is hoped, 
that as now given, it will be found to contain considerable 
improvements on the ordinary process. A AiU account of this 
method* and of the other recent discovmes in the solution of equa- 
tions, will be found in an elaborate work by Professor Young, of 
Belfast, on the ** Theory and Solution of Algebraic Equations." 

D D 
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be too large, erase the work, and try a less number ; (12) 
add the result to the two numbers above it, and place 
two dots to the right of the result : this is the new trial 
divisor for the next figure of the root; (13) add twice the 
last figure of the root to the number already in column 
A, or else place in column A three times the portion of 
the root already found ; ( 14) proceed as before to find the 
next figure : (15) after five or six figures have been ob- 
tained, the others required may be found by the ordinary 
rules for contracted division of decimalsa using as divisor 
the number in column B, neglecting column A. 

Exactly the same method is to be followed in Algebm, 
care being taken that the quantities be arranged according 
to the powers of some one letter. 



EXAMPLES. 



1. Required the cube root of 410172407. 



214 

8 

2223 



B 

147. . 
856 

15556 
16 

16428. . 
6669 

1649469 



410,172,407(743 
343 



67172 
62224 

4948407 
4948407 
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2. Required the cube root of '1 to 10 places of Decimals. 
B 



A 
3 times Root 

126 



1384 



13921 



139235 



1392458 



3 times (Root) 
48.. 
756 

5556 
36 

6348.. 
5536 

640336 
16 

645888.. 
13921 

64602721 

1 



64616643.. 
696175 

6462360475 
25 

6463056675.. 
11139664 

6463,16807164 



J00(.4641588833 
64 

36000 
33336 

2664000 
2561344 

102656000 
64602721 

38053279000 
82311802375 

5741476625000 
6170534457312 

570942167688 
51706 

5388 
5171 

217 
193 

24 
19 



3. Required the cube root of 



304 



APPENDIX. 



A 

3 times Root 



6/i3— |»2_^„ 



6«3_|-a2_n_l 



12»6 



B 

3 times (Root)^ 



-3ft5+J»* 



12«6— 3»«+ln* 



12n«— 6««+|«* 



12n6— 6»5-.|a*+ia3 +!„: 






12n«— 6««— Vy-^«^+V»^+»+l 
8n9 ' (Root=2n3— ln»— in— 1). 






— 4n7 
— 4«7 



+ 2n6+^»«-^n4-^V 

— 12«6 + en!i+^^ «* + 5«3_y»2_«— 1 

— 12n« + 611^+^-^ »* + 5«3— V«^— «— I 



Given Cubes. 
1. 405224. 



BXERCISBS; 






27;r6 ^ 3^ ^ 2* 



Cube Boots. 

Jns. 74. 

^ 2 

^'^•2+3i^- 

Ans. 1-03. 

2 



3. 1092727, 

4. ^+ ^_ i2^2_l|+54^+ — — 112, y^ii*.«— 4+ 

5. Extract the cube root of 9 to 15 places of decimals. 

Ans. 2080083823051904. 
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NOTE A. 



The marginal note in page 1 goes upon the principle, that alge- 
braic quantities always represent numbers. Bespect for the dis- 
tingaished mathematicians who think otherwise, requires that our 
reasons for this view should be stated. 

Algebra has confessedly sprung up, by degrees, out of Arith- 
metic. It was &st found convenient to have a symbol, by which 
an unknown number could be spoken of while the arithmetical 
process for finding it was going on. Next, since we have often 
occasion to speak of numbers in general, and since, in Arithmetic, 
each number is represented by a symbol or combination of symbols 
appropriated to itself^ it was found that circumlocution would be 
saved by using arbitrary symbols to represent classes of numbers 
more or less extensive. 

This use of general symbols to represent numbers, known or 
unknown, fotmB the essential distinction between Arithmetic and 
Algebra» and out of this all other differences arise. First, in 
Arithmetic, as well as in Algebra, operations are indicated by 
oonveational marks : we may write 5+3 and 5 — 3 as well as a +6 
and a^. But in Arithmetic there is always at hand a pre- 
concerted symbol, by which, and by no other, the result of an 
opKsration must be expressed: therefore we can always perform 
arithmetical operations; that is, we can always substitute the 
symbol of the result for the expression which indicates the opera- 
tion, as 8 for 5-f-3. In the investigations and even in the results 
of Algebra, on the contrary, we must rest satisfied with indicating* 
operations, except in so &r as the symbols of particular numbers 
may be introduced. Hence the signs which are often convenient 
to the Arithmetician, become indispensable to the Algebraist ; no 
step d his processes can be taken without them, and his very 
results must be expressed by them : and it is the method of repre- 
senting numbers by general symbols, which fixes the operator's 
attention on the meaning of the signSf and raises them to such a 
degree of prominence and importance. Secondly, in an arithmetical 
question, since the numbers concerned are particularized, we can 
modify the form of the problem (its substance being imchanged) 
so as to avoid a negative result ; but when general symbols are 
used, the relative magnitudes of the numbers which they repre- 
sent are kept out of view, and in whatever fbrm the problem was 
at first stated, to that form the work and the answer must be 



• This » obvimuly the caw when we call a-|-6 the mua, aad ab the product of a 
and 6; and though the change ofo— (ft+c) into a — b — c, and of a C'+y) into 
<ur-|-ay,ora9 Xe> into tfi in etXlMd actual Subtraef ion KoSiaetual MuUiplicatioHy yet 
it haa dispensed but partially with signs of operation, though it diignises more or 
leas ikt9ngin of the complex expieedom on which it has been made. 
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strictly adapted ; and hence we are often obliged to nac tiie 
sign of Subtraction when there is nothing &om which the quantity 

ab 
bearing that sign can be taken, Now« let — -r- be the answer to 

some algebraical question ; then according to the first of the above 

ab 
observations, — -7- is merely b. requirement, and according to the 

second, this requirement necessarily arises from our having adhered 
throughout the operatiouB to the form in which the data were 
originally presented : or, putting the two observations together, 

— 2" Dieans, that in order to fulfil the conditions of the problem 

as stated, a must be multiplied by 5, the product divided by 4, 
and this result subtracted fi*om 0. What is the meaning of this 
last demand ? How shall we interpret this isolated negative'quan- 
tity consistently with the original convention, which provided that 

— should denote Subtraction ? The consideration of these queries 
leads to the views laid down in articles I... 6. Accordingly snch 
views were put forward, though imperfectly, by the older writers 
on Algebra ; but the paradoxical manner in which they spoke of 
quantities ** less than nothing," seeming to use that phrase abso- 
lutely and not merely relatively, stirred up Mazeres and Frend 
to their weU-known attacks on the whole doctrine of negative 
quantities. These authors were not able to banish the isohited 
4-a and — a from Algebra ; yet they succeeded in making subse- 
quent writers adopt a different form of expression in speaking of 
such quantities : the sign — began to be spoken of as not alvrays 
denoting Subtraction, but sometimes indicating that the quan- 
tity to which it is prefixed is taken in a " contrary sense"* to 
that which it would have, if it carried the sign -|-. The idea of 
two distinct meanings for each of the signs -|-, — , having tims 
gradually crept into Algebra, was at length formally propounded 
as the basis of certain important deductions, by M. Buee, in his 
ingenious " Memoire sur les Quantites Imaginaires,*' read before 
the Boyal Society in June, 1605, and published in the Philosophi- 
cal Transactions for 1806 : his views will be best explained by the 
following abridged extract from his paper : — 

'' Chacun des signes -f- et — a deux significations tout-a-fiut 
differentes. 1^ Mis devant une quantite q ils peUvent designer 
deux operations arithmetiques opposees, dont cette quantite est le 
sujet. 2^ Devant cette memo quantite ils peuvent designer deux 
qualites opposees ayant pour sujet les unites dont cette quantite 
est composee. 

*^Dans r Algebre ordinaire, c* est tl dire, dans V Algebre con- 
sideree comme 1' Arithmetique universelle, une quantite isolee 
peut porter le signe -f-, qui dans ce oas n' ajoute rien & 1* idee de 
cette quantite ; nuds elle ne peut pas porter le signe — . En 



• This ia one of thoae vagne and indefinite phrases, by whose aid difflcoltin n 
be slurred over with an air of proftrndity. 
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effet, cette qimntite etant suppose isolee, si on Y ajoute, ce ne 
pent ^tre qu' a zero ; si on la sonstrait, ce ne pent ^tre que de 
zero. Le premier est possible, mais le second est absurde. Par 
consequent, toutes les fois qu' on ^ pour resultat d' une operation, 
une quantite precedee du signe — , il faut, pour que ce resultat ait 
un sens, j considerer quelque qualite. Alors V Algebre ne doit 
plus ^tre regardee simplement comme une Aritbmetique imi- 
yerselle, mais comme une langue mathematique." 

The same idea has been followed out with much boldness and 
originality by Dr. Peacock, (now Dean of Ely) in his ** Treatise on 
Algebra," and in his ** Report on the recent progress and present 
state of certain branches of Analysis,'* presented to the British 
Association for the Advancement of Science, in 1833. The two 
different aspects of Algebra which Buee had distinguished as Al- 
aebre ordinaire and Algebre-langue, Dr. Peacock regards as two 
distinct sciences, which he cai\8arithmetic<il Algebra and symbolical 
Algebra, 

The following is an outline of our reasons for renturing to dis- 
sent from the eminent men who hold these opinions. 

I. The principle on which these mathematicians go, in the in- 
terpretation of algebraic expressions, seems inconsistent with the 
nature of the connection between symbols and thought. A sym- 
bol derives its power of suggesting an idea from arbitrary associa- 
tion alone, and has no meaning whatever anterior to the convention 
by which such association is established. These observations 
apply to the spoken words of artificial language, as well as to the 
visible symbols of Algebra. It is perfectly true that we may, by 
a new convention, give the symbol a new signification ; but in the 
same chain. of reasoning, the same symbol must retain the same 
meaning, dse no conclusion can be drawn. K, in translating the 
data of a problem into algebraic language, we use the sign — to 
d^iote subtraction, or rather to denote that subtraction is required, 
we must attadi the same meaning to it through the work, and in 
the answers, else Uie conclusion is vitiated. That which is given 
in the enunciation concerning — a as a quantity to be sul)tracted, 
cannot entiUe us to say any thing concerning the — a of the con- 
clusion, taken in a sense tout-a-fait different. Yet it was in this 
way that isolated negative quantities were first forced on tlie at- 
tention of analysts : it follows, therefore, that an isolated negative 
quantity, thus arising, (and therefore any negative quantity), 
must either be interpreted so that its sign shaU still denote sub* 
traction, or be held void of all meaning. That the sign may 
have, in the conclusion, a different meaning from that which it 
had in the enunciation, M. Buee faJxly avows. ; most other writers 
of his school keep it out of view. To be consistent, M Buee 
ought to go the whole length of Mazeres and Prend, and ma.int i^in 
that such quantities always involve a contradiction. 

Feeling, .probably, the fallacy involved in M. Buee*s notion. 
Dr. Peacock takes a different course, but one which is equally 
erroneous. According to what has been above stated, the nature 
of artifidal symbols (including words) is such, that the mind must 
have possessed itself of some idea bdbre it can invent a symbol. 
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The definitum of a sy«&o/, whether a word or an algehitic char* 
acter, states the precise idea for which the symhoL stands ; and the 
imterpretation of an expression into which the sj/mbol enters^ ^^ 
plains how the meaning of th§t expression is affected, by tho 
introduction into it of a symbol with the given meaning: thca^foie^ 
there can be no interpretation without a previoas defimtion. Br* 
Peacock does not perceiye this ; because, overlooking the truo 
distinction between interpretation and definition, he supposes 
that one of them may replace the other. He assumes the exist- 
ence of symbols, assumes the laws of their combination, and 
afterwards determines their meaning by what he calls interpreta- 
tion. He treats words in the same manner ; for example, he uses the 
word ** incorporate"(Treati8eon Algebra, Art.7, Ist Ed.)* without 
attaching to it any definite idea. His intention is to employ it as 
a term of great generality, including arithmetical multipUcaticm 
and division, with an indefinite number of other operations pos« 
sessing some resembhuice to them. Now, if there be any numbev 
of operations which possess something in common with arithmeti- 
cal multiplication, while in other respects they differ from it, thoe 
can be no objection Cunless it be one of expediency) to the use of 
a general term, by whose help all these operations may be grouped 
together. But, to assume, before-hand, such a connection among 
a number of unknowu operations, and to give a general name to 
them when we cannot fix the generic character for whose sake 
they are formed into a class, is by no means allowable. A lively 
philosophical writer has happily explained the process of gene* 
ralization, by saying, that *<genercd terms are indorsements on 
the bundles of our ideas." But how can we write an indorsements 
until we know accurately the contents of the bundle? In &ct» 
the word "incorporate," so used, can have no meaning beymid 
that of the humble ''multiply" of common Arithmetic. I^. 
Peacock himself unconsciously testifies to this; for, after saying 
''symbols may be incorporated into one another, so as torepro> 
duce a new quantity of the same or of a different kind," he 
is obliged, for the sske of being understood, to add "as in the 
operations of multiplication and division." The reader under- 
stands what is meant by " incorporation," as applied to tiiese two 
operations (at least as applied to multiplication) ;f but has not» 
and cannot possibly have, any idea whatever attached to it, as 
including any other operations, until those operations themselves 
become known to him : till then, " incorporation" must, for him» 
be synonymous with "multiplication." After we have formed an 
idea of arithmetical multiplication, it is certainly conceivable that 
we may become acquainted with a similar operation not arith- 
metical, and that we may then frame a wider definition which 
shall include both of them, or apply to them in common a more 

* In his second edition Dr. Peacock has abandoned the word here otjectod to, 
and has otherwise modified the expression of his views; hatashestinabidasbj- 
the distinction between arithmetical and symbolical algebra, no change 1 
made. 

t Division is not properly incorporation, but rather decomposition. 
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general term» In like manner, we may Buccessively indnde a 
third operation, and a fourth, and so on : but then the operationa 
thus included must first have become known ; and the extension 
of the definition, or the enlargement of the application of the 
term, so as to include unknown operations, is not only illogical but 
impossible. Reader and author may imagine that the words they 
use express some idea more general than that of ordinary multi- 
plication; but they deceiye themselves: it is not in the nature 
of the human mind to form a general idea in any other way, 
tlian by obserring the common properties of known objects; 
but it is one of the most conmion illusions of the human mind, 
an Ulusion from which, perhaps, no man is wholly free, to fimcy 
that it has grasped an idea when it is only playing with a word. 
The source of l&e error we are now combating, is the same with 
that which gave origin to the ** intelligible species" of the schools ; 
namely, the want of a dear and steadfiist apprehension of the 
nature of general terms. 

It would be an unnecessary repetition of what has been just 
stated, to point out that the same objection lies against operating 
with the signs +, — , or the marks X»-f-» or any other substi- 
tutes for words, until their meaning has been first defined. 
Neither a word nor an algebraic character deserves the name of 
symbd, unless there be attached to it a precise idea: it is but 
an empty sound or a useless blot on paper. 

The expressions called impossible or imagtuaiy quantities are 
to be explained on the same principle as negative quantities. 
V — a' is a reiptiremewt, arising from our having adhered through- 
out the opeiation that produced it, to the form in which the 
data were originally presented ; that is to say, in order to frdfil 
the conditions of the question as stated^ we must extract the 
square root of a negative quantity. What is the meaning of this 
demand? how shaU we interpret it, consistently with the rules 
of involution as derived from the original convention which 
established the meaning of the negative sign? In the case of 
Algebra applied to Geometry, a satisfiictoiy explanation has been 
obtained ; ^ a' ("page 293,) represents the side of that square 
whose area is represented by a> ; and since — a* means a square 
placed in a reversed position with regard to the square represented 
by a>, it follows that \/ — a' denotes the side of this reversed 
square, that is, a line at right angles to the line denoted by V a>.* 
Attempts have been made to assign a meaning to the square roots 
of negative quantities in other cases than that of their application 
to Geometry; but the views on which these attempts are founded 
do not appear su£Bciently strict for mathematical purposes. A 
general prindple of interpretation may be attainable, but has not 
yet been attained. Imaginary quantities, like vanishing fractions, 
require something besides the mere notation to determine their 
value. 

II. A similar, though distinct error, is involved in Dr. Peacock's 

* See Bii6e, Menunre, Ac. ut tupnt; Wuren on the gfometrical repseaentftdon 
of the aqnare roota of negmtxre qiuntities ; ud Peaooek'e Algetn, Chap. XIL 1st £d. 
aad Chape. XXV. and XXXI, 2nd Sd. 
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mode of asmmng rulea instead of proving them. The word 
aswme is used by mathematicinns in three senses; namely, to 
establish a conrention, to lay down a hypothesis, to state an 
axiom. When Dr. Peacock *< assumes*' that the order of the 
tactOTB in multiplication is indifferent, and that like signs produce 
+ and unlike signs — , in which of these senses does he use the 
word < * assume" ? It cannot be in the second, for the thing assumed 
forms the thesis of his proposition: nor can it be in the first, 
for his proposition is an assertion, not an explanation. Now 
a convention refers to something which is to be understood, not 
believed: he must, therefore, have used the word "assume** 
in the third sense ; that is to say, a conrention has been established, 
giving a meaning to the signs +, — , and Dr. Peacock requires the 
learner to believe, without proof, that the rule in question is 
consistent with this meaning. Surely this cannot be regarded 
as a self-evident truth. It ought to have been shown, not only 
to be consistent witii, but to arise out oi^ the definition of the 
signs. The fact is, that Dr. Peacock seems not to have dis- 
tinguished between the second and the third senses, and to 
have imagined that he was only establishing a convention, when 
he was requiring an assent to a the(»em. 

Having stated these objections to the opinions of M. Buee and 
Dr. Peacock, we must now stand on the defensive. After stating 
in a few lines the views which he opposes, but which, he says, are 
sanctioned by "many even among the masters of algebraical 
science," Dr. Peacock proceeds to "reply to such opinions'* by 
a series of counter-statements which express opinions of his own. 
The only one of these that requires notice is the following : " that 
it is an abuse of the term generalization to apply it to designate 
the process of mind by which we pass from the meaning of a — 6 
when a is greater than 6, to its meaning when a is less than b ; 
or from that of the product ab when a and b are abstract numbers, 
to its meaning when they are concrete numbers of the same, 
or of a different kind.** (3d Report Brit. Assoc, page 194.) 
On a—b enough has been already said; we must add a word 
on Multiplication. It has been fikshionable among mathematical 
writers, for the last thirty years, to distinguish between abstract 
and concrete numbers; but it is not very clear that they have 
always imderstood accurately tlie meaning of those terms. Num- 
bers are called abstract when the kind of units they denote la 
not specified, and concrete when it is: "abstract** never means 
(though some seem to think it does,) that the numbers so called 
have an independent existence. Thus, when we say " five times 
seven is thirty-five,** or in svmbols, 7 X 5=35, we have not 
before our minds any particular kind of units; but we must 
be aware that both multiplier and multiplicand mean units of 
some kind: 7 must mean seven somethings, and 5 means that 
those somethings are repeated or taken five times; but in this 
case it matters not what kind of things they are : 7 any things 
repeated 5 times will produce 35 things of the same kind wiui 
the seven things. It is plain that the multiplicand may be 
either abstract or concrete; but to which of these classes of 
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ntunbers does the multiplier belong? It always denotes times 
or repetitions^ and might therefore be considcTed as concrete, 
since the things it denotes are always specified; if we understand 
it thus, all multipliers are concrete,' and the case which Dr. 
Peacock supposes of both factors being abstract never can occur. 
But as the idea expressed by "times," or** repetitions,'* is itself 
highly abstract, and as the quantity produced by such repetition 
must depend on the kind of units expressed by tiie multiplicand, 
the multiplier is considered an abstract number: all mathema- 
ticians call it so when it expresses repetitions of the multiplicand ; 
and we have just shown that it never expresses any thing else. 
Therefore, the case which Dr. Peacock supposes, of both fSactors 
being concrete, never can occur. We often speak, it is true, 
of multiplying concrete quantities together; but such expressions 
must be understood as mere abbreviations, else they are perfectly 
nonsensical. Thus, to find the interest of a sum of money for 
any number of days, the common rule is, ** Multiply the principal 
by the days, and the product by twice the rate, and divide 
by 73,000." Here, ** multiply by the days," can have no other 
meaning than ** repeat this product as often as there are days;" 
80 that the multipUer now means not units of time, but repetitions 
of the multiplicand. And when the area of a rectangle, whose 
sides contain 7 and 5 linear units respectively, is expressed by 
the product, 7X5, the factors no longer express linear tmits. 
The multiplicand denotes 7 superficial units, 7 little squares 
described on the linear imits in one side, and the multiplier 
denotes that this number of superficial units must be 5 times 
repeated to find the number of superficial units in the entire 
rectangle. The rule for finding the area, if stated at ftill length, 
would therefore be, "Take as many superficial units as there 
are linear units in one side, and repeat this number of superficial 
units as often as there are linear imits in the other side." The 
practical rule, "Multiply the adjacent sides together," can be 
understood in no other sense than as an abbreviation of the above, 
founded on the obvious principle, that when the rectangle is 
divided into rows of superficial units by lines parallel to its sides, 
there must be as many of such rows as there are linear imits 
in one side, and as many superficial units in each row as there 
are linear units in the other side. Therefore, using the words 
••abstract" and "concrete," as they are constantly used by 
mathematicians^ without raising any metaphysical question as 
to the correctness of the distinctilon, it appears, that the multiplier 
is always an abstract number; that the multiplicand may be 
either abstract or concrete ; and that the product always denotes 
units i>f the same kind with those denoted by the multiplicand. 
It appears ftirther, that an algebraical product of two factors, 
as ao, representing a rectangle, is to be understood as one numerical 
mmbolt expressing the supeAcial units in the area of the rectangle: 
ajBO, that a and 6, considered as &ctors of this product, no longer 
represent lines ; one of them denotes superflcml units, and the 
Q&ssr is an abstract number. To speak of multiplying or incor- 
poratiDg lines or tiieir ffymbols aUgebraically, in any other than 
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this strict arithmetical sense, is to ddiver our understandings into 
captiyitj to a jargon of unmeaning words. 

We hare spoken thus fuUj on multiplication, because we are 
anxious to guard the student against an illusion which has been 
the source of many errors, and by which many able mathema- 
ticians have been led astray. Using Algebra chiefly in its appli- 
cation to G^metry, and operating on the symbols of the one 
science while the realities of the other were before their minds, 
the early analysts established a direct association between the 
algebraic character and the geometrical magnitude, leaving out of 
view the number, through which alone they have any real ocmnee- 
tion. Hence the confusion of arithmetical and geometrical language 
so conmion in these writers ; as when they spoke of the product of 
two lines, the rectangle of two abstract numbers, and the square of 
a sum of money. Idr. Frend wished to correct these abuses : he was 
quite right in maintaining that algebraic quantities always repre- 
sent numbers, and that algebraic signs always indicate arithmetical 
operations; but he was wrong in concluding from this, that 
isolated negative quantities can have no meaning. Unfortunately, 
he did not give much prominence to the former doctrine, and 
dwelt largely on the latter ; so that subsequent writers adopted 
his error, and neglected what was sound in his views. Thus 
arose a new school of algebraists, differing from the old in this, 
that they are more consistent in error. The older writers had 
spoken of the signs as always denoting arithmetical operations, 
but had not regarded the quantities as always expressing numbers: 
the new school maintain, with Frend, that isolated n^ative 
' quantities cannot be interpreted in accordance with arithmetical 
principles ; but, imwilling to render Algebra the powerless thing 
which it would be without such quantities, they sacrifice the 
philosophy of the science to its algorithm, and hold that neither 
its symbols nor their signs are always arithmetical. Dr. Peacock 
has attempted to remodel the whole science in conformity with 
this view. He has failed ; but his failure does not lessen our re- 
spect for his great talents, nor detract any thing from his well- 
eamed mathematical fisime. His errors are not so much mathraia- 
tical, as metaphysical ; and it is probable that his neglect of verbal 
accuracy, and the consequent obscurity of his diction, have 
helped to conceal them even from himself. We cannot but 
admire the mathematician, and his perfect knowledge of the laws 
of combination of symbols ; though we cannot but perceive that 
he has not paid sufficient attention to the laws of their connectioQ 
with thought, or to the laws of thought itself. 
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Giles's Greek and English Lexicon. 

A Lexicon of the Greek Language, for the ns« of Colleges and Schools : eontaiaiac 
—1. A Greek-English Lexicon, combining the adVantages of an AlphabeCicu 
and DerivatiTe Arrangement ; 2. An English-Greek Lexicon, more copious than 
any that has ever yet appeared. To which is prefixed, a concise Grammar of tbs 
Greek Language. By the Rct. J. A. Giua, LL.D. 2d Edit. 8n>. 31s. doth. 
* .' The English-Greek Lexicon, separately. 7s. 6d. cloth. 

Pycroft's Greek Grammar Practice. 

hi Three Parts : 1. Lessons in Yocabulary, Nouns, AfUecttves^ and Yerbs In 
Grammatical order ; 2. Greek, made out of each column for tranalatiim ; 
i. English of the same for retranslation. By the RcY. Jaus Ptcboft, B.A. 
12mo. Ss. 6d. cloth. 

Moody's Eton Greek Grammar in English. 

The New Eton Greek Grammar ; with the Marks of Acceu, and the Quantity of 
the Penult : containing the Eton Greek Grammar in English : the Syntax and 
Prosody as used at Eton ; also, the Analogy between the Greek and Latin Lan- 
guages'; Introductory Exercises and Lessons : with numerous Additions to the 
text The whole being accompanied by Practical and r*^" .-^— » ^-.^ - 



the Rer. Clsmbmt Moodt, A.M. 2d Edition, 12mo. 4». dot 



Notes. By 



Valpy's Greek Grammar. 

The Elements of Greek Grammar: with Notes. By R. Yai.pt, D.D. N«ir Edit. 
8to. 6s. 6d. boards ; bound, 7s. 6d. 



Valpy's Greek Delectus, and Key. ; 

Delectus Sententiarum Gracarum, ad usum Tironum aecommodatns : cuia | 
Notulis et Lexico. Auctore R. Yalpt, D.D. Editio Nova, eademque ancta ct 

emendata, 13mo 4s. cloth. i 

KsT to the above, being a Literal Translation into English, 12mo. Ss. Cd. sewed. I 



Valpy's Second Greek Delectus. 

Second Greek Delectus ; or, New Analects Minora: intended to be read In Schools 
between Dr. Valpy's Greek Delectus and the Third Greek Delectus : with | 
English Notes, and a copious Greek and English Lexicon. By the Ber. 
F. E. J. Yalpt, M.A. 3d Edition, 8vo. 9s. 6d. bound. ' 

Valmr's Third Greek Delectus. 

The^niird Greek Delectus ; or. New Analecta Majora : with English Notes. In ! 

Two Parts. By the Rev. F. E. J. Yalpt, M.A. 8ro ISs. 6d. bound. j 

*.' The Psrts naay be had separately. | 
Pakt 1. PROSE. 8to. 6s. 6d. bound. — Past 2. POETRY, fro. 9s. 6d. bound. 



STANDARD BDUCATIOUAL WORKS. 



Valpy's Greek Exercises, and Key. 

Qreiek EzerciBes; being aji Introdnctlon to Greek Composition, leading the 
■tndent from the Elements of Grammar to the higher parts of Syntax, and 
referring the Greek of the words to a Lexicon at the end : with Specimens of 
the Gi«ek Dialects, and the Critical Canons of Dawes and Porson. 4th Edition, 
with manv Additions and Corrections. By the Rev. F. E. J. Yalpi, M.A. 
12mo. 68. 6d. cloth. 

Kbt, 12mo. 8s. 6d. sewed. 

Neilson's Greek Exercises, and Key. 

Greek Exeicises, in Syntax, Ellipsis, Dialects, Prosody, and Metaphrasis. To 
which is prefixed, a concise bat comprebensiTe Syntax ; with Obaenrations on 
some Idioms of the Greek Language. By the Ber. W. Nbiuon, D.D. New 
Edition, 8to. 5s. boards.— Kbt, S«. boards. 

Howard's Introductory Greek Exercises, and Key. 

Introdnctory Greek Exercises to those of Hnntingford, Dunbar, Neilson, and 
others: arranged under Models, to assist the learner: with Exercises on the 
different Tenses of Verbs, extracted from the Table or Picture of Cebes. By 
N.HowABO. New Edition. 12mo. 5s. fid. doth— Kbt, 12mo. 2s. 6d. cloth. 

Dr. Majoi*8 Greek Vocabulary. 

Gieek Yocabulary ; «r. Exercises oa the Declinable Parts of Speech. By the 
Rev. J. R. Major, D.D. 2d Edition, 12mo. 28. fid. doth. 

Collectanea Grseca Mnjora : 

AduBumAcademkaeJuTentutis accommodatte. Cum Notis Philologicis, qttas 
partim coUegit, partim scripsit Amdrbas Daubl, A.M. New Editions. 
8 vols 8to. £1. lis. fid. bound. ^ „ , . 

Vol. 1. Excerpta ex Variis Orationis Solatae Seriptoribus. 4th Edition. 8«o. 

9s. fid. bound. 
Vol. 2. Exeerpta ex Variis PoStis. 6th Edition. Edited by the Qer. Canom 

Tatb. bto. lis. bound. 
VoLS. Exeerpta ex duobvs prindpibus Oratoribus et Variis PoStls. New Edit. 
8to. 14s. bound. 



Dr. Major's Guide to the Greek Tragedians- 

A Guide to the Beading of the Greek Tragedians^ being a series of arttcleeon the 
Greek Drama, Greek Metres, and Canons of Cnticism. Collected and arranged 
by the ReT. J. R. Major, D.D. 2d Edition, enlarged, 8to. 9b. cloth. 



The Rev, J, Seager's Translations, 

Maittaire on the Greek 



Dialects. From the Edition of 
Stnnins. 8to. 9s. fid. boards. 

Viger on the Greek 

Idioms. Abri«lged and translated 
into English, from Professor Her- 
mann's Utst Edition, with Original 
Notes. 2d Edition, with Additions 
and Corrections. 8to. 9s. fid. boards. 



Bos on the Greek Ellipsis. 

ProfiMSor Scheffer's Edition, with 
Notes. Sto.9s. fid. boards. 

Hermann's Elements of 

the Doctrine of Metres. 8v*o. Ss. fid. 
boards. 

Hoogeveen on the Greek 

Partides. Bto. 7s. fid. boards. 

•,- The abore Five Works may be had in 2 vols. 8vo. £2. 2s. doth. 

Dr. Smithers' Classical Student's Manual. 

The Classical Student's Manual ; containing an Index to everv Page, Section, 
and Note, in Matthia's Greek Grammar— Hermann's Annotations to Viger 
on Idioms-Bos on Ellipses-Hoogeveen on the Particles-and Kuster on 
the Middle Verb; in which Thucydides, Herodotas, -aEschylus, Sophocles, 
Pindar, Homer's Aiad, Xenophon's AnabasU, and the four Plays of Eunpides, 
edited ^y Professor Parson, are iUustrated with Philological and Explanatory 
Observations by the Rev. W. Collier Smithbrs, A.M. Ph.D. 3d Edition. 
8vo. 10s. fid. doth. 



MESSRS. LOKOMAN AND CO.'s 



LATIN WORKS, DICTIONARIES, GRAMMARS, ETC. 
Riddle and Arnold's English-Latin Lexicon. 

A ComouB Enfrli»h-Latin Lesion, compiled from the bert Sonrce*. By the Rer. 
J. E. Ridcile, M.A. Author of ''A Complete Latin-Enjfluh Dictionary " Ac.; 
and the Rer. T. Kerchevtr Arnold, M.A. Rector of Lyndon, and late FeUoir 
of Trinity CoWfife, Cambridge, Author of" A Practical IntrodocUon to L«tm 
Proae Componition," Ac. 8vo. [Inthepre«. 

Riddle's Latin Dictionary. 

A Complete Latin-Engliah and Enfffiah-Latin IXctionary. For the hm of CtA- 
leffea and Schoola. Froni the best aourcet, chiefly German. By the Ber. J. E- 
r!ddle,M.A. of St. Edmund HaU, Oxfoid. 4th Editum« oonected and 
enlarged, 8to. 81a. 6d. cloth. 

. , f The EngUah-Latln Dictionary, lOa. 6d. cloth. 
Separately ^ i-he Latui-Engliab Dictionary, £1. Is. cloth. 

Riddle's Young Scholar's Latin Dictionary. 

The Young Scholar's Latin-EngUsh and EngUsh-Latin Dictionary; bciaffMr. 
Riddle's Abridgment of hlslarger Dictionary. 4th Edition, corrected and 
enlarged, square 12mo. I2a. bound. 

«-_-_*-,, f The Latln-EngUsh Dictionary, 7s. bound. 

Deparaieiy ^ ^^ Engluh-Latin Dictionary, 6s. 6d. bound. 

Riddle's Diamond Latin-English Dictionary. 

A Diamond Latin-EnglUh Dictionary. A Guide to the Meaning. Quality, and 
right Accentuation of l^tln Classical Words. By the R«Y. J. E. RmDU, M. A. 
Mew Edition, royal 32mo. 4s. botmd. 

A Grammar of the Latin Language. 

By C. G. ZcMFT, Ph. D. Professor in the UnlTerslty of Berlin, and Member 
of the Royal Academy of Berlin. Translated from the 9th Edition of the 
original, and adapted for the use of English students, by L. Schmiti, Ph. D. 
Rector of the High School of Edinburgh; yritb Additions and Corrections, 
communicated by the Author. 8vo. I4b. cloth. . _. j 

•»• Zumpt's School Grammar of the Latin Language, transUted and adapted 
for English Schools by Dr. Schxik, is nearly ready. 

Pycroft's Latin Grammar Practice. 

Latin Grammar Practice : 1. Lessons In Vocabulary. Nouns, A4}ectiTes, and 
Verbs, In Grammatical Order; 2. Latin, made out of each Golnnm, for Traae- 
lation; 3. English of the same, for Re-transUtion. By the Ber. Jammm 
PxcaofT, B.A. 12mo. 2s. 6d. cloth. 

Valpy's Latin Grammar. 

The Elements of Latin Grammar: with Notes. B7 R. V^ft, D.D. New 
Edition, with numerous Additions and Corrections, l2ino. 2s. 6d. bound. 

Dr. Kennedy's Latin Grammar. 

LatinjB GrammaticjB Curriculum; or, a ProgressiTe Grammar of the La^ 
Language, for the use of all Classes In Schools. By Rer. B. H. Kbkxsdt, D.D. 
Head Master of Shrewsbury School. 8d Edition. 12mo, 4s. 6d. doth. 

Moody's Eton Latin Grammar in English. 

The New Eton Latin Grammar, witii tiie Marks of Quantitr and the R^ of 
Accent; containing the Eton Latin Grammar as used at Eton, and its Trane- 
lation into English : with Notes and copious Additions. By Rer. CLBKSirT 
Moodt, M.A.^th Edition. 12mo. 2s. 6d. cloth. 

The Eton Lrtin Accidence : with Additions and Notes. New Edition, 12mo. la. 

Graham's First Steps to Latin Writing. 

First Steps to Latin Writing : intended as a Practical niustration of the Latin 
Accidence. To which are added. Examples on the principal Rules of Syntax. 
By G. F. GaiLBi^x. 2d Edition, considerably enlarged, 12mo. 4e. cloth. 

Valpy's Latin Delectus, and Key. 

Delectus Sententiarum et Hlstoriarum ; ad usum Tlronum accommodatus: evm 
Notulis et Lexico. Auctore R. Vi.LPT, D.D. New Edition, with Explana- 
tions and Directions ; and a Dictionary, in which the Genders of Nouna, and 
the principal parts of Verbs, are inserted. 12mo. 2s. 6d. cloth. 

Kb-t; being a Literal Translation. Bv a PaiVAia T«ACHBm. New EdltioB, 
eareftaij rerlsed, and adapted to the alterations in the new edition of the test, 
by W. R. BuBDOM, 12mo. Ss. 6d> cloth. 



STANDARD EDUCATIONAL WORKS. 



Valpy's Second Latin Delectus. 

The Second Latin Delectus; designed to be read in Schools after the Latin 
Delectus, and before the Analects Latina Maiora: with English Notes. By 
the ReT. P. E. J. Valpt, M.A. 2d Edition, Svo. 8s. bound. 

Valpy's First Latin Exercises. 

First Exercises on the principal Rnles of Grammar, to be translated into Latin : 
with familiar Explanations. By the late ReT. R. Yaltt, D.D. New Edition, 
with many Additions, 18mo. Is. 6d. cloth. 

Valpy's Second Latin Exercises. 

Second Latin Exercises ; applicable to every Grammar, and intended as an Intro- 
duction to Yalpy's *< Elegantise Latinae." By tne Rer. £. Valpt, B.D. 
eth Edit. 12mo. 28. 6d. cloth. 

Valpy's Latin Vocabulary. 

A New Latin Vocabulary ; adapted to the best Latin Grammars : with Tables of 
Numeral Letters, Enelish and Latin Abbreviations, and the Value of Roman 
and Grecian Coins. By R. Yalpt, D.D. 11th Edition, 12mo. 2s. botrnd. 

Valpy's Elegantise Latinaer and Key. 

ElegantiiB Latina ; or. Rules and Exercises illustrative of Elegant Latin Style : 

intended for the use of the Middle and Higher Classes of Grammar Schools. 

With the Original Latin of the most difficult Phrases. Bv Rev. E. Vai.pt, B.D. 

late Master of Norwich School. 11th Edition, corrected, 12mo. 48. 6d. cloth. 
Ket, being the Original Passages, which have been translated into English, to 

serve as Examples and Exercises in the above. 12mo. 2s. 6d. sewed. 

Valpy's Latin Dialogues. 

Collected from the best Liuin Writers, for the use of Schools, as well as of 



Private Students. 7th edit. 12mo. 2s. dd. cloth. 

Butler's Praxis, and Key. 

A Praxis on the Latin Prepositions : being an attempt to illustrate their Origin, 
Signification, and Government, in the way of Exercise. By the late Bisnop 
BvTLBK. eth Edition, 8vo. 6s. 6d. boards.— KvT, 6s. boards. 

An Introduction to the Composition of Latin Verse ; 

containing Rules and Exercises intended to illustrate the Manners, Customs, 
and Opinions, mentioned by the Roman Poets, and to render familiar the 
principal Idioms of the Latin Language. By the late CBaisTOPHBR Rapier, 
A.B. 2d Edition, careftilly revised by Thomas Kbrcbsver AanoLD, M.A. 
12mo. 3s. 6d. clothe— Kbt, 2s. 6d. sewed. 

Howard's Introductory Latin Exercises. 

Introductory Latin Exercises to those of Clarke, Ellis, Turner, and others : 
designed for the Younger Classes. By Nathaic iel Howabo. A New Edition, 
12mo. 2s. 6d. clotii. 

Howard's Latin Exercises extended. 

Latin Exercises Extended ; or, a Series of Latin Exercises, selected from the best 
Roman Writers, and adapted to the Rules of Syntax, particularly in the Eton 
Grammar. To which are added, English Examples to be translated into Latin , 
immediately under the same rule. Arranged under Models. By Nathaniel 
Howard. New Edition. 12mo. 3s. 6d. doth.— Ket, 12mo. 2s. 6d. 

Bradley's Exercises, &c. on Latin Grammar. 

Series of Exercises and Questions ; adapted to the best Latin Grammars, and 
designed as a Guide to Parsing, and an Introduction to the Exercises of Valpy , 
Turner, Clarke, Ellis, Ac. &c. By the Rev. C. Bradlet. 4th Edition. 
12mo. 2s. 6d. bound. 

Bradley's Latin Prosody, and Key. 

Exercises in Latin Prosody and Versification. 8th Edition, with an Appendix on 
Lyric and Dramatic Measures, 12mo. 3s. 6d. cloth.— Kbt, I2mo. 2s. 6d. 

The London Vocabulary, English and Latin ; 

designed for the Use of Schools. By Js. Greenwood. Revised and arranged 
systematically, to advance the learner in scicntiiic as well as verbal knowledge. 
By N. Howard. New Edition. 18mo. Is. 6d. cloth. 



IfSBBRB. LONGMAN AND CO/S 



Beza's Latin Testament. 

Nomm Testamentum Domini Nottri Jmh Christi, Ixtuprati Twmoobla Bbxa. 
Editio Stereotypy. ISmo. Sa. 6d. boimd. 

Valpy's Epitome Sacrse Histori®. 

Sacne Histor& Epitome, In osiim Scholarom : com Notis Angildi. By fhe 
B«T.F.E.J.yAUT,M.A. 7th Edition, 18mo. 2s. doth. 



Valpy'i 



EDITIONS OF GREEK CLASSIC AUTHORS. 

^/'s Homer. 

Homo-'B niad, complete : English Notes, and Questions to first Eisht Book*. 
Text of Heyne. By the Rer. E. Yalpt, B.D. late Master of Norwich School. 
6th Edition. 8to. 10s. 6d. bound.— Test only, 6th Edition, 8to. 8s. 6d. bonnd. 

Major's Euripides. 

Enriptdies. From the Text, and with a Translation of the Notes, Prefkee. and 
Supplement, of Porson; Critical and Explanatory Remarks, original and 
sdected ; Illnstrations and Idioms from Hatthin. Dawes, Viger, &c. ; and n 
Synopsis of Metrical Systems. By Dr. Major. 8vo. 24s. doth. 
«•* The Five Flays separately, price fis. eadi. 

Burges's .^schylus. 

JBschylus— The Prometheus : English Notes.ftc. By Q. BraoM, A.M. Trinity 
College, Cambridge. 2d Edition, post 8to. 5s. boards. 

Linwood's Sophocles. 

Sophoclis Tragcedic superstites. Recensttit et breri Annotatkme instraxit 
6. LiM WOOD, M.A. .£di» Christi apod Oxonienses Alvmnus. 8to. I6e. doth. 

Brasse's Sophocles. 

Sophocles, complete. From the Text of Hermann, Erfnrdt. ftc. ; with original 
Explanatory English Notes, Questions, and Indices. By Dr. BnAsan, Mr. 
Bvaoss, and Rev. F. Valpt. 2 vols. postSro. 34s. cloth. 

*,* The Seven Plays separately, price 6s. eaeh. 

Balfour's Xenophon's Anabasis. 

The Anabasis of Xenophon. Chiefly according to the Text of Hutchinson. 
With Explanatory Notes, and Illustrations of Idioms from Yiger, &c., copious 
Indexes, and Examination Questions. By F. C. BA.i.Toun,M.A. Oxon. F.RJ^.9. 
LL.D. 4th Edition. Post 8vo. 6m. 6d. boards. 

Hickie^s Xenophon's Memorabilia. 

The Memorabilia of Xenophon : with Notes, Critical Mid Explanatory, from ttie 
best Commentators, and by the Editor ; Questions for Examination ; and 
Indices. By D. B. Hickik, LL.D. Post 8to. [In the press. 

Barker's Xenophon's Cyropsedia. 

The Cyropcedia of 2t«nophon. Chiefly from the text o! Dindorf. "With Notes, 
Critical and Explanatory,from Dindorf, Fisher, HutchinsonJPoppo, Schneider, 
Starts, and othersdiolars, accompanied by the editor's, witn Examinatwa 
Questions, and Indices. By E. H. Babjcxk. Post 8vo. 98. 6d. bds. 

Blocker's Herodotus. 

Herodotus; containing the Continuous History alone of the Persian Wars: 
with English Notes. By the Rev. C. W. STOCKxn.D.D.Yice-Prindpalor 
St. Alban's Hall, Oxford. New Edition. 2 vols, post 8vo. I8s. doth. 

Barker's Demosthenes. 

Demosthenes— Oratio Philippiea I., Olynthiaca I. II. and III. , De Pace, .Sschines 
contra Demoethenem, De Corona. With English Notes. By E. H. BArnxna. 
2d Edit, post 8vo. 8s. &d. boards. 



Dakins' Greek Testament. 

Nowun Testamentum Gra>cum. juxta exemplar Westenii Glasgun impressum. 
Accedunt Prolegomena in Evangelia, in Acta et Epistolas Apostoloram. 
Cur*nte Q. W. Dakins, S.T.P. et LL.D. Editio nova, accurate unpreasa et 
recensita. 12mo. 6s. bound. 



STANOAKD EDUCATIONAL WORKS. 



EDITIONS OF LATIN CLASSIC AUTHORS. 
Valpy '8 Virgil, with Marginal References by Pycroft. 

Tli« .fineid, Oeorgics, and Baoolics of Virgil : with Marginal ReferenoM, and 
concise Notes from Waiter, Heyne.and Anthon. Edited, from the Text of 
Wagner, bj the Rev Jjlb. Ptcboit, B.A. Trin. OoU. Oxford. Fcp. 8ro. 7s. 6d. 
boand ; without Note*, 3s. 6d. bound. [ Vide page 1. 

Valpy's Virgil.— (The Original Edition.) 

p. Virgilii Maronis Bncolica, Georgica. ^neis. Acoedtint, in gratiam JuTentutis , 
Note quaedam AngUce ecripta. Edited by A. J. yA.LrT, M.A. New Edition , 
18mo. 78. 6d. boundV— The Tsxt only. New Edition, 3s. 6d. bound. 

Bradley's Ovid's Metamorphoses. 

Oridii Bdfetamorphoses ; in usum Scholarum excerpts : auibus aecedunt Notnln 
Anglica et Qusstiones. Studio C. B&ajdlst, A.M. Editio Nona, 12mo. 
uThd. cloth. 

Valpy's Ovid's Epistles and Tibullus. 

ElecU ex Ovidio et Tibnllo : cum Notis An^Ucu. By the Her. F. E. J. Yxvrx, 
M.A. Master of Bnrton-on-Trent School. 4th Edition, 12mo. 4s. 6d. doth. 

Bradley's Pheedrus. 

PluBdri Fabnia; in usum Scholanun expurgata: quibus aecedunt Notula 
Anglica et Quastiones. Studio C. BRiJ)LXT, A.M. Editio Nona, 12mo. 2s. 6d. d. 

P. Terentii Afri Comoedise Sex. 

Ex Editions Th. Fan. Goo. Rxni hakot. With Explanatory Notes, by 
D. B. Hicux, LL.D. 2d Edition. 12mo. with Portrait, 9s. 6d. cloth. 

Valpy's Juvenal and Persius. 

Decuni J. Juvenalis et Persii Flacci Satira. Ex edd. Ruperti et Koenig expur 
gata. Aecedunt, in gratiam Juventutis, Nota quadam Anglica scripta. 
Edited by A. J. Y^Lrr, M.A. 3d Edit 12mo. Ss. M. cl.— TaxT only, 3s. d. 

Valpy's Horace. 

Q. Horatii Flacci Opera. Ad fidem optimomm exemplarium eastigata ; cum 
NctuUs AngUcis. Edited by A. J. Yaut, M.A. New Edition, 18mo. 8s. bd. 
The same, without Notes. New Edition, 3s. 6d. bound. 

*•* The objectionable odes and passages hare been expunged. 

The Rev. Canon Tale's Edition of Horace. 

Horatius Restitutns ; or, the Books of Horace arranged in Chronological 
Order, according to the Scheme of Dr Bentley, fh)m the Text of Gesner, cor- 
rectedf and improved : with a Preliminanr DisBrrtation, rery much enlai^ed, 
on the Chronology of the Works, on the Localities, and on tlie Life and 
Character of that Poet. By Jambs Tate, M.A. 2d edition, to which is now 
added, an original Treatise on the Metres of Horace, 8vo. cloth, 12s. 

Barker's Tacitus — Germany and Agricola. 

The Oemumy of C. C. Tacitus, from Passow's Text; and the Agricola, firom 
Brotier's'nxt: with Critical and PhUolc^ical Remarks, partly original and 
partly collected. Bt E. H. BAnuR, late of Trinity CoUege, Cambridge. 6th 
Edition, revised, I2mo. 6s. 6d. doth. 

Valpy's Tacitus, with English Notes. 

C. Comelii Taciti Opera. From the Text of Brotier ; with his Explanatory 
Notes, translated into English. ByA.J.yALPT,M.A. 8 toIs. postSro. 24s. bds. 

C. Crispi Sallustii Opera. 

Wieh an jSnglish Commentary, and Geographical and Historical Indexes. 
Chakles Amthom, LL.D. New Edition. 12mo. 6s. doth. 

C. Julii Ceesaris Commentarii de Bello Gailico. 

Ex recensions Fn. Ousehdobpii. With Explanatory Notes, and Historical, 
Geographical, and Archaological Indexes. By Chau.bs Axthoh, LL.D. 
New EdiUon. 12mo. 4s. 6d. doth. 



8 MBSSaH. LONGMAN AND CO/s 

M. Tullii Ciceronis Orationes Selects. 

Ex KoenBione Jo. Avo. Eknbsti. With an English Commentary, and 
Historical, Geographical, and Legal Indexes. By Chablbs Amthok, LL.D. 
New Edition. l2mo. 68. cloth. 

Barker's Cicero de Amicitia, &c. 

Cicero's Cato Major, and Ii«liu8 : with English Explanatory and Philological 
Notes : and with an English Essay on the Respect pcdd to Old Age b^- the 
Egy^ians . the Persians , the Spartans, the Greeks, and the Romans. By the 
lateE. H. BkKKXK, Esq. of Trinity Collie, Cambridge. 6th Edition, ISmo. 
4s. 6d. cloth. 

Valpy's Cicero's Offices. 

M. Tvllii Ciceronis de OAciis Libri Tres. Accedont, in nsnm JnTentntIs, Notae 
qoaedam Anglicn scripts. Edited by A. J. Yalpt, M.A. Editio Qninta, 
ancta et emendata, 12mo. 6s. 6d. cloth. 

Valpy's Cicero's Twelve Orations. 

Twelre Select Orations of M. TnUins Cicero. From the "Text of Jo. Casp. 
Orellins; with EnglUh Notes. Edited by A. J.Yaut, M.A. 3d Edition, 
post 8to. 7s. 6d. boards 

Bradley's Cornelius Nepos. 

Comelii Nepotis Yitc Excellentinm Imperatomm: qnibns accednnt NotniK 
Anglicte et Qnsestiones. Studio C. BBiinuET, A.M. Editio Octava, 12mo.Ss.6d.cL 

Bradley's Eutropius. 

Entropii Historic Romanae Libri Septem : qnibns aceedunt Notola Anf ltc« et 
Quaestiones. Studio C. BnASLST, A.M. £dltio Dnodecima, 12mo. 2s. £i. cloth. 

Hickie's Livy. 

The First Fire Boolcs of Liry: with English Explanatory Notes, and Examina- 
tion Questions. By D. B. Hickis, LL.D. 2d Edition, post 8to. 8s. 6d. boazda. 

Fasciculus Primus Historise Britannicae. 

The First Chapter of the History of England, selected from the Writings of 
Caesar and Tacitus. To which are added. Explanatory Notes for the use of 
Schools. By W. Dkakx, M.A. 12mo. 3b. 6d. cloth. 



WORKS BY THE REV. S. T. BLOOMFIELD, D.D. F.8.A. 

Bloomfield's New Greek Vocabulary. 

Lexilogns Scholasticns ; or, a Greek and English vocabulary on a new and 
improved plan : comprising all the Primitives, with some select Derivatives ; 
and presenting a brief Epitome in outiine of the Greek Language. 18mo. Ss. 
cloth. 

Bloomfield's Epitome of the Greek Gospels. 

Epitome Evangelica; being Selections from the Four Greek Gospels: with a 
Clavis and Grammatic^ Notes. Intended as a Companion to the Author's 
" Leailogus Scholasticns," and as an Introduction to his " Collie and School 
Greek Testament." ISmo. 4s. cloth. 

Bloomfield's Greek Lexicon to the New Testament. 

Greek and English Lexicon to the New Testament ; especially adapted to the 
use of Colleges and the higher Classes in the Public Schools, but also intended 
as a convement Manual for Biblical Students in general. 2d Edition, greatiy 
enlarged and improved. Fcp. 8vo. 10s. 6d. cloth. 

Bloomfield's College and School Greek Testament. 

The Greek Testament : wiOi brief English Notes, Philological and Explanatory. 
Especially formed for the use of Colleges and the Public Schools, but also 
adapted for general purposes, where a larger work is not requisite. 4th 
Edition, greatiy enlarged and improved, 12mo. 10s. 6d. cloth. 

Bloomfield's Greek Testament. 

The Greek Testament: with copious English Notes, Critical, Philological, and 
Explanatory. 6th Edition, greatiy ^largcd and improved. 2 vols.Bvo. with 
Map of Palestine, £3, cloth. 
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Bloomfield's Greek Thucvdides. 

Hie Hiatory of the Peloponaeaian war, by Thncydidea. A New Recension of 
the Test ; with a careftally amended Panctaation ; and copiona Notes, Critical, 
Philological, and Explanatonr ; almost entirely original, bat partly selected 
and arranged from the best Expositors, and forming a continuous Commen- 
tary : accompanied with Aill Indices, both of Greek Words and Phrases ex- 
plained, and matters dlseuaaed in the Notes. 3 toIs. 8to. with Maps and 
Plans, 88s. cloth. 

Bloomfield's Translation of Thucydides. 

The History of the Peloponnesian War. By Thvctsidsi. Newly translated 
into Engash, and accompanied with Tery copious Notes, Philological and 
Explanatory. Historical and Geographical ; with Maps and Plates. 3 toIs. 8to. 
£3. 6s. boards. 



HISTORY, CHRONOLOGY, AND MYTHOLOGY. 
Lempriere's Classical Dictionary, abridged 

For Public and Private Schools of both Sexes. By the late £. H. B^rnxxa, Tri- 
nity College, Cambridge. A New Edition, rerised and corrected throughout. 
By J. Cxvrix. 8to. 12s. bound. 

Blair's Chronological and Historical Tables. 

From the Creation to ^e Present Thne : with Additions and Corrections ftom 
the most Authentic Writers : including the Computation of St. Paul, as con- 
nectiaff the Period from the Exode to the Temple. Under the superintendence 
of Sir HEHR-i Eu,is, K.H. Principal Librarian of the British Museum. Imp. 
8to. Sis. 6d. half-bound morocco. 

Mangnall's Questions.— the onit gzuvthmaxd coxpun editton. 

Historical and Miscellaneous Questions, for the Use of Young People ; with a 
Selection of British and General Biography, &c.ftc. By R. Makonall. New 
Edition, with the Author's last Corrections, and otoer Tery considerable 
Additions and Improrements. ISmo. As. 6d. hound. 

Comer's Sequel to MangnalPs Questions. 

Questions on the Hbtory of Europe : a Sequel to Mangnall's Historica Ques- 
tions ; comprising Questions on the History of the Nations of ContinenUl 
Europe not comprehended in that work. By Julia Couian. New Edition, 
ISmo. 0s. bound. 

Enapp's Universal History. 

An Abridgment of Universal Historr, adapted to the Use of Families and Schools ; 
with appropriate Questions at the end of each Section. By the Rev. H. J. 
Khapp, m.A. New Edition, with the series of events brought down to the 
present time. 12mo. 6s. bound. 

Hort's Pantheon. 

The New Pantheon; or, an Introduction to the Mythology of the Ancients, in 
Question and Answer : compiled for the Use of Young Persons. To which are 
added, an Accentuated Index, Questions for Exercise, and Poetical Illustra- 
tions Of Grecian Mythology, from Homer and Virgil. By W. J. Hoar. New 
Edition, enlarged. Idmo. 17 Plates, 6s. 6d. bound. 

Hort's Chronology. 

An Introduction to the Study of Chronology and Ancient History: in Question 
and Answer. By W. J. Hort. New Edition, 18mo. 4s. bound. 

Tables of Chronology, and Regal Genealogies. 

Combined and separate, ^y the Rer. J. H. Howlxtt, M.A. 2d Edition, 
4to. 6s. 6d. cloth. 

Metrical Chronology; 

In which most of the important Dates in Ancient and Modem History are 
expressed by Consonants used for Numerals, and formed, by aid of Yoirels, 
into f ignificant Words : with Historical Notes and Questions for the Exercise 
of Young Persona. By Rev. J. H. Ho wutt, M A. 3d Edit, post 8vo. 78. cloth. 
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School Chronology ; or, the Great Dates of History. 

Drawn up for th« ow of the Collegiate Schools, LirerpooL Third Edition. 
Square 12mo Is. stitched. 

Valpy's Poetical Chronology. 

PoeUcal Chronology of Ancient and Ensluh Historr: with Historical and Expla- 
natory Notes. B7R.TALrT,D.D. New Edit 12mo. 2s. 6d. cloth. 

The Chronology of History ; 

Containing Tables. CalcoIationR, and Statements, indispensable for ascer- 
taining the Dates of Historical Erents and of Pablic and Private Docnmenta, 
ftom the Earliest Periods to the Present Time. Bj Sir Hakris Nicolas, 
K.C.M.O. New Edition. Fcp. 6vo. 6s. cloth. 

Keightley's Outlines of History. 

Outlines of History, from the Earliest Period. By Thomas Kbigrtlbt, Esq. 
Kcw Edition, corrected and improved. Fcp. 8to. 6s. cloth ; 6s.6d. boond. 

Sir Walter Scott's History of Scotland. 

History of Scotland. BySirWAiT 
with Vignptte Titles, 12s. cloth. 



History of Scotland. By Sir Walter Scorr, Bart. New Editiony3 vols. fcp. 9f9. 

"• i,12( 



Valpy's Elements of Mythology. 

Elements of Mythology; or, an Easy History of the Pagan Deities: intended to 
enable the young to understand che Ancient Writers of Greece and Rome. By 
R. Yalpt, D.D. 8th Edition, 12rao. 2s. bound. 



GEOMETRY, ARITHMETIC, LAND-SURVEYINd ETC. 
Sandhurst College Astronomy and Geodesy. 

Practical Astronomy and Geodesy : includins the Projections of the Sphere and 
Spherical Trigonometry. For the use of the Royal Military Collc^^ Sand- 



of the Royal Military College. Saa 
a.A.S. Professor of Mathematics, i 



hurst. By John Narribn, F.R.S. &R.i 
in the Institution. 8to. 14s. 

Sandhurst College Trigonometry. 

Plain Trigonometry and Mensuration. By W. Scott, Esq. A.M. and F.RJL.S. 
8to. 9s. 6d. cloth. 

Sandhurst College Elements of Euclid. 

Elements of Creometry : consisting of the first four, and the sixth, Books of 
Euclid, chiefly from the Text of Dr. Robert Simson ; with the principal 
Theorems m Proportion, and a Course of Practical Geometry on the Ground. 
Also, Four Tracts relating to Circles, Planes, and Solids ; with one on 
Spherical Geometry. By John Narribn, F.R.S. and R.A.S. 8vo. lOs. 6d. bd. 

andP.R.A.S. 
bound. 

Professor Thomson's Elementary Algebra. 

An Elementary Treatise on Algebra, Theoretical and Practical. By Jambc 
Thomson, LIi.D. Professor of Mathematics in the University of Glasgow. 
2d Edition. 12mo. fis. cloth. 

«,• A Kbt to this work is in the press. 

Nesbit's Mensuration, and Key. 

A Treatise on Practical Mensuration • containmg the most approved Methods of 
drawing Geometrical Figures ; Mensuration of Superficies ; Land Surreyiag ; 
Mensuration of Solids ; the Uae of the Carpenter's Rule ; Timber Measure, Ac 
By A. Nbsbit. 13th Edition, corrected and greatly improved, with nearly 700 
Practical Examples, and nearly 900 Woodcuts, 12mo. 6s. bound. 

Kbt. 7th Edition, 12mo. 6s bound. 



Nesbit's Land Surveying. 

A Complete Treatise on Practical Land Surveying. By A. Nbsbit. 7thEditi<i 
greatly enlarged, 8vo. with Plates, Woodcuts, and Field-book, 12s. boards. 



STANDARD EDUCATIONAL WORKS. 11 

Crocker's Land Surveying. 

Crocker** Elementi of Land Bunrey&g- New Edltiim, corrected throughout. 



nan of the Manor of North Hill, Somerset, belonsins to J. W. Antoni, Esq., 
nnmerons Diagrama, a Field-book, Plan of part of «be City of Bath, ftc. 12i. d. 



Farley's Six-Figure Logarithms. 

».-,.. -«. -^_ . .^^ ontaining the I 

^ntaforerery _ _ ^ 

D»rees : with a Table of Constants, and 
e andSpherical Triangles. Saperintended bj 
a Almanac Establishment Post 8to. 4s. 6d. 



Tables of Six-fignre Logarithms; containing the Logarithms of Numbers fhnn 
1 to lOiMO, and of Sines and Tangents for erery Iffmute of the Quadrant and 
erery Six Seconds of the first Two D»rees : with^ a Table <rf Constants, and 
FormnltB for the Solution of Plane and Spherfa 
RiCHAU) Fakut, of the Nautical Almanac I 
doth. 

Illustrations of Practical Mechanics. 

By the Rer. H. MosauiT, MJL Professor of Natural Philosophy and Astronomy 
in King's College, London. Being the First Volume of lUustrations of Science, 
by the Professors of King's College. 2d Edition, 1 vol. fcp. 8to. with numerous 
Woodcuts, 8s. cloth. 

Keith on the Globes, and Key. 

A New Treatise on the Use of the Globes ; or, a PhUoeophical Y lew of the Earth 
and Heavens: comprehending an Account of the Figure. Magnitude, and 
Motion of the Earth: with &e Natural Changes of Us Surface, caused by 
Floods, Earttiquakes, ftc By Thohas Kxith. New Edition, considerably 
improved, by J. Rowbothax, FJLA.S. and W. H. PuoK. 12mo. with 
7Plates,6s.U.bonnd. 

Kit, by Paion, revised by J. Ro-WBOTHAX, 12mo. 2s. 6d. doth. 

Keith's Trigonometry. 

An Introdncticm to the Theory'and Practice of Plane and Spherical Trigonometry , 
and the Stereograpbic Projection of the Sphere, including the Theory of Navi- 
gation ; comprehending a variety of Rxiles, Formula, ftc. with their Practical 
Applications to the Mensuration of Heights and Distances, to determine the 
Latitude by two Altitudes of the Sun, the Longitude by the Lunar Observations, 
and to other important Problems on the Sphere; and on Nautical Astronomy. 
By Tboxas KniTH. 7th Edition, corrected by S. Mathabd, 8vo. 14s. cloth. 

Taylor's Arithmetic, and Key. 

The Arithmetician's Guide ; or, a complete Exercise Book: for Public Schools 
and Private Teachers. By w. Tailoa. New Edition, 12mo. 2s. 6d. bound. 

Kbt to the same. By W. H. Whits, of the Commercial and Mathematical 
School, Bedford. 12mo. 4s. bound. 

Molineux's Arithmetic, and Key. 

An Introduction to Practical Arithmetic ; in Two Parts : with various Notes, and 
occasional Directions for the use of Learners. By T. Molinbux, many years 
Teacher of Acootrnts and the Mathematics in Maodesfleld. In Two Parts. 
Part 1, New Edition, 12mo. 2s. 6d. bound.— Fart 2, 6th Edit. 12mo. 2s. «d. bd. 

KxT to Part 1, 6d.— Key to Part 2, 6d. 

Hall's Key to Molineux's Arithmetic. 

A Key to the First Part of Molineux's Practical Arithmetic ; containing Solu- 
tions of all the Questions at fixll length, with Answers. By JosxrH Hall, 
Teacher of Mathamatics. 12mo . 3a. bound . 

Simson's Euclid. 

The Elements of Euclid : vis. the First Six Books, together with the Eleventh 
and Twelfth; also the Book of Euclid's Data. By Robbkt Simsow, M.D. 
Emeritus Professor of Mathematics in the University of Glasgow To which 
are added, the Elements of Plane and Spherical Trigonometry ; and a Treatise 
on the Construction of Trigonometicaj Canon; also, a concise Account of 
Logarithms. By the Rev. A. Robbktson, D.D. F.R.S. 26th Edition, revised 
and corrected by S. Mitkakd, 8vo 9s. botmd.— Also. 

The Elemente of Euclid : vis. the First Six Books, to(;ether with the Eleventh and 
Twelfth. Printed, with a few variations and additional references, from the 
Text of Dr. SiicBoir. New Edition, caxefUly corrected by S. Matxau), 16mo. 
fie. bound.— Also, 

The same work, edited, in the Symbolical form, by R.Blakbi:.ock,M.A. late Fellow 
and Assistant-Tutor of Catherine HaU, Cambridge. New Edit. 18mo. 68. cloUi. 
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Joyce's Arithmetic, and Key. 

A Sntem of Practical Arithmetic, applicable to the preaent state of Trade and 
Money Transactions : illostrated by nnmerons Examples under each Rule. B7 
the RcT. J. JoTCB. New Edition, corrected and improved by S. Matmabj). 
13mo. 3e. bound. 

Kbt : containing Solutions and Anawers to all the Questions in the work. New 
Edition, corrected and enlarged by 8. Matxakd, 18mo. 3s. bound. 

Morrison's Book-Keeping, and Forms. 

The Elements of Book-keeping, by Smgle and Double Entrr ; comprising seTeral 
Sets of Books, arranged accoraing to Present Practice, ana designed for the use 
of Schools. By Ja.me8 Mokuson, Accountant. New Edition, considerably 
imprOTed, 8to. Ss. half-bound. 

Sets of Blank Books, ruled to correspond with the Four Sets contained in the 
above work : Set A, Single Entry, Ss : Set B, Double Entry, 9s. ; Set C, Com- 
mission Trade, 12s. ; SeiD, Partnership Concerns, 4s. 6d. 

Morrison's Commercial Arithmetic, and Key. 

A Concise System of Commercial Arithmetic. Bt J. Mokkisom, Accountant. 

New Edition, revised and improved, 12mo. 4s. 6d. bound. 
Kbt. Sd Edition, corrected and improved by S. Matmahd, Editor of ** Keith's 

Mathematical Works." 12mo. 8s. bound. 

Nesbit's Arithmetic, and Key. 

A Treatise on Practical Arithmetic. By A. Nesbit. Sd Edition, 12mo.Sa.bd. 
A Kbt to the same. 12mo. 5s. bound. 

P&KT II. of Nesbit's Practical Arithmetic. I2mo. 7s bd. bound. 
Kbt to part II. 12mo. 7s. bound. 

Peschel's Elements of Physics. 

The Elements of Physics. By C. F. Peschbl, Principal of the Royal Military 
College, Dresden. Translated from the German, with Notes, by E. West. 
3 vols. fcp. 8vo. with Woodcuts and Diagrams, 21s. cloth. 

t Part 1. The Physics of Ponderable Bodies. Fcp. 8vo. 7s. 6d cL 

Separately^ Part 2. Imponderable Bodies (Light, Heat, Magnetism, Elec- 

l tricity, and Electro-Dynamics). 2 vols. fcp. 8vo. 13s. 6d. cloth. 

Balmain's Lessons on Chemistry. 

Lessons on Chemistry ; for the use of Pupils in Schools, Junior Students in th« 
Universities, and Readers who wish to learn the fundamental Principles and 
leading Facts. By William H. Balkain. Fcp. 8vo. Cs. cloth. 

Mrs. Lee's Natural History for Schools. 

Elements of Natural History, for the use of Schools and Young Persons ; com- 
prising the Principles of Classification, interspersed with amusing and in- 
structive Original Accounts of the most remarkable Animals. By Mrs. LsB. 
12mo. with 56 Woodcuts, 78. 6d. bound. 



WORKS FOR YOUNG PEOPLE, BY MRS. MARCET. 
Mrs. Marcet's New Spelling Book. 

The Mother's First Book ; containing Sie Reading made Easy, and Spelling 
Book. New Edition, 12mo. Is. 6d. cloth. 

Mrs. Marcet's New Grammar for Boys. 

Willy's Grammar, interspersed with Stories, and intended for the use of Young 
Boys. New Edition, 12mo. 28. 6d. cloth. 

Lessons on Animals, Vegetables, and Minerals. 

New Edition, Idmo. 2s. cloth. 

Conversations on the History of England. 

For the Use of Children. New Edition, with additions, continuing the His- 
tory to the Reign of George III. 18mo. 5s. cloth. 
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Conversations on Language, for Children. 

Fcp. 8to. U. 6d. cloth. 

The Game of Grammar : 

With a Book of Conrenatioiu (fcp. 8to.) shewing the Roles of the Game, 
and affording Examples of the manner of playing at it. In a ramished box, or 
done up as a post 8to. Tolume in doth, 8s. 

Mary's Grammar : 

Interspersed with Stories, and intended for the use of Childrea. 6th Edition, 
revised and enlarged, 18mo. 3s. 6d. half-bonnd. 



Willy's Stories for Young Children 

Containing The Hoose-Buad^—Tlie Three Pita: Tl , 

and the GraTel Pit}— and The Land without Laws. New Edition, 18mo, 



TheChalk Pit. The Coal Pit, 

-^- _-jiTci fit)— and Tiie IjUM mtnout.' " — '~ 

2s.half-bd. 



Willy's Holidays : 



An Atlas of Modem GeographT; consisting of Twenty-three Cdlonred Maps,flrom 

. . , -^ _ x_j ,nth a complete Index. BythelateOr.BnrLaa. 

Author, 



Or, ConversationB on different Kinds of Goremmcnts : intended for Tonng 
Children. New Edition, ISmo. 2s. half-bound. 

The Seasons : 

stories for very Toung Children. New Editions. 4 vols. 18mo. 2s. each, 
half-bound. 



GEOGRAPHY AND ATLASES. 

Butler's Ancient and Modem Geography. 

A Sketch of Ancient and Modem Geography. By Samuxi. Bun 
Bishop of lichileld, formerly Head M&ster of Shrewsbury School, 
revised by his Son, 8vo. 9s. boards ; bound in roan, lOs. 

Butler's Ancient and Modem Atlases, 

ka Atlas of Modem Geographv ; 

a new set of plates, correcfted, 

6vo. 12s. half-bound^By the 
An Atlas of Ancient Geography; consisting of Twenty-two Coloured Maps, with 

a complete Accentuated Index. New Edition, corrected. 8vo. 12s. half-bound. 
A General Atlas of Ancient and Modem Geography : consisting of Forty-five 

coloured Maps, and Indices. New Edition, corrected. 4to. 24s. half-bound. 
•a* The Latitude and Longitude are given in the Indices. 
The Plates of the present new edition have been re-engraved, with corrections 

from the government surveys and the most recent sources of information. 
Edited by the Author's Son. 

Abridgment of Butler's Geography. 

An AhiSlgment of Bishop Butler's Modem and Andent Oeogr^y : arraased in 
the form of QuesUon and Answer, for the use of Beginners. By Majit 
CuxNiKOBAK. 3d Edition, fcp. 8vo. 2s. doth. 

Butler's Geographical Copy-Books. 

Outline Geoerapt^ Copy-Books, Ancient and Modem : with the Lines of Lati- 
tude and Longitade oiQy, for the FupU to flU up. and designed to accompany 
the above. 4to. each 4s. ; or together, sewed, 78. 6d. 

Extracts izom recent v oyagM 
~ , Goldsmith. 12mo.l4s.Dd. 

Bowling's Introduction to Goldsmith's Geography. 

IntroductBn to Goldsmith's G rammar of Geoeraphv : for the use of Junior Pupib. 

By J. DowUKo, Master of Woodstock Boardmg School. New Edit. 18mo. M. sd. 

By the same Author, ^ , . „ .._ 

Pive Hundred QuestionB on the Maps of Europe, Asia, Africa, North and South 
America, and the British Isles: prindpaJly ttom the Mj^ m Goldsmith's 
Grammar of Geogr^thy. New Edition, ISmo. Sd.— Kxt, M. 



14 IfBSSBB. LONGMAN AND CO.'s 

Goldsmith's Geography Improved. 

Gnmmar of General Gtognpbj: for the Uie of SchooU uid Tooag Penons. 
By the Rer. J. Goldsmith. New Edition, improred. Beriaed throoolioataai 
corrected by Hugh Mnrray, Em . Boyal ISmo. with New Ytowa, Mttw, fte. 
3s. 6d. bound.— Kbt , 9d. aewed. 

MangnalPg Geography, revised. 

A Compendium of Geography ; for the nae of Schoola, Private Families, fte. By 
R. Manomaix. a new Edition, rerised and eorrscted throughout. Umo. 
7s. 6d. bound. 

Hartley's Geography, and Outlines. 

Geography for Youth. By the Rer. J. Rabtut. New Edit, (the 8th), eontalaiag 

Uis latest Changes, l&no. 4b. 6d. bound.— By the same Author, 
Ontlines of Geography : the First Cowaa for CbiUnn. New Edit. ItaM. Sd. ad. 



THE FRENCH LANGUAGE. 

Chambaud's Grammar of the French Ton^ne : 

With a Preface, containing an Essay on the proper Metliod of Teaching and 
Learning that Language. Rerised and eonected agreeabW tn the Dictionary 
of the French Academy, by M. Des Carriires. 8to. 6s. 6d. Iwund. 

Hamel's French Grammar and Exercises, by Lambert. 

Hamel'8 French Grammar and Exercises. A New Edition, in one toIubc. 
Careftillr corrected, ffreatly improved, enlarged, and re-arranged. By N. 
Lambert. 12mo. 6s. Od. bound. 

Hamel's French Grammar.»(The Original Edition.) 

A New Universal French Grammar ; being an aoeurate System of French Aeei- 
denoe and Syntax. By N. Haxxl. New Edit greatly improved, 12mo. 

Hamel's French Exercises, Key, and Questions. 

French Grammatical Exercises. ByN.HAXSx.. New Edition, carefUly revised 

and sreatlv improved, 12mo. 4b. bound. 
K>T, limo. ds. bound.— QcBSTioNS, with Key, Od. sewed. 

Hamel's World in Miniature. 

The World in Miniature ; containing a faithftil Account of the Sitoatioa, Extent, 
Productions. Government, Population. ICanners. Curiosities, ftc. of thediffierent 
Countries of the World : for Translation into French. By N. Hakbc. New 
Edition, corrected and brought down to the present time, 12mo. 4s. 8d. bd. 

Tardy 's French Dictionary. 

An Explanatory Pronouncing Dictionary of the French Language, ia French and 
English; wherein the exact Sound of every Syllable is dbtmctly marked, 
according to the method adopted in Walker's Pronouncing Dictionary. Tb 
which are prefixed, the Principles of the French Pronunciauon, Ac. By the 
Abb4 Tardt. New Edit, carefkdly revised, 12mo. 6s. botand. 



ENGLISH GRAMMARS, READING BOOKS, ETC. 

Mrs. Felix Summerly's Mother's Primer. 

The Mother's Primer. A Little Child's First Steps in many ways. By Mrs. Fxux 
Sd M xxKLT. Fcp. 8vo. printed in Colours, with a Frontispiece drawn on Zinc 
by WiUiam Mulready, R.A. Is. sewed. 

Maunder's Universal Class-Book : 

A New Series of Reading Lessons (original and selected) for Every Day ia the 
Year : each Lesson recording some maportant Event in General History, Bio- 
graphy, fto., or detailing, in familiar language, interesting facts in SctCBee. 
with Questions for Examination. By Samvbi. MAVunxn, Anthor of " The 
Treasury of Knowledge," Stc. New Edition, revised. 13mo. 6s. bonnd. 
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The Rev. J. Pycroft's Course of English Reading. 

A Course of English Reading, adapted to every Taate and Capacity : with Anec- 
dotes of Men of GeniuBrBy the Rev. Jambs Ptcboft, B.A. Trinity College, 
Oxford, Author of " Latin Grammar Practice," and " Greek Grammar Prac- 
tice." Fcp. 8to. 6s. 6d. doth. 



Lindley Muway's Works. 



> The OKI.T GjuiTTixs EoxnoNs, wrra ths Author's laht Cokkectiom a. 



11. Introduction an Lecteur Frangois, 
6th edition, 12mo. 3s. 6d. bound. 

12. Lecteur Frangois, 6th edit. 12mo. 
Bb. bound. 

13. Library Edition of Grammar, Exer- 
cises, and Key, 7th edit. 2 vol*. 
8T0.2ls.bds. 

First Lessons in English Grammar, 
New edit, revised and enlarged, 
ISmo. 9d.bd. 

Grammatical Questions, adapted to 
the Grammar of Lindley Murray : 
with Notes. By C Bkadlbt, 
A.M. 8th edit, unproved, 12mo. 
2s. 6d. bd. 

Enlarged Edit of Murray's Abridged 
English Grammar, by Dr. Giles. 
l&no. Is. 6d. cloth. 



1. FirstBook for ChUdren, 26th edition, 

18mo.6d.sd. 

2. English Spelling-Book, 47th edition, 

18mo. ISdTbd. 

3. Introduction to the English Reader, 

34th edit. I2mo. 2s. 6d. bd. 

4. The English Reader, 24th edit 12mo. 

3B.M.bd. 
6. Sequel to ditto, 7th edit 12mo. 4s. 6d. 
Dound. 

6. English Grammar, 53d edit. 12mo. 

3s. 8d. bd. 

7. English Grammar abridged, 127th 

edit 18mo. Is. bd. 

8. English Exercises, 60th edit 12mo. 

28. bound. 
9. KeytoExercises,25thed.l2mo.2s.bd. 
10. Exercises and Key. 60th and 26th 
editions, in 1 vol. 3s. 6d. bound. 

Mayor's Spelling Book. 

The English Spelling-Book : accompanied by a Progressive Series of easy and 
ikmiliar Lessons Tmtended as an Introduction to the Readmg and Spellmg of 
the English Language. By Dr . M Avon. 466th Edition, with various revisions 
and improvements of Dr.Mavor, 12mo. with Frontispiece, and 44 Wood 
Engravings by Harvey. Is. 6d. bound. 

Carpenter's Spelling-Book. 

The Scholar's Spelling Assistant; wherein the Words are arraaured according to 
their principles of Accentuation. By T. Cabfentbb. New Edition, corrected 
throughout, 12mo. Is. 6d. bound. 

Walker's Dictionary Remodelled. 

Walker's Pronouncing Dictionary of the English Language, adapted to the 
present sUte of Literature and Science. By B. H. SMAax. Second Edition. 
To which are now added, an Enlarged Etymological Index, and a Supplement, 
containing nearly Three ThousandWords not mdnded in the previous ediUon 
of the Dictionary. 8vo. 16a. cloth. 

•«• The Supplement, with the Etymological Index, may be had separatdy. 
*^*^ 8vo. 38. 6d. sewed. 

Walker's Dictionary Epitomised. „ ., . , 

Walker'8 Pronouncing DicUonair of the English ^angW, Eplt^a^ on a 
plan which allows cl full Definitions to the leading Words, and large ■««*«»■ 
&toe Terms of Modem Science : with a Key to &e Pronunciation of Greek, 
SitS, andScripturt Proper Names. By B. H. Skart. New Edition. 
16mo. 7s. 6d. clotii. 

Graham's Art of English Composition. 

English; or. The Art of Compodtion explamed in a ■eries oflnsteucticmsand 
EoSplea. By G.F.GEAHiJir 2d Edition, revUed and corrected. Fcp.Svo. 
7s. clottT 

Graham's Helps to English Grammar, 

Helps to EngU^nGmnmar; or, iLy Exercises for To«m(M14^ ff'd^ 
" ^^-^ninagt on Wood. By G. r. Gxahax. 2d Edltiod, 12mo. Ss. ciotn. 



English Synonymes classified and explained : 

Wfth Practical Exercises, designed for Schools and Private Tuiti 
O. F. QaxKAM. Fcp. Bvo. 7s. cloth. 
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Progressive Exercises in English Composition. 

By SeReT.B.G. Parker, A.M. UthEdlSon. 12mOt Is. 6d. doth. 

Aikin's Poetry for Children. 

Poetnr for Children ; conaieting of Sdectiont of en; and intereeting Pieces fttna 
the heat Poets, intersperaed with Original Pieces. By Mias Azxix. New Edit 
eonaiderably improved, IBmo. with Frontiapiece, 2s. doth. 



Lady Fitzroy's Scriptuijal Conversations. 

Scriptural ConTeraationa between Charlsa and hia Mother. By LastChabuis 
FiTsmoT. Fcp. 8to. 4a. 6d. doth. 

Maander's Popular Treasuries. 



1 The Treaanry of Knowledge, and Library of Bebraiee : a Oompendinm of 

UniTcraal Knowledge. 
2. The Scientific and Literary Treaanry: a copiooa Popolar Eneyelopadia of 



the BeUea-Lettres. 

3. The Biographical Treaanry : a Dietionary of Universal Biography ; com- 

prising above 12/)00 Memoirs. 

4. The Historical Treasury: an Outline of Universal Hiatory; acparate His- 

tories of every Nation. 
*,* New Editions, eortectcd and enlarged, price 10a. each work, fq>. Bvo. doth; 
or 12a. bound in embossed roan. 



Works by Prof. Robert Sullivan, A.M. T.C.D. ^fthe 
Education Board, Dublin, 

5. En^rliah Grammar Sim- 
plified. New Edition, ISmo.Sd. 

6. Lectures on Popular 

Education. 12mo. 28. 6d. 

7. Outline of the Methods of 

Teaching in the National Modd 
Schoola, Ireland. 18mo. 6d. 

8. School Dictionary of the 



1. Geography Generalised. 

New Edition, 12mo. 2a. 

2. Introduction to Geogra- 

phy. New Edition, 18mo. la. 

3. Dictionary of Deriva« 

tiona. New Edition, 12mo. 
3a. 6d. 

4. The Spelling-book Super- 

aeded. New Edition, ismo. 
la.4d. 



English Language. 
Lin 



In the press. 



Works bt Richard Hilbt. 



I. ^Slementmy. 

1. Outlines of English Grammar. 18mo. 9d. 

II. Adapted to the Junior Clauet, 

2. Abridgment of Engliah Grammar, with Queationa and Exercises, 0th Edition, 

18mo Is. 6d. 

3. Etymological Exercises, adapted to the Abridgment. [In preparati<m. 

4. Progresafve Engliah Compositioo. Part 1. [In preparation. 
6. Progressive DictaUons. Parti. [In preparation. 



6. Progressive Geography. 18mo. Is. 6d. 

7. Latm Grammar, uaed in I 



D Durham Grammar School, and CamberweUCoIleM 

School, London. 2d Edition, 12mo. 2s. 6d. 

•»* This ia adapted both to Jimior and Middle Forms. 

8. Progressive Latin Exerciaes. Part 1. 2d Edit. 12mo. 2a. [In prepaxation. 

III. Adapted to the Middle Ckueee, 

9. English Grammar, Style, and Poetry. 4th Edition, 12mo. 3s. 6d. 
10. English Exercises to Ditto. Sd Edition, 12mo. as. 
,. ^ ... J 3d Edition, 12mo. Is. 6d. 

>.3s. 



<«. Axiuiuicu^icu f.&ci«uo, wr Companion to all Tutors. 2d Edit. ISmo. Is. 6d. 
14. Key to Ditto. 2d Edition, 18mo. Is. 6d. 
'•« The preceding are intended to form a progresaively oonnectsd serica of 
superior works. 
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